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NOTES ON THE HISTORY OF THE SLIDE RULE.* 


By FLORIAN CAJORI, Colorado College, Colorado Springs. 


_ Few instruments designed for minimizing mental labor in computation 
offer a more attractive field for historical study than the slide rule. Its 
development has reached in many directions and has attracted a great vari- 
ety of intellect. Not only have writers on arithmetic been drawn to it, but 
also carpenters, excise officers, practical engineers, chemists, physicists, and 
mathematicians, including even the great Sir Isaac Newton. 

And yet, the history of this instrument has been neglected to such an 
extent that gross inaccuracies occur in standard publications. 

The first point I desire to make relates to the invention of the straight- 
edge slide rule. One of our American manufacturers of slide rules has an 
instrument on the market, called the ‘“Gunter slide rule’’ and claims that it 
“is the original form of the slide rule.’’ As a matter of fact Gunter never 
invented a slide rule. What Gunter did do was to publish in 1620, six years 
after Napier’s publication of his logarithms, a work containing a description 
of Gunter’s “‘line of numbers,’’ which, when mounted upon a scale was 
called ““Gunter’s scale.’’ On it distances were taken proportional to the 
logarithms of numbers; it was logarithms laid off upon straight lines. But 
Gunter’s scale contained no sliding parts and, therefore, was notaslide rule. 

Charles Hutton, in his Mathematical Dictionary (Art. ‘‘Gunter’s 
Line’’), and also in his Mathematical Tables, ascribes the invention of the 
slide rule to Edmund Wingate, 1627, but he nowhere substantiates his 
statement by reference to any of Wingate’s works. De Morgan in his 
article ‘‘Slide Rule’’ in the Penny Cyclopaedia (1842), and in later publica- 
tions, ascribes the invention to William Oughtred, a famous writer of 
mathematical text-books, 1632, and denies that Wingate ever wrote on the 
slide rule. It will soon appear that De Morgan was ill-informed on this 
subject, for he had not seen all of Wingate’s works, although his.criticism 
of a passage in Ward’s Lives of the Professors of Gresham College (1740) is 
well taken. Ward claims that Wingate introduced the slide rule into France 


*Read before the Southwest Section of the American Mathematical Society, in St. Louis, November 80, 1907. 
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in 1624. What he at that time really did introduce was Gunter’s scale, as 
appears from the examination of his book, published in Paris in 1624. To 
prove or disprove the claim made for Wingate requires the examination of 
his numerous writings. To the present writer Wingate’s publications are 
not accessible. An inquiry directed to the Keeper of the Printed Books at 
the British Museum in London brought the reply that in the work entitled, 
the Construction and Use of the Line of Proportion, London, 1628, the slide 
rule is explained. Prefixed to the book is a diagram of the “‘line of propor- 
tion,’’ now called slide rule. Wingate says in his preface, ‘I have invented 
this tabular scale or line of proportion.’’ Further on he says ‘‘the line of 
proportion is a double scale, broken off in tenne Fractions, upon which 
Logarithms of numbers are found out.’’ This book was probably reproduced 
two years later in Wingate’s work Arithmetic made easy, or natural and 
artificial arithmetic, London, 1630, a text quoted by Favaro* in his history 
of the slide rule. A second edition of Wingates publication of 1630 appeared 
in 1652, wherein improvements in the divisions of the slide rule are 
described. From these faets it appears that De Morgan was in error, and 
that the claim made for Edmund Wingate as the inventor of the straight- 
edge slide rule is well founded, for he published four years earlier than did 
William Oughtred. It should be added, however, that Oughtred describes 
also a circular slide rule and that he has a clear title as the inventor of the 
circular type. ; 

My second point relates to the invention of the “‘runner.’’ In 1850 a 
French artillery-officer and mathematician, A. Mannheim, designed a slide 
rule with a “runner,’’ now generally known as the ‘‘Mannheim rule.’’’ 
German writers} have called attention to the fact that Mannheim was not 
the first inventor of the runner, that a description of it occurs in a French 
work of 1837, thirteen years earlier. My own reading reveals that the run- 
ner was invented much earlier in England and afterwards completely for- 
gotten by the English. The first traces go back to Sir Isaac Newton, but in 
1842 even De Morgan who writes at length on the slide rule and its history, 
makes no reference whatever to the runner. It is not generally known that 
Sir Isaac Newton referred to the slide rule. In Newton’s works is given an 
extract from a letter of Oldenburg to Leibniz, dated June 24, 1675, which 
we shall consider more fully later. The “‘runner’’ is not mentioned in this © 
extract, but Newton’s slide rule could not be used without the employment 
of some device like that of the ‘‘runner.’’ Sixty-eight years later, Newton’s 
scheme slightly modified is explained more fully in Stone’s Mathematical 
Dictionary, 2nd Ed., 1743. I am not aware that Newton’s and Stone’s slide 
rules were ever actually constructed and used in practice. But thirty-five 
years after Stone’s publication a book was published in London, containing 


* Veneto Instituto Atti (5) 5, 1878-79, p. 495, abbreviated in Favaro’s Lecons de statique graphique, 2 eme par- 
tie, calcul graphique, Paris, 1885, translated into the French by P. Terrier. 
+Zeitschrift f. Math. and Phys., Vol. 48, 1908, p. 134. 


3 


an instrument by John Robertson, which employed the runner and which 
was constructed in Cornhill by Messrs. Nairne and Blunt, and put upon the 
market. There are no indications that Robertson’s rule ever became popu- 
lar. Later the use of the runner was advocated by William Nicholson in an 
article printed in the Philosophical transactions of 1787. But in the first 
half of the nineteenth century I have not been able to find a single reference 
to the “‘runner’’ in England. It was completely forgotten. 

Returning to Newton, I shall take up my. third point, the early use of. 
the slide.rule in the solution of numericalequations. -Oldenburg’s letter to 
Leibniz, previously referred to, reads in translation from the Latin as fol- 
lows: “‘Mr. Newton, with the help of logarithms graduated upon scales by 
placing them parallel at equal distances or. with the help of concentric circles 
graduated in the same way, finds the roots of equations. In the arrange- 
ment of these rules all the respective coefficients lie in the same straight 
line. From a point of which line, as far removed from the first rule as the 
graduated scales are from one another, in turn, a straight line is drawn over 
them, so as to agree with the conditions conforming with the nature of the 
equation; in one of these rules is given the pure power of the required root. ”’ 

If my interpretation of this passage is correct, it means in the case of 
the cubic 7? +ax?-+ba=c that the rules A, B, D must be placed parallel and 
equidistant. On rule A find the number equal to the numerical value of the | 
coefficient a; on rule B find the number equal to the numerical value of 0, 
and on rule D find unity. Then arrange 
these three numbers on the rules in a 
straight line BD. Select the point # on | 
this line, so that BE=BA. Through HE 
pass a line #D’ and turn it about # until § 
the numbers at B’, A’, and D’, with their 
proper algebraic signs attached, are seen 
to be together equal to the absolute term c. 
Then the number on the scale D’ is equal to | ~* | , and x can be found. 

Remembering that the length of B’ Bis log | b | , and assuming BB’= 
log | « | , itfollows that B’B’ is equal to log | bx |. Then AA’=2log|a|, or 
log | #? | and A’ A’=log | ax’? |, and DD’=log|a*|. The value of x can 
be found by moving the scale B up until B” reaches the point B. The num- 
ber on the scale at B’ will then give the numerical value of the root. A 
device; as represented by the line HD’, fulfills some of the functions of what 
is now called the “‘runner.’’ 

In Stone’s Dictionary (1748) Newton’s scheme is modified somewhat. 
Stone assumes that the equation is so transformed that all its coefficients, 
except the absolute term, are positive, The rules are-contiguous and are not. 
all graduated alike, but have, respectively, a single, double, triple, quad- 
ruple, etc., radius. This device calls for a runner of the type now in use, 
carrying a thread that is at right angles to the rules. Otherwise the gen- 
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eral plan for the numerical solution of equations is the same as with 
Newton. 

As a fourth point in the history of the slide rule, I desire to point out 
that, while so generally known to writers on the slide rule, the English 
astronomer William Pearson was the first one to suggest, in 1797, the inver- 
sion of the slider for certain operations with the slide rule, the inversion of 
fixed lines on the slide rule had been introduced more than one hundred 
years earlier in Everard’s slide rule, used in gauging. 

Finally, I desire to say a word as to the introduction of the slide rule 
into the United States. Brief directions for the use of the slide rule 
appeared in a few arithmetics imported, or reprinted in this country, in the 
latter part of the eighteenth century. Thus, the Arithmetic of. George 
Fisher, which is a pseudonym for Mrs. Slack, probably the first woman who 
is the author of a popular arithmetic, contained rules for the use of the slide 
rule. Her books were read in the United States. In Nicolas Pike’s arith- 
metic, an American text of 1788, such rules were given. An edition of the 
English book, Dilworth’s Schoolmaster’s Assistant, was brought out in 
Philadelphia in 1805 by Robert Patterson, professor of mathematics in the 
University of Pennsylvania. It devotes half a dozen pages to the use of the 
slide rule in gauging. Another English work, Hawney’s Complete Measurer 
(1st English Edition, 1717), was printed in Baltimore in 1813. It describes 
the English carpenter’s rule, also an English rule for gauging. Of Ameri- 
ean works, Bowditch’s Navigator, 1802, gives one page to the explanation 
of the slide rule, but. when working examples, Gunter’s line alone is used. 
From these data it is difficult to draw reliable conclusions as to the extent to 
which the slide rule was then actually used in the United States. We sur- 
mise that it was practically unknown. The Swiss geodesist, F. R. Hassler, 
who came to this country and became the first superintendent of the United 
States Coast and Geodetic Survey, is known to have used a slide rule. The 
present writer had the good fortune. of inspecting Hassler’s slide rule. But 
before 1880 or 1885 it is very difficult to find references to the slide rule in 
American engineering literature. I have seen a reference to the slide rule 
in a book issued in the first half of the last century by a professor of the 
‘Rensselaer Polytechnic Institute. From this institute was graduated in 18638 
Mr. Edwin Thacher, a bridge engineer, who in 1881 patented his well-known 
cylindrical slide rule. Interest in slide rules was awakened about this time. 
It was in 1881 that Robert Riddell published in Philadelphia his booklet on The 
Slide Rule Simplified. In the preface he points out that, though nearly 
unknown in this country, the instrument was invented before the time when 
William Penn founded Philadelphia. But the slide rule never became really 
popular in the United States until the introduction of the Mannheim type. 
Keuftel and Esser imported Mannheim rules in 1888 and began the manu- 
facture of them in Jersey City in 1895. An inquiry” instituted by C. A. 


*Hngineering News, Vol. 45, 1901, p. 405. 
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Holden in 1901 showed that in about half of the engineering schools of the 
United States, attention is given to the use of the slide rule. 


A BIQUADRATIC EQUATION CONNECTED WITH THE REDUCTION 
OF A QUADRATIC LOCUS. 


By DR. ARTHUR C. LUNN, The University of Chicago. 


If the equation of a conic section be written in the form 
Ax’ +By? +2Cxy+2De+2Hy+F=0, 


then it is known that a rotation of the coordinate axes through an angle a 
will bring them into parallelism with the axes of symmetry of the curve, 
provided this angle is determined by 


_ 2C 
tan 2G 


This rotation corresponds to the substitution 


(1) a =x cosa —y'sina, 
y=y cosa +x sina, 


with a so chosen as to eliminate the term in wz’y’. But the sine and cosine 
may be expressed in terms of the tangent of the half-angle, thus: 


rt ng 
1+?’ Te? 


(2) t=tan-5, cosa= 
and the use of these in (1) gives the substitution expressed rationally in 
terms of the parameter?t. Without reference to its trigonometric source, the 
substitution in that form is seen to be orthogonal or rotational for all values 
of ¢, since the equation of constancy of distances: 


(e'1—a'e)P + (y's —y'2)?=(a, —#2)? +(Yi-Yy2)?, 


is directly verifiable as an identity in t. 

The use of this parameter makes it possible to effect the reduction of 
the conic by purely algebraic processes, independently of the trigonometric 
formulae. For the term in 2’y’ will have as coefficient 


qa pyil2(B-A).t01-#") +C[(1—-t?)® — (2¢)*]}, 


which will vanish if ¢ satisfy the biquadratie equation: 


(3) t* + 4mt? —6¢? —4mt+1=0, 


in which is put m=, the trigonometric value of which is cot2a. The 


four roots of this equation must ‘therefore be real for all real values of m, 
and correspond to the four semi-axes of the conic. 

But this equation must be solvable by quadratics. For, by a familiar 
formula of trigonometry 


2tan a_ 
1—tan’ a 


tan2a= 


which, regarded as a quadratic equation in tana gives 
tana=— cot2a+V [1 +cot? 2a], 


and a repetition of such solution gives tanga in terms of cota. This suggests 
at once the four roots of the biquadratic in t, which after a little reduction 
prove to be: 


t:=—mtrtR, where 


t,=—m-_r+R, r==/ [1+m’], 
t;s=—m+r—R, Ri=v [2(r?—-rm)], 
t,=—m—-r—-R, R,=vy [(2(7?+7m)]. 


These roots are obviously all real, and are easily shown to be distinct. Direct 
computation shows that the product (t--t,) (¢—t,) (t—t;) (t—t,) gives the 
biquadratic polynomial on the left of the equation in t. 

The reducibility of the biquadratic equation by quadratics is connected 
intimately with the existence of rational relations among thé roots, which 
in the present case are the following: 


t, —t, _ ts —ty 
1+,t, 1+t5t,’ 


tits =—1, t.tz=—1, 


and others (not independent) similar to the last. These correspond to the 
fact that, since the axes of the conic are mutually perpendicular, the various 
values of sa must be spaced at intervals of 45°. 


ON A CERTAIN CLASS OF QUARTIC CURVES.* 


By PROF. R. D. CARMICHAEL, Anniston, Alabama. 


The object of this paper is the discussion of a class of quartic curves 
whose equation may be represented thus: Set 


(1) Mi=CiV [ (x — i) 7 + (y—bi) I, i=1, 2, 3, 
in which c:>0 and the radical is to be taken with the positive sign. Then put 
(2) (m,-+M2+mMs) (m,;+mM2.—mMs) (M,~—-Ms+Ms) (m1—ms—ms) =0. 


It is evident that if the factors of the first member of (2) are multiplied to- 
gether the resulting equation is without radicals and is of the fourth degree 
in xz, y. Therefore its locus is a quartic curve, except in the special case in 
which the reduced equation breaks up into rational factors. 

It should be pointed out that in the equation in its expanded form 
each of the c’s enters to an even power, and consequently the assumption 
of c; positive is no limitation on the generality of equation (2). A similar 
remark applies to the assumption that the radieals are positive. 

Attention will be confined to a discussion of the general nature of the 
locus and the problem of the construction of the curve by continuous motion 
when the c’s are commensurable. 


$1. GENERAL NATURE OF THE LOCUS. 


Equation (2) is evidently satisfied if any one of the factors of its first 
member is zero. But, since ¢; and the radical in (1) each is to be taken 
positive, it is clear that 


M,+Me+tm;=0 


can be satisfied only when x—a:i=0 and y—b;=0; that is, when x=—a,=—a, 
= 3, y==b,==b,=b,. The locus of (2) is simply.a single point and is there- 
fore not properly a locus of the fourth order. We shall therefore exclude 
the case from further consideration. 

"Hach of the other three cases may be represented by 


(3) Mra = Mn + Mm, 4, vu, v=l1, 2, 3 in some order. 


It is evident at once from (1) that the branch which is represented by (3) 
has this property: If Pis any point on the branch, then ca times its distance 
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from (aa, 6a ) is equal to c, times its distance from (a,, 0.) plus c times its 
distance from (av, 0. ). Since the c’s are to be taken positive and the a’s, 
b’s, and c’s are to be considered finite it is evident that this condition can 
always be satisfied whatever the positions of the three points and the values 
of the c’s. Hence the locus of (2) has in general three branches, and these 
must be distinct except for special values. 

Now suppose that any two branches, say, 


M=M+ MW, MFM +M, 


have some point in common. Then solving their equations as simultaneous, 
we have ma = m, ; and therefore each of the branches reduces to m = 0, an 
equation which can be satisfied only by the single point (a, 6. ). That is, 
the two branches of the locus coincide and consist of a single point only. 
But, since m= ™,z, equation (2) now reduces to the form 


(4) (2m, + my )€2ma — my ) Cm )?=0, 


the locus of which is evidently not properly of the fourth degree. The case, 
therefore, in which two branches of the locus of (2) may have a common 
point is to be excluded from further discussion. 

We propose now to find a necessary condition for the existence of an 
infinite branch. Suppose that 


(5) Mr = Mn+ M , d, vp, v=1, 2, 3 in some order, 


is such a branch. Then either x or y is infinite or both are infinite for some 
point of the locus. Now divide equation (5) by 1/[(#—aa )*+(y—ba 7]; 
in the resuit consider the case for which some pcint P is infinitely removed 
from the origin. The limit of each of the fractions of the form 


Vv LC %—Ay )® + (y—by )?] 
V [(e—aa )? + (y—b )*] 


is easily shown to be 1 when either x or y approaches infinity or when both 
approach infinity. Passing to the point P and taking the limiting values of 
the fractions in the equation which results from the suggested division in 
(5), we have 


(6) C. = Cu + ev, 


a condition which is necessary if the locus of (5) is an infinite branch. Then, 
evidently, the locus of (2) can in no case-have more than one infinite branch, 
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and for the existence of such a branch tt 18 necessary and sufficient that a rela- 
tion (6) shall hold. 

We consider now the relative position of the closed branches of the 
curve. Since no two branches can have a point in common, it follows that 
a closed branch cannot lie partly within and partly without another branch. 
Suppose that one of the closed branches lies entirely within another. Then 
draw a line through any point within the inner of these two ovals and 
through some point on the third branch (considered either as an oval or as 
an infinite branch). Such a line cuts the quartic curve in five points; and 
this is impossible. Therefore, one of the closed branches cannot lie within the 
other. A similar discussion leads to the theorem that no parts of two closed 
branches can lie on the same straight line with any point of the third branch. 
The facts of this paragraph will enable one to obtain an idea of the form of 
the locus in each of the two possible cases which may arise. 


§2. CONSTRUCTION BY CONTINUOUS MOTION. 


In this section the discussion is confined to the case in which the c’s 
are commensurable. 
Since the equation of any branch may be written in the form 


(7) Mra = M+ Mm, 


it follows that the problem of construction by continuous motion is com- 
pletely solved when any branch in its most general case has been constructed. 

Since the c’s are now to be considered commensurable, we may multi- 
ply them by some common number d so that the resulting numbers are inte- 
gers. Then let dce:=k:, k; an integer. Consider the construction of the 
branch whose equation is of the form 


(8) dm,==dm,+dms. 


The coefficient of each radical in the equation is now an integer. The 
radicals represent the distance of a point P on the locus from A, B, and C, 
respectively; A, B, C being in order the points (ai, 0,), (as, b,), (as, b3). 
Let smooth pegs be placed at A, B, and C. 

Now place a pencil at P. Take a cord of convenient length and pass 
it around the pencil at P and the peg at A and attach it either to the pencil 
point or to the peg so that dc,==k, plies extend from P to A. (The cord is 
attached to the pencil if k, is even; to the peg, if k, is odd.) The 
unattached end passes out by the pencil at P in a convenient direction. 

Take a second cord having the free end in the same direction as the 
free end of the first cord. Pass the other end around the pencil at P and 
the peg at B, leaving it yet unattached, so that dc,=k, plies extend from P 
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to B. If kz is even the cord passed last to the pencil; then pass it around 
the point C making k, plies between P and C, and attach the end to the 
pencil or to the peg at C according as k, is even or odd. But if k, is odd, 
the cord passed last to the peg at B; then let it pass from B to C, and then 
from C around the pencil at P until the requisite number, k;, of plies 
extend from C to P; finally attach the end to the pencil or to the peg 
at C according as k; is odd or even. 

Now let both cords be stretched tight while the pencil is held firmly 
at P. Then tie the free ends of the cords together at some convenient dis- 
tance from the pencil so that when a pull is made on the knot both strings 
will be drawn tight throughout their entire lengths, with the exception of 
course of the free ends beyond the knot. Then if the pencil moves and the 
cords are kept always in the position which has been defined, it is evident 
that the pencil point describes the branch in consideration; for k, times the 
distance from A remains always equal to k, times the distance from B plus 
k; times the distance from C. 


DEPARTMENTS. 


ood 


SOLUTIONS OF PROBLEMS. 


GEOMETRY. 


— 


20. Proposed by DR. GEORGE BRUCE HALSTED, Greeley, Colo. 


Demonstrate by pure spherical geometry that spherical tangents from 
any point in the produced spherical chord common to two intersecting cir- 
cles on a sphere are equal. 


Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


No solution of this problem has yet appeared in the MonTHLY. A 
simple geometrical solution such as is possible for the corresponding prob- 
lem in planes is not possible for this problem. The following solution is 
quite simple. : oe, 

Let P be point on the common chord DE; | 
PB, PC the tangents, O the pole of one circle. Let 
PE=Rk, PD=r, PC=p, PB=p', PO=8, OD=OEL= 
OC=8, 2 HPO=¢. 

Then cos ?=cosR cos 5+sinR sin > cos ¢...(1), 

cos #=cosr cos 6+ sinr sin $ cos %... (2), 
cos “=cos / cos p... (8), 

cos ? from (1) in (2) gives cos ?(sinR—sinr) =cos 5 sin(R—7)... (4). 

cos ° from (3) in (4) gives cos p=(sinR—sinr)/sin(R—-7). 
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Similarly, cos e’=(sinR— ginr)/sin(R—-1). p=". 
These equations reduce to tan?4 p=tan’$ eo’ =tansFR tanér. 


Professor Philbrick gave a solution of this problem at the time it was published but it did not fill the require- 
ments because it was not a pure spherical geometry solution. 


290. Proposed by J. J. QUINN, Scottdale, Pa. 


(a) Suppose a circle described around the origin. Then at the end of 
a uniformly revolving radius 7, a line equal to the diameter is pivoted. Find 
the equation of the locus of its extremity, if for every unit of angle its pro- 
jection on the X axis is a constant linear unit, being the same part of the 
diameter as the angle is of = radians. 
i b) Show how it can be applied to the trisection or multisection of an 
angle. 


Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


(a) Let angle POB=6. Then CD, the projection of PQ=2r on AB, 
is r 0/90. OD=a=rcos $+7 6/90. 
DQ=y=rsin $+ry/ [4— (6/90) 7]. 
p?=y?+y?=5r?+2r* cos (4/90) 
+2r’ sin 0)/ [4— (4/90) ?] is the polar equation sought. 
(b) Let m¢ be the angle to be multisected. 
mo/m=¢. Lay off OD=x2—reos ¢+r ¢/90. 
Then erect DQ=y=rsin ¢+7r/ [4—(¢/90) 2] 
perpendicular to OD at D. From Q as center, with 
radius equal to 2r describe an arc cutting the circum- 
. ference of the given circle at P. 
Draw PO; then Z POD=¢. 


300. Proposed by J. J. QUINN, Ph. D., Scottdale, Pa. 


Trisect an angle by means of a tractrix. 


Solution by G. B. M. ZERR, A. M., Ph. D., 4248 Girard Avenue, Philahelphia, Pa. 


The length of the tangent between the axis of abscissas and the point 
of tangency is constant. 

Let a=length of this tangent, y—an ordinate opposite angle ?, z=an 
ordinate opposite angle ¢ Also let 9=-3¢. 

.y=asin §=sasin ¢—4asin® ¢, z=asin ¢. 

“.y/2=8—Asin’ ¢ or sin 6=$// [(8z—y) /z]. 

27 /V = Bey O __ (8a? —42" )z Te da 

: Az a | 
2_. 2 

Let PD=z, PCD=Z¢. Construct QB=y= EY) 
Let QAB-==9 where PC=QA=a. Then 9=8¢. 
-. Parallel to PC draw AR, then 2 RAB=3 Z QAB. 


PD=z cannot be greater than $a, then y=a, 9=37, d=". 


12 


319. Proposed by S. F. NORRIS, Baltimore City College, Baltimore, Md. 


Lines are drawn from a ‘fixed point P;, meeting a fixed circle in Ps. 
On P,P, a point P is taken so that P;PxP,P,=k’. Find the locus of P. 
Solve ‘by analytic methods, using rectangular coordinates, and putting the 
result in the form, | 


(x? tyP—r?) [(a—a,)?+(y—y,)*] 42k (a, at+tyiy—x? —y?) +k*=0. 


Solution by J. SCHEFFER, A. M., Hagerstown, Md. 


Let AP, be the axis of abscissas, A the origin of orthogonal coordin- 
ates, « and y the co-ordinates of P, ¢ the 2 P,P,A, and @ the LAP;P’,. Then 


PP, a4 P,P,=%«,cos $—reos 9, There- 
sin > 

fore from the condition PP,xP;P,=k? we 

have "4 (x,cos 6—reos 9)=k*, but tan ¢= 


Y 


noe "SMO Tyat@ sayy Ce 
L1~— x p—¥18in ¢ x sin 7 
V+ .a) [y+ (aw, —a)?]’ sin Substitut 
ing, we get —— 1 gltsc0s o—1/ (r? —a# sin’? ¢) [=k?, or, removing the radical, 


g;y? —2k?x,sin ¢ cos by+k*sin? ¢=r’y?, and substitating now the values 
for sin ¢ and cos ¢ we obtain, after some reductions that admit of no difficulty, 


Ptr =H “a | = ktr? 
—yr* 1 (7 —7r?)?? 


y’ +e +S 


or putting vs 1» 


y+|e a = x, | r* 


a* ’ 


the equation of a circle, whose center lies on AP,, at a distance 


a? —k? . kr 
= ——,— 4”, from A, and whose radius=—,. 
a a 


Also solved by G. B. M. Zerr. 


CALCULUS. 


——= 


247. Proposed by J. SCHEFFER, A. M., Kee Mar College, Hagerstown, Md. 


O°y . 5 °Y _ 
Integrate, tae 25 —axy=0. 
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Solution by GEORGE W. HARTWELL, Columbia University, New York. 


2 dy 


Tay 


Dividing by x y=0...(1). 


’ a 
0 eye 
Remove the term containing a by substituting y=. Then (1) be- 


O24 
comes age U0. .. (2). 
The solution of this equation is v=c,e*+c,e~*. .. CY= (C,e"-+Ce2€-*). 


Solved in a similar manner by G. B. M. Zerr. 


248. Proposed by REV. R. D. CARMICHAEL, Anniston, Ala. 


57 . 
Evaluate f sin nz cotxzdx, where n is a positive integer. 
0 
Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


_ (". 27 sin sin(n—1)ada 
A ; sinnx cota dx =f sing +f" cosnx dx 


= 2 f “Teosw +cos3x + cosb’+... +cos(n— 3)xa| da +f “cosne da 
0 0 


1 zn 
asin (n—38) x +7 COS > 


== 2 = 2) sine-+$sin30-+ seindxet+.. “Tp 
= 1-8 b-t4 i... +, | + *; for n even=$z if n= 


A=f" [1+2cos2u-+2cos4a-+2eos6u-+... +2co0s(n—8) x | dx 


+ a cos 3 z, for n odd. 


249. Proposed by G. B. M. ZERR, A. M., Ph. D., 4248 Girard Avenue, Philadelphia, Pa. 


Ike, running with constant velocity v, is trying to catch Jim, running 
with constant velocity V, (V>v), by keeping Jim dead ahead of him. Find 
their paths. 
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Solution by the PROPOSER. 


Let Jf, J be the positions of Ike and Jim at the start; L, M their 
respective positions at any subsequent time ¢. 
Let m, n be the coordinates of L; », q the coordinates of M; + the 
angle LM makes with L/, a=. 
Then dm/dt=veos¢, dn/dt=vsiné, p=m-+acos¢, g=n-+asin¢. 
>= (dp/dt)* + (dq/dt) 
=(dm/dt—asin ¢ d ¢/dt)*+(dn/dt+acos ¢ d ¢/dt) ® 
=(veos ¢—asin ¢ d ¢/dt)* + (vsin ¢+acos ¢ d ¢/dt)® 
=v* +a? (d $/dt)*; ..d¢/dt=/ (V? —v’?) /a=b. 
..¢=bt, since ¢=0, when t=0. ; 
.dm/dt=veosbt, where b=// (V2 —v?) /a. 


A —+sinbt, n= (cosbt—1). Therefore, Ike describes a circle. 


Also, p=acosbt— (v/b) sindt, q=asinbt+ (v/b) (cosbt—1). 
Therefore, Jim also describes a circle. 


MECHANICS. 


191. Proposed’ by DR. L. E. DICKSON, The University of Chicago. 


Give the axiomatic principle of Physics which is equivalent to the 
theorem on the compound of two circles (‘‘Graphical Methods in Trigonom- 
etry,’’ MONTHLY, June-July, 1905). 


Solution -by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


There are two principles that might be considered equivalent to the 
theorem on the compound of two circles. First, the parallelogram of veloc- 
ities; second, the parallelogram of forces. 

These might be named the compound of two velocities and the com- 
pound of two forces. We can state both under one theorem as follows: 


The compound of a velocity OP with a velocity OR is the diag- 


onal OQ of the parallelogram OPQR. 
The proof by vectors follows at once. Regarding OP, OR, OQ as vec- 
tors we get at once OP + OR=OQ. 


207. Proposed by W. J. GREENSTREET, M. A., Marling School, Stroud, England. 


A portion of a parabola is bounded by the curve, the axis and an ordi- 
nate. A circle is inscribed to the figure which is regarded as a plane lamina. 
The area ar the inscribed circle is now punched out. Find the centroid of 
what is left. . 


Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philahelphia, Pa. 


Let y? =4ax be the parabola, b the abscissa of the portion considered, 
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r the radius of the circle. Then (x—b+r)?+(y—r)?=r? is the equation to 
the circle. Hence the invariants are A= 
—4a?, A’=—r*, 0=—da(b—rta), “=-— 
4a(b—7r). In order that the circle and parab- 
ola may touch (00°—9A A’)?=4(02—38A 6) 
x (0? —3A'8), 

1675 + (18a — 48b)r* + 8(a? +662 — 
14ab)r3-+8(15ab® — 2b* —9a°b) r? + 82ab(8ab—a? — 2b? )r+16ab? (b?-+a? _oab) 
=().. This gives the value of 7. 

. Area of semi-parabola—4b,/ (ab), area of circle=7r*, area of portion 
left=4b/ (ab) —zr’?. 
Let A be the vertex of the parabola, B the centroid required, C the 
centroid of the semi-parabola, D the centroid of the circle. Let (4, 2) be 
the coordinates of B. The coordinates of C are (2b, 2)/ab); of D, (b—7, 7). 


CD _HK _GF _$bv/(ab)—*r? — EG _ 4b v/ (ab) 
BC BH EF ep EF 377? * 


_b-r—a __ 4b V(ab) — _ 8[4b?V/ (ab) +5273 —5z br? ] 
" 8h-a Bry? 5[4bV/ (ab) —87r? | 


Ang DE — EG -4bV/ (ab) r-P . 9 __3(ab’—zr*) 
CH EF 3cr? ~~ 2)/ (ab) —# "4b 1 (ab) —8er® 


208. Proposed by W. J. GREENSTREET, M. A., Marling School, Stroud, Eng. 


Hanging at rest over a smooth pulley are two equal scale pans of the 
same mass. Two equal particles, the one inelastic and the other elastic, are 
simultaneously dropped from the same height one into each scale pan. 
Show that each impact after the first must occur when the pans have 
returned to the status quo ante, and find the total space described by either 
pan before motion ceases. 


Remark by G. B. M. ZERR, A. M., Ph. D., 4248 Girard Avenue, Philadelphia, Pa. 


This is the same as problem 121, Mechanics. A solution of this prob- 
lem is found in Vol. VIII, No. 10, pp. 203-4, October, 1901. 


—— 


NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


—— 


141. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 


Given that the highest factor of a prime p contained in m! is p”~*; 
find general expressions involving p and m and s, from which, when a solu- 
tion is possible, m can be determined when s is a given integer and pis a 
given prime. Is it then possible in any case to have more solutions than one? 
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Solution by the PROPOSER. 


The result takes different forms according as p is 2 or is an odd prime. 
First suppose p=2. According to Legendre (Théorie des nombres, 
8rd ed., I., p. 10) the highest power of 2 contained in 


m=2* + 2 +27 +...to s terms, 2, 3, 7, ... different integers, is 2”-s; 


therefore when »—2, there is an infinite number of solutions. Every m 
which may be expressed as a sum of s different powers of 2 will satisfy the 
imposed conditions. 

Henceforth take p an odd prime. Suppose m expressed in the form 


(1) M=Cr DP" +n p™ i+... +e,pt+eo, 


where each ¢ is positive and less than », or is zero. Thenin any case m is 
determined when the values of the c’s are found. 

According to Legendre (1. ce.) the highest power of py contained in m 
is that of which the index ig — (en Fen Keach nen Fons Fa Flo) +ei+6o) But, this is the 
m—s of the problem. Therefore, 


m—s=t (Cut nates FOr + Co) 
p—l 
This equation reduces to 


moe Cn—1 +... Cy HC (1 4 1 )s; 
p-2 p-2 


or, replacing m by its value from (1), we have 


(2) on DPE Ona P” 3+. HOP tly +e ee Fs Flo (1+ : )s. 


p—-2 p—2 


Now, the second member of this equation is a known quantity. If it is 
written in the form 


1 \. y-4 n 
(1 +25 )e=r + Tv-1p Tee FMD TOT & —> 


where each r is positive and less than p or is zero, and w<p—2, we have, 
from (2), 
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: + Cy-1+ 
(3) Cn PD” +6n-1 pr t+,,.+¢;pt+eo ar = ae 
_ nN 
= Ty 0” + %y~1'p” 14, +7, trot ey 


from which the values of the e’s (and hence by (1) the value or values of m) 
may be found. 
As an example, take the following case: p=5 and s=8725. We have 
from (8), 
Cnt Cn—1tece $01 +6 
0 --2, 
=55+2.54+4.53+38.5? +38.5-+14 2. 


Cn P°+Cn—1 p™ 1+... +¢e,pteg+ 


It is easy to show that n=5 and c;=1; then that c,—2, and c,—4, and 
c,=8, and c;=2, and c,>=2. (Notice that the values of the ec’s are most 
easily determined in the order given.) This gives 


=5° +2.54 +4.5° +38.5° +2.5+2=4962. 


It is now evident that the solution or solutions may always be readily 
obtained from (8). 

When s=5 and p=3, m=7 or 9; and this is sufficient to show that 
more than one solution exists in some cases even when » is odd. 


An incomplete solution was received from Professor Zerr. 


143. Proposed by JOHN D. WILLIAMS (being the first of 14 challenge problems published in 1832). 
Make «7? +y?=a’?=z?+w? and #? —w*=2? -y?=O, 


I. Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


Let «=2q¢(7q—5p), y=25p? —70pq+ 4892, 
2=24p*? —T0pq+50q*?, w=p(10q—Tp). 
er t+y?=2? +w* = (259? —T0pq +509q?)? =a’. 
0? —w* =z” — y* =196q* — 280pq? +1409? q—49p* = (149? —10pq—2,2p")? 
when q = Pee -m—13i3, where pm=gd. 
. 478569 p*> 523199? ~~ 858459? B87? 
““=~201600 ’ 4 58800’ * 56448 ° "168° 
Reducing to a common denominator and expunging common: factors, 
we get 
*—=8314988p2, y=1255656p?, 2==21388625p", w=2830800p?. 
“0? ty? =22 + w2 =a? = (8544825p 7) 2, 
0? —wt=z* —y*? =b? =(1725017p")?. 
Also a—x%=2 (3389p) *==2c?, a—z==2(840p) ?=2d?, 
a—y=(1513p)?=h*?, a-w=(845p)*=k?. 
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II. Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philahelphia, Pa. 


General expressions for the sides of duplicate right-triangles having 
the same hypotenuse are 
t= (p?—q?) (r?—s*) +4pqrs, y=2rs(p? —q*) —2pq(r* —s°), 
z=(r?—s") (p?+q’), w=2rs(p* +q’). 
a° +y?==2? +w*==[(r? +8*)(p?-+q°)]*?, Let p=2, g=1. 
0=38 (r?—8?) +8rs, y=6rs—A4(r?—s*), z=5(r?—s8?), w=10rs. 
a? +y?=22+w?= [5(r?+s°2)]?, 2? —w?=2? —y?= 9r+ +48r?s—54r’s? 
—48rs°+9s*=a. This is a square When y=tfs, 
689s? 161s? (725s ~~ 85s? 
~ 64.7 9 BB aa OG 
-.6=2067s*, y==6448*, z=—725s*, w=2040s". 
oo? ty? == 2? + w? = (2165s")? =a", 2? —w?=2? —y*? = (8888")* = 


A solution of this problem is given in J. D. Williams’ Algebra, page 419. He starts with a?=b? +f?=c? +e", 
and 6?—c?=d?=e?—/*. Then he is to make a?—b? a square, a?—c? a square, and b?—f? asquare. He assumes a*= 
(p? +q?) (r? +87), b=pras, c=pstqr. Then he assumes r=pm—qn, s=pnt+qm. He finally arrives at the conclusion 
that a=697, b=680, f=158, c=672, e=185, a set of erroneous values, as Dr. Zerr has pointed out. It is likely that 
Williams’ solution may be carried out so that a set of correct values may be.obtained. Williams proposed this prob- 
[em in 1882 as a challenge problem to the mathematicians of the United States. Ep. F. 


144. Proposed by JOHN D. WILLIAMS (being the ninth of his 14 challenge problems proposed in 1832). 


Make (m?+n?)?a?#(m?4+n2)e=0, (m®?—n’)?x?+(m?—-n*)e=0, 
and 4m?n*a* t2mnv-=0, . 


Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 
Let m’?+n?=p, m’® —n?=q, 2mn=". 
per tpe=O, @aertqv=O, rxertre=O...(1, 2, 3). 
‘Let p?a* +pa=a?x?; -.¢=p/(a?—p?). 
This value of « in (2) and (8) gives 


q’p* +qp(a®*—p*)=0, r°p*+rp(a?—p*) =a... (4, 5). 


Let q?p* +qp(a’? —p*)=[pq—b(a—p) ]?. 


(a-p) = eae This value of a in (5) gives 


r°b*+4b* par + 2b? par (2p +2q—7r) +4bp?g?r+p?g?r? =o 
=(rb+2bpq—pqr)*, suppose. 


_ 2pqr PO = pg)*® 
prtqr—pq’~ a®—p® -4bpq (b+p) (6+9)° 


—[(pr+er—pq)? —4pgr’ |? 
~ 8pqr (pr-+ar—pq) (pqg—pr tar) (qt pr—aqr)’ 


19 


= - _ —[4min—m*+n*)?—16m?n? (m4+—n*)] > 
" 16mn(m*—n*) (4m?n—m* +n*) (m4+—n4—4mn’) (m+ —n* +4mn*) 


A? 
= ch i6mn (m*—n*) B (m*—ne) B suppose, 


vis + according as pa, qu, ra is ¥. 
(mm? +n?)a? + (m? +n? )x 


6mm a 
16mn (m?—n’?)B 


—— 
ee 


[16m2n4 (n? —2m’) + (8mn? +n4—m*) (m* —n*)]?. (6). 
(m?—n?)a? + (m?2—n")a 


- 
~ Peacesard [16m?n* (n? +2m’”) — (8mn? +m* —n*) (m*—n*)]*. (7). 


Am* n* a? E2mnx 


= Ecteeord [8(m* —n*)?—8m'n(m4*—n*) —16m?n*]?. (8), 


m and n can have any values that make B positive. Let m==2, n=1; 
A=671, B=2787. 

(6) gives (m? +n?) 2a? + (m?+n?) a= (290543/262752) 2. 

(7) gives (m* —n?)*?a* + (m? —n*) a= (74481/487920) °, 

(8) gives 4m?n?x*) +2mna= (284179/328440) *. 


AVERAGE AND PROBABILITY. 
191. Proposed by J. EDWARD SANDERS, Reinersville, Ohio. 


Two random lines cut a given circle. What is the chance that they 
intersect within the circle? 


II. Solulion by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Phila- 
delphia, Pa. 


Let AB, CD be the random lines, 7 AOH=2, 
LCOE=¢, ZEOH=+4. 

The limits of 9 are 0 and 47; of ¢, 0 and @; of 
¢, 9—¢ and 9+¢ for favorable cases, and 0 and z for 
total cases. 

Hence the chance is 
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CSS _dodedy 
SS S" avdsae 


ESS Cr S ododg=—, “edo=4 


One of our readers has again called up the question of the correctness of the two solutions, saying that he is 
unable to decide which is correct. We shall continue to repeat onr answer as long as this question is asked. There 
is no such thing as the correct solution of the two published solutions—one is just as correct as the other. Both are 
correct when the law of distribution of the events assumed are granted. To these two solutions might be added an 
indefinite number of other solutions of equal merit. The fact of the matter is, that the problem is stated in the in- 
definite form, and when thus stated admits of an indefinite number of solutions. There is nothing to prevent one 
from assuming that the lines are drawn through each of two points taken at random within the circle, making it 
the equivalent of problem 5450 of the Educational Times, as was referred to by our reader. Were one to add to the 
problem referred to in the Educational Times the law of distribution of the points, then this problem would be 
definite, and there could be only one correct solution possible. Ep. F. 


MISCELLANEOUS. 


169. Proposed by E. D. ROE, Ph. D., Syracuse University, Syracuse, N. Y. 


Find the value for all finite values of k of 


Lim. xt log (G =) |. 


Solution by the PROPOSER. 


1. If x is positive, it will be useful to write, 


boo | Ot 1| a oe pt i |-4 ( =)" ( —*) "| 
vog| S| e ew log| f= 2 ot 108 Lt 1 . 


k k 
"1 |Hloge?, LS 2, 
~ eto € é 


Therefore, L «log E i 
; a a* ae* ; 
Since —= et, of ~~ =0, for all finite values of k, and 
31 aes we 


therefore L x'*log E “4. =0, 


w=: 


e* +1 
—] 


Also solved by G. B. M. Zerr, J. Scheffer, and S. A. Corey. 


2. If xis negative, L , wog| © |- L av log(—1)=o. 
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PROBLEMS FOR SOLUTION. 


ree 


_ ALGEBRA. 


295. Proposed by CHARLES GILPIN, JR., Philadelphia, Pa. 


In the equation 7* —ax+b=0, we have the following relation between 
the coefficients and the roots: (1) When a'/b?=6.75 there are three real 
roots, two of which are equal; (2) when a?/b? <6°75 there are two imaginary 
roots and one real one; and (8) when a*/b?>6.75 there are three real, un- 
equal roots. 


296. Proposed by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philahelphia, Pa. 
Sum the series, 1+¢+eotsotrtstrostsaet.. 


GEOMETRY. 


—_—— 


329. Proposed by JOHN JAMES QUINN, Ph. D., Scottdale, Pa. 


1. Determine the equation of the locus of a fixed point in a circle of 
radius 7, rolling along the axis of an upright cylinder of the same radius, 
while the axis revolves (carrying the circle with it) through an angle equal 
to the central angle of the rolling circle formed by the radii to the fixed point 
and the point of contact. 

2. Suppose the point projected into the surface of the cylinder. 

3. What is the surface generated by the radius of the rolling circle? 

4, What is the surface generated by a radius of the cylinder through 
the moving point? 


CALCULUS. 


252. Proposed by J. H. MEYER, S. J., Augusta, Ga. 


Supposing the are of a semi-circle to be stretched out into a straight 
line, and an indefinite number of perpendiculars erected on it, each equal to 
the versed sine of the corresponding arc; what would be the length of the 
curve traced out by the tops of the perpendiculars? 


253. Proposed by R. D. CARMICHAEL, Anniston, Ala. 


Find the maximum number of real points of inflection in each of the 
quartic curves y’ =4 «* + x* +/, and find the necessary and sufficient relations 
between « and / for the existence of this number of points of inflection. 


MECHANICS. 


212. Proposed by W. J. GREENSTREET, M. A., Marling School, Stroud, Eng. 


A peg A is vertically d feet above a peg B. A string AD, a feet 
long, with two equal, jointed rods DC, CB form the whole figure. Discuss 
the position of equilibrium. 
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213. Proposed by W. J. GREENSTREET, M. A., Marling School, Stroud, England. 


Two unequal, uniform, smoothly hinged rods are placed over a smooth 
vertical circle. Apply the principle of vertical work to find the condition of 
equilibrium in terms of the length of each rod, the diameter of the circle 
and the angle of either rod with the vertical. 


——— 


NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


—_—— 


151. Proposed by E. B. ESCOTT, Ann “Arbor, Mich. 
In the recurring series, n=0, 1, 2, 3, 4, 5, 6, 7, ... 
—  Un=8, 0, 2, 8, 2, 5, 5, 7... _— 
where the scale of relation is un+is=Uniit Un, prove that wy is always divisi- 
ble by » when p is prime. Is the converse true? 


—— eee 


AVERAGE AND PROBABILITY. 


193... Proposed by J. EDWARD SANDERS, Reinersville, Ohio. 


What is the average area of all squares that may be inscribed in a 
given sector of a circle, a diagonal of the square being parallel to a random 
line across the sector? 


194. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 


What is the mean value of the triangle formed by joining three points 
taken at random on the circumference. of a circle? 


——— 


MISCELLANEOUS. 


176. Proposed by WM. E. HEAL, Coffeyville, Kansas. 
In Grassman’s Extensive Algebra, e,¢,=—é2€,. If e;=e2, ef =— er 
=(0. In quaternions, ij=— 71, 177=1.14j=tk=—]j, 17 =—1. Reconcile these 
apparently divergent results. 


NOTES AND NEWS. 


The next Summer meeting of the American Mathematical Society will 
be held at the University of Illinois during September. 


On December 17th occurred the death of Lord Kelvin, one of the 
greatest mathematicians and physicists of the present age. 


On the 7th of November, 1907, occurred the death of Professor J. R. 
‘Rand, Professor of Mathematics in Bates College, Lewiston, Me. His suc- 
cessor is George E. Ramsdell. 
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During the last convocation week, Professor G. A. Miller was elected 
vice president of the American Mathematical Society, chairman of the 
Chicago Section of this Society, and secretary of Section A of the American 
Association for the Advancement of Science. The last position is for five 
years, while the other two are for one year only. 


BOOKS. 


Irrational Numbers and their Representation by Sequences and Series. 
By Henry Parker Manning, Ph. D., Assistant Professor of Pure Mathemat- 
ics in Brown University. 12mo. Cloth, vi+123 pages. Price, $1.25. New 
York: John Wiley & Sons. 


In this book, the author has given an explanation of irrational numbers and those 
parts of algebra which depend on the Theory of Limits. An irrational number is defined 
by the position it occupies among rational numbers, the definition given by Dedekind. 

The book contains five chapters, of which the first deals with Irrational Numbers; 
the second, Sequences; the third, Series; the fourth, Power Series; and the fifth, the 
Exponential, Binomial, and Logarithmic Series. - 

_ The work will prove very helpful to all teachers of mathematics who wish to know 
something of the modern views of irrational numbers and series. F. 


Introduction to Higher Algebra. By Maxime Béocher, Professor of 
Mathematics in Harvard University. Prepared for publication with the co- 
operation of E. P. R. Duval, Instructor in Mathematics in the University of 
Wisconsin. S8vo. Cloth, xi+321 pages. Price, $2.00. New York: The 


Macmillan Co. 

The object of this book is to ‘‘introduce the student to higher algebra in such a way 
that he shall, on the one hand, learn what is meant by a proof in algebra and acquaint him- 
self with the proofs of the most fundamental facts, and, on the other, become familiar 
with many important results of algebra which are new to him.’’ 

The book contains twenty-two chapters. Some notion of what the work contains 
may be gained from the subject treated under each of the chapters. Chapter I treats of 
Polynomials and their most Fundamental Properties; Chapter II, a Few Properties of De- 
terminants; Chapter III, The Theory of Linear Dependence; Chapter IV, Linear Equations; 
Chapter V, Some Theorems concerning the Rank of a Matrix; Chapter VI, Linear Trans- 
formations and the Combination of Matrices; Chapter VII, Invariants,—First Principles 
and Forms; Chapter VIII, Bilinear Forms; Chapter IX, Geometric Introduction to the Study 
of Quadratic Forms; Chapter X, Quadratic Forms; Chapter XI, Real Quadratic Forms; 
Chapter XII, The System of a Quadratic Form and One or More Linear Forms; Chapter 
XIII, Pairs of Quadratic Forms; Chapter XIV, Some Properties of Polynomials in General; 
Chapter XV, Factors and Common Factors of Polynomials in One Variable and of Binary 
Forms; Chapter XVI, Factors of Polynomials in Two or More Variables; Chapter XVII, 
General Theorems on Integral Rational Invariants; Chapter X VIII, Symmetric Polynomials; 
Chapter XIX, Polynomials Symmetric in Pairs of Variables; Chapter XX, Elementary 
Divisors and the Equivalence of 2-Matrices; Chapter XXI, The Equivalence and Classifica- 
tion of Pairs of Bilinear Forms and Collineations; Chapter XXII, The Equivalence and 
Classification of Pairs of Quadratic Forms. | 

While, in the reading of this book, no algebraic knowledge is presupposed beyond a 
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familiarity with elementary algebra up to and including quadratics, yet familiarity with 
some of the higher branches of mathematics, as Analytical Geometry and the Calculus, is 
essential to understand and master it. The work, as its name implies, is a splendid intro- 
duction not only to algebra alone, but to a general course in mathematics. F. 


Plane and Spherical Trigonometry. By A. H. Buchanan, LL. D., 
Professor of Mathematics, Cumberland University. 8vo. Cloth, v-+96 
pages, 33 figures. Price, $1.00. New York: John Wiley & Sons. 

This book aims to comprise about all of trigonometry that is required in most col- 
leges for the A. B. degree. Some of the demonstrations of principles differ slightly from 
those usually given. The tables are bound in a separate volume. The book, from 
the printer’s stand point, is well gotten up. F. 


_ A Course in Mathematics For Students in Engineering and Applied 
Science. By Frederick S. Woods and Frederick H. Bailey, Professors of 
Mathematics in the Massachusetts Institute of Technology. Vol. I. Alge- 
braic Equations, Functions of One Variable, Analytic Geometry, Differential 
Calculus. 8vo. Cloth, xii+885 pages. Price, $2.00. Boston and Chicago: 
Ginn & Co. 

This book, an entirely new venture, is the first volume of a course in mathematics 
designed to present in a somewhat more closely connected manner, an amount of mathe- 
matical material usually given in distinct courses under the subjects of Algebra, Analytical 
Geometry, Differential Calculus, and Differential Equations, and covers the work usually 
required of students in the first two years in colleges and engineering schools. It 
is believed that such a presentation of the subject will give the student a better grasp of 
mathematics as a whole. The results of this method of presenting mathematics will be 
watched with great interest by teachers of mathematics. The book is well gotten up 
and the material is well arranged and well selected. F. 


The Metric and British Systems of Weights, Measures, and Coinage. 
By F. Mollwo Perkin, Ph. D., Head of Chemistry Department, Borough 
Polytechnic Institute, London. With Seventeen Diagrams. 8vo. Cloth, 88 
pages. Price, 50 cents. London: Whittaker & Co. New York: The 
Macmillan Co. 
This little book will be found of great value in the hands of students studying Chem- 
istry, Physics, Engineering, or General Elementary Science. 
In the introduction, the author makes a plea for the use and introduction of the met- 
ric system in the British Empire. In several tables of length, area, solid contents, etc., 
conversion tables are given. Also a chapter on specific gravities is inserted. F. 


| Integration by Trigonometric and Imaginary Substitution. By Charles 

O. Gunther, M. E., Assistant Professor of Mathematics and Mechanics in 
Stevens Institute of Technology, with an Introduction by J. Burkett Webb, 
C. E., Professor of Mathematics and. Mechanics in Stevens Institute of Tech- 
nology. 8vo. Cloth, vi+79 pages. Price, $1.25. ‘New York: D. Van Nos- 
trand Co. 

In this little book the author, by means of what he calls the ‘‘Triangle Method,’’ 
eliminates the Reduction Formulae. The student, by the use of this method, becoming 
practically independent of reduction formulae and tables of integrals. The method 
is worthy the attention of writers on the Integral Calculus. F. 
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Among the potent external encouragements for the study of higher 
mathematics are the international congresses, national societies, prizes, fel- 
lowships, and scholarships. In our own ccuntry the last two relate mainly 
to those who are beginners in original mathematical work while the others 
affect principally those who are continuing such work after the so-called 
student days. The first formal international mathematical congress was 
held in Ziirich, Switzerland, in 1897, and it-was then resolved to hold such 
congresses about every three years in various countries. Thus far only two 
others have been held,—one in Paris, France, in 1900, and the other in 
Heidelberg, Germany, in 1904. The fourth is to be held in Rome, Italy, in 
April of the present year. The interest in these meetings has been grow- 
ing rapidly as is partly evidenced by the fact that the published reports 
contain 306, 450, and 755 pages, respectively. 

The oldest mathematical society extant is the one at Hamburg, Ger- 
many, having been founded in 1690, and hence it has continued in activity 
over two hundred years. It can scarcely be called a national organization, 
especially since the founding of the Deutsche Mathematiker-Vereinigung in 
1890, which holds its annual meetings in various parts of the German Empire 
in connection with the Gesellschaft Deutscher Naturforcher und Arzte. 
This has become the largest and one of the most influential mathematical 
societies of the world, even if its fees are only nominal,—2 marks per 
annum, or 80 marks for life membership. A considerable portion of its 700 
members is composed of foreigners so that it, like the other leading 
societies, is partly international. It publishes a journal, which now appears 
monthly, and is perhaps best known on account of the extensive reports on 
the present state of various branches of higher mathematics, which have 
appeared in it from time to time. Members may receive this journal and 
occasional other publications at a reduced price. 

The London Mathematical Society is the oldest among the prominent 
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extant societies, having been organized in 1865. It publishes a journal 
known as the Proceedings of the London Mathematical Society which is sent 
to all the members free of charge. The annual dues are 21 shillings, and 
there are about 300 members. Next in point of age among the leading 
societies is the Mathematical Society of France, which was founded in 1872, 
and had Chasles for its first president. It has published a journal known as 
the Bulletin since its organization and has always had the leading mathema- 
ticians of France among its members even if its growth has been less rapid 
than that of other prominent societies. Its annual dues are fifteen francs, 
and its members receive the Bulletin free of extra charge. 

Whatever differences of opinion may exist in regard to the relative 
excellence of the mathematical productivity of various countries, all agree 
that the countries which use the four languages, French, German, English, 
and Italian, are pre-eminent and have been pre-eminent for centuries. 
Hence the student of mathematics who desires to keep well informed 
in regard to important advances in various lines of mathematical activity 
must be able to read mathematical works in these four languages. The most 
active Italian mathematical society of the present is the Circolo Matematico 
di Palermo which was founded in 1884 and has a membership of 500, among 
whom are eighty Americans. It is of interest to note that the Americans 
constitute the largest foreign element in this society, the Germans coming 
next with fifty-four members. It publishes a journal known as the Rendi- 
conti which is mailed to all its members, the annual dues being the same as 
those of the French society. 

The American Mathematical Society is one of the youngest among the 
great mathematical societies of the world, having been founded under the 
name of the New York Mathematical Society in 1888 and hence being only 
two years older than its German brother. Its growth in numbers has been 
almost as rapid as that of the German society notwithstanding the fact that 
its annual dues are ten times as large, being 5 dollars per annum. In view 
of these larger dues it has been able to render more substantial support to 
important outside projects, the most noteworthy of these being the publica- 
tion of the Transactions of the Society in addition to its Bulletin, the latter 
being sent to all its members free of charge. Both of these journals have 
maintained a very high standard and have contributed materially towards 
winning for Americans a favorable recognition among the leading mathe- 
maticians of the world. They have also furnished avenues and standards 
of publication for the younger mathematicians and thus contributed largely 
to the rapid mathematical development in this country during recent years. 

A peculiar feature of the American Mathematical Society is the organ- 
ization of sections-in different parts of our extensive country. Thus 
far three such sections have been formed — the first at Chicago in 1897, the 
second at San Francisco in 1902, and the third in the Southwest, starting at 
Columbia, Mo., in 1906. Each of the first two sections meets twice a year 
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at or near its place of organization, while the third has had only one meet- 
ing a year thus far. These sectional meetings afford opportunities for the 
members who are located far away from the regular places of meeting of 
the society, to get together to consider such questions as may tend towards 
definite advances or to renew courage to proceed in a struggle which must 
frequently be conducted under adverse circumstances. These meetings and 
the publications mentioned above are perhaps the: most important lines of 
activity by means of which the American Mathematical Society has central- 
ized and improved the efficiency of mathematical endeavor in our country, 
but many related minor influences could be mentioned. 

Although prizes have not contributed as much to American mathemat- 
ical progress as to that of Europe, yet the international prizes offered by 
European institutions have doubtless done considerable to stimulate work of 
high order in this country. especially since a few of them have come 
to American mathematicians. The Institute.de France is perhaps the best 
known among the prize bestowing institutions, both on account of its long 
history and also on account of the eminence of many of its members. Hence 
scholars appreciate these prizes much more than their money value would 
imply, being frequently less than five hundred dollars. It is of interest to 
note that one of the most valued mathematical prizes of the French Insti- 
tute was awarded to a woman, Sophie de Kowalevski, in the year of 
the founding of the American Mathematical Society, for the discovery of a 
new case in which it is possible to integrate the differential equations of the 
movements of a heavy body having a fixed point. 

In most cases these prizes are offered for the solution of a definite 
problem or for work which tends towards such a solution but in some cases 
they are given for published work of unusual merit. In 1858 the Grand 
Prix de Mathématique was offered for the proof of a theorem announced by 
Legendre in his Théorie des nombres, which was afterwards proved to be in- 
correct, as had been suspected by those who proposed the prize. It may be 
of interest, in this connection, to mention a very unusual. astronomical prize 
of 100,000 frances which is being offered annually to any one who will estab- 
lish communication between the Earth and: some other’star than the planet 
Mars. It appears that the widow who founded this prize considered com- 
munication between Mars and the Earth as too easy to be a subject of this 
magnificent prize. By a wise provision the interest of this fund may be spent 
every five years to encourage astronomical research as long as the desired 
communication is not established. 

Fellowships and scholarships have probably constituted the most po- 
tent external factor in promoting mathematical research in our country, as 
they have enabled many young men to get a good start in.their scientific 
careers. It is asad fact that most of them have accomplished very little 
beyond the start but the few who continued their work with great energy 
have more than justified this method of promoting scientific activity. 
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As fellowships and scholarships are generally reserved for those who hav 
given evidence of unusual ability and have attained at least the equivaler 
of the bachelor’s degree at a good institution, they render assistanc 
just when original work can be begun with sufficient promise of success i 
become fascinating and inspiring. 

The first American university to establish graduate fellowships on a 
extensive scale was Johns Hopkins, which provided for twenty such fellow 
ships, each yielding $500, at the opening of the institution in 1876. Som 
of the universities which were opened later, especially Clark and Chicag« 
adopted similar plans and thus exercised a strong influence to raise th 
standard of scholarship to a much higher plane. Many of the older institt 
tions and friends of these institutions have succeeded in establishing equall: 
favorable conditions, which have enabled many young men to get into th 
research spirit and to learn how to secure new answers from nature, whic 
is rich but not always liberal. In 1894, G. Stanley Hall published in 7h 
Forum a list of graduate scholarships and fellowships at all the America 
institutions. There were then only eight universities having more than te: 
such positions. Since that time conditions have greatly improved. At th 
University of Illinois, for example, the amount available for such appoint 
ments is now more than ten times as large as it was then. 

There is a great difference in the demands which the various institu- 
tions make upon their graduate scholars or fellows. In some cases the only 
condition is that the holders of such positions shall reside at the institution 
and devote all their time to study. In the case of travelling fellowships the 
incumbent is generally expected to spend his time at one or more of the best 
institutions in the world along the lines in which he may be especially inter- 
ested. These scientifically ideal conditions constitute one extreme, the other 
extreme being presented by the institutions which use these positions to se- 
cure a large amount of service, teaching, or reading of papers, at a remark- 
ably low cost and ailow the incumbent so little spare time for study as to 
dwarf him intellectually. The money value of these positions is generally 
small, varying from free tuition to 700 dollars per year, while a very few 
specially endowed fellowships pay much more. 

For instance, the Kellogg fellowship of Amherst College provides the 
income of thirty thousand dollars and is awarded for seven years to an alumnus 
of this college, who shall be selected by the faculty. The first three of the 
term of seven years shall be spent in study, generally at some foreign insti- 
tution, and the last four as a lecturer at Amhert College, but the incumbent 
shall not give more: than thirty lectures per annum and shall have no 
employment except such as pertains to the duty of his fellowship. This fel- 
lowship is open to students of mathematics as well as to those interested in 
other lines, and evidently aims to train the incumbent for a highly scholarly 
life. It is to be hoped that more positions of this kind will be established, 
especially in connection with the larger institutions, in order to maintain 
high ideals among the large student bodies. 
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A DISCUSSION BY SYNTHETIC METHODS OF THE COVARIANT 
CONIC OF TWO GIVEN CONICS.* 


By PROFESSOR D. N. LEHMER, University of California. 


At the close of his chapter on Involution, Professor Reye, in his 
Geometry of Position, gives a proof of the following theorem: 

Any two tangents to a conic section which pass through two conjugate 
points of a given involution of points on a line, intersect, in general, upon an- 
other fixed conve. 

From the fact that conjugate points in an involution are harmonically 
separated by the double points of that involution, he is able to state the 
above theorem in the following way: 

The pairs of tangents to a conic section which are harmonically separ- 
ated by two given points intersect, in general, upon another conic. 

This theorem, he notes, is a special case of the following, the proof of 
which is left to the student: 

The pairs of tangents to a conic, which are congugate with respect to a 
second conic, tntersect, in general, upon a third conic. 

Just how this last theorem is intended to be developed from the theo- 
rems that precede is not clear. It is difficult to make any immediate connec- 
tion between these last two theorems. Owing to the importance of the last 
theorem, which concerns, indeed, the covariant conic of the two conics, the 
following discussion is given. 

The locus of poles of the tangents to one conic with respect to a sec- 
ond is a third conic, called the polar reciprocal of the first conic with respect 
to the second; to four harmonic tangents to the first conic correspond four 
harmonic points on the polar reciprocal conic. These statements follow 
from the fact that the tangents to the first conic may be considered as the 
lines joining corresponding points in two projective point rows. These two 
point rows reciprocate into two projective pencils of rays, corresponding 
rays of which meet on the polar reciprocal conic. The second part of the 
theorem follows easily. We have thus a projective correspondence set up 
between the tangents of one conic and the points of another. We propose 
now the following problem, which is fundamental for the purpose in hand: 

PROBLEM. Given a pencil of rays of the second order, and a point row 
of the second order projectively related to it, to find how many of the lines of 
the pencil pass through the points of the point row that correspond to them. 

Choose a point S on the front row of the second order as the center of 
a pencil of the first order perspective to it. This pencil will be projective to 
the pencil of the second order and the locus of the points of intersection of 
corresponding rays is a cubic curve with a double point at S. (This 


*Read before the meeting of the California Section of the American Mathematical Society February 29, 1908. 
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is proved in the preceding chapter. See also The Transactions of the Amer- 
ican Mathematical Society, Vol. 8, pp. 372-876, July, 1902.) This cubic will 
have at most four points in common with the point row of the second order 
besides the double point S. These points are easily seen to be the points in- 
volved in the problem. We see then, that at most four rays of the pencil 
pass through the points of the point row that correspond to them. 

Equipped with this last theorem we are able to discuss the theorem 
indicated by Professor Reye: The locus of points of intersection of the tan- 
gents of one conic which are conjugate with respect to another is a third conic. 

Given two conics, ¢ and ? From a point, P, which moves along an 
arbitrary straight line in the plane draw tangents, PA and PA’ to the conic 
a, We wish to find in how many positions of P on the line the two tangents 
PA and PA’ will be conjugate with respect to ?. The two systems of tan- 
gents PA and PA’ are in involution, so that four harmonic tangents, PA, 
correspond to four harmonic tangents PA’. The pole of PA, the locus of 
which is the polar reciprocal of « with respect to ?, traces out a point row of 
the second order projective to PA and thus to PA’. At most four of these 
poles of PA wiil therefore lie on PA’. The locus is thus a curve of the 
fourth degree, being cut by-an arbitrary line in at most four points. From 
the theory of poles and polars, however, if PA’ pass through the polar of 
PA, then will PA’ pass through the polar of PA, so that the four points in 
which an arbitrary line meets the locus coincide in pairs; the quartic is thus 
a pair of coincident conics. 

It is clear that the tangents PB and PB’, for a point P on this locus, 
are harmonic conjugates with respect to PA and PA’. The locus of points 
from which four harmonic tangents may be drawn to two conics is thus a 
conic. It is in fact the covariant conic of the two conics. For the analytic 
side of the discussion, see Salmon’s Conic Sections, pp. 306 and 344. If the 
anharmonic ratio of the four tangents be different from —1, the quartic 
found above does not degenerate necessarily, as appears also from the alge- 
braic discussion. The writer does not know of a discussion by synthetic 
methods of this remarkable conic, which as the above discussion indicates, 
passes through the eight points of contact of the four common tangents of 
the two conics. 


JOINT MEETING OF MATHEMATICIANS AND ENGINEERS. 


By DR. H. E. SLAUGHT, The University of Chicago. 


A series of joint meetings of mathematicians and engineers, conducted 
at The University of Chicago, December 30, 31, 1907, under the auspices of 
the Chicago Section of the American Mathematical Society, seemed to inaug- 
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urate a movement of more than passing importance to both parties 
concerned. It would seem that these two classes of men have been pursu- 
ing paths too widely separated, each class failing to appreciate how large a 
proportion of their interests may really be counted in the field of the other. 
Recognition of this community of interests coupled with the great divergence 
of practice led toa number of significant results: (1) Astonishment that this 
state of affairs has gone so long with so little serious attention; (2) Gratifi- 
cation over the gathering of such a large and representative body of profes- 
sors of mathematics, professors of engineering, and practicing engineers for 
the purpose of thoughtfully considering together the questions of command- 
ing mutual interest; and (3) The determination to take active and far-reach- 
ing steps toward harmonizing and strengthening those interests. 

The program presented first the historical and statistical phases of the 
subject both in this country and abroad, and secondly, the pedagogical and 
practical phases as they appear both to the practicing engineer and to the 
professor in the engineering school. The discussion was focused about the 
topic: What is needed in the teaching of mathematics to students of engin- 
eering? (a) What range of subjects? (b) To what extent in the various 
subjects? (c) By what methods of presentation? (d) What should be the 
chief aim? - 

The speakers were as follows: Professor KE. J. Townsend, department 
of mathematics, University of Hlinois; Professor Alexander Ziwet, depart- 
ment of mathematics, University of Michigan; President R. S. Woodward, 
Carnegie Institution of Washington; Mr. C. F. Seott, consulting engineer, 
Westinghouse Electric Company of Pittsburg; Mr. Ralph Modjeski, consult- 
ing civil engineer, Chicago, Illinois; Charles S. Slichter, professor of applied 
mathematics and consulting engineer, University of Wisconsin; Gardner S. 
Williams, professor of civil, hydraulic, and sanitary engineering, University 
of Michigan; Frederick 8. Woods, professor of mathematics, Massachusetts 
Institute of Technology, Boston, Massachusetts; George F. Swain, professor 
of civil engineering, Massachusetts- Institute of Technology, Boston, Massa- 
chusetts; Arthur N. Talbot, professor of municipal and sanitary engineering 
in charge of theoretical and applied mechanics, University of Illinois; Fred 
W. McNair, president, Michigan College of Mines, Houghton, Michigan, and 
Mr. J. A. L. Waddell, consulting bridge engineer, Kansas City, Missouri. 

The general discussion was supported by Mr. C. F. Scott, Pittsburg, 
Pennsylvania; Dean C. M. Woodward, Washington University; Professor B. 
EF. Groat, School of Mines, University of Minnesota; Professor S. M. Barton, 
University of the South; President C. S. Howe, Case School of Applied 
Science; Professor C. A. Waldo, Purdue University; Professor C. B. Wil- 
liams, Kalamazoo College; Mr. J. B. Webb, consulting engineer, Hoboken, 
New Jersey; Dean H. T. Eddy, College of Engineering, University of Min- 
nesota; Professor D. F. Campbell, Armour Institute of Technology; Profes- 
sor A. E. Haynes, College of Engineering, University of Minnesota; Profes- 
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sor EK. W. Davis, University of Nebraska; Professor A. S. Hathaway, Rose 
Polytechnic Institute; and Professor E. V. Huntington, Harvard University. 

Abstracts of the addresses will appear in The Bulletin of the American 
Mathematical Society, and the papers will be printed in full in Science. 

As an outcome of the discussions, a committee of three was appointed 
with power to increase the number to fifteen, representing all interests and 
all sections of the country, who shall make a detailed study of the teaching 
of mathematics to engineering students in this country, and shall formulate 
a report to be presented to a joint meeting of mathematicians and engineers 
to be held in the Summer of 1909 in connection with the annual gathering of 
the Society for the Promotion of Engineering Education. Those selected 
for the committee of three were: Professor Gardner S. Williams, Univer- 
sity of Michigan, representing the engineering side; Professor E. V. Hunt- 
ington, Harvard University, representing the mathematical side, and Pro- 
fessor E. J. Townsend, who has already made an extensive study of the data 
relating to the subject. Among the practical questions already suggested 
by Professor Townsend for the consideration of all interested are the | 
following: ° 


I. ENTRANCE REQUIREMENTS. 


1. Is a greater uniformity of entrance requirements desirable? 

2. Most colleges in the Middle West admit on certificates from accred- 
ited schools. In addition to this should engineering students be required to 
pass an entrance examination in algebra, with the understanding that if 
they fail to make satisfactory grade, more than the usual amount of work 
must be done to secure credit in college algebra? | 

3. Should a knowledge of logarithms and the plotting of simple alge- 
braic curves be added to the entrance requirements? 

4, Should the standard of admission be raised so as to include trigon- 
ometry and college algebra? - 

5. Should the requirements be made to cover less ground and 
intensified? 

6. Should more attention be paid to analytic and formal work, partic- 
ularly in arithmetic and algebra? 

7. Should a year of work in mathematics and science of college grade 
be required for entrance, or should the course be extended to five years? 


II. REQUIREMENTS FOR GRADUATION. 


1. What should be the relative length of time spent on algebra, trig- 
onometry, analytical geometry, and calculus? 

2. Which should precede, algebra or trigonometry? 

3. What topics should be particularly emphasized in college algebra? 
In calculus? - 

4, How far ought the instruction of the first two years’ work in math- 
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ematics to be made “‘practical’’; how far should we insist upon rigorous 
demonstrations of principles taught? 

' 5, Should students in one line of engineering, say civil engineering, 
be given problems of a different nature than those given to students in other 
lines, say mechanical or electrical engineering? 

6. Should differential equations and least squares be required subjects 
in any engineering course? If so, how extensive should these courses be? 

7. Should we have a separate course on ‘‘Applications,’’ having for 
its purpose the cultivation of ability for rapid computation, and the use for 
engineering work of such instruments as the slide rule, planimeter, inte- 
graph, computing machines, etc. ? 

8, What opportunity for the study of mathematics should be given the 
engineer beyond the usual course in calculus? What courses might be made 
elective in the junior or senior years? 

9. Should a first course in mechanics be given to engineering students 
in the freshman year and before the student has had ‘calculus? 


III. ADMINISTRATIVE QUESTIONS. 


1. What qualifications should we insist upon for the instructor of en- 
gineering students in mathematics? 

2. How much elementary mechanics should be taught in connection 
with the calculus? Should this elementary mechanics be taught by the 
mathematical department? 

. Should the work in descriptive geometry be made more mathemat- 
ical in trentment? Should it be taught by the mathematical department? . 

4. What can be done in general to bring about a closer ralation 
between the teachers of mathematics and the teachers of engineering? 

Pending the report of the Committee of Fifteen, these and other 
questions relating to the subject may well command the attention of those 
who wish to promote the scientific and industrial interests of the country as 
they are related to the training of men who are to be leaders in their 
development. 


REMARK ON THE TRISECTION PROBLEM. 


By E. B. ESCOTT, University of Michigan. 


In the article ‘“‘The Trisection Problem,’’* in the May (1907) number 
of THE AMERICAN MATHEMATICAL MONTHLY; the so-called ‘‘Ceroid’’ is 
*The merit of the article referred to lies in the fact that its author inadvertently rediscovered the famous 


curve and applied it in a new manner. The same author makes use of the hyperbolic curve for trisecting an angle, 
which of itself is well known, but which is presented in a new form worthy of attention. THE EDITORS. 
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nothing but the Conchoid of Nicomedes. This can be shown as follows: 

In the figure, let LL’ be parallel to the 
x-axis at a distance 2a, and draw MM paral- 
lel to LL’ and half way between it and the z- 
axis. Let OHK be any line through O, and 
let P bisect HK. OB=sOK, OH=r. There- 
fore, OP=4(OH+0OK) =sr+OB. 

..OP—OB=BP=sr=constant. 
Therefore, the locus of P is a conchoid. 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


No satisfactory solutions of Nos. 283, 284, 285, have yet been received. 
A solution of 283 will appear in the next issue. 


287. Proposed by WALTER D. LAMBERT, 416 B Street N. E., Washington, D. C. 


For what fraction of a year will there be the greatest difference be- 
tween the interest as computed by the ordinary commercial rule and that 
computed by the rule of compound interest? 


Solution by THEODORE L. DeLAND, Treasury Department, Washington, D. C. 


Let «=the fractional part of a year; r=the rate per annum; $1—the. 
principal; rx-=the simple interest; (1+7)*—1=the compound interest: and 
y=the greatest difference. 

When the time is less than one year the simple interest exceeds the 
compound interest, therefore 


y=ra—(1+r)*+1, a maximum. 
Differentiate, and we have, when m=the modulus, 
dy/da=r—(1+7r)*log(1+7) /m. 
Equate to zero and we have 


(1+7)*log(1+7r)=mr; or «=log[rm/log(1+7) ] og(1-+7). 
Also solved by G. B. M. Zerr. 
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288. Proposed by DR. L. E. DICKSON, Associate Professor of Mathematics, The University of Chicago. 


Evaluate the determinant which arises in finding the inverse of the 
transformation, with binomial coefficients, 


T: &=3 CG Ja (1=0, 1, ..., g—1). 


j= 


Solution by the PROPOSER. 


Denote by Dn,m the minor of the element in the (n+1)th row and 
(m+1)theolumn. Evidently Din=1, Dimn=0forn<m. Forn=m-+kh, k>0, 


(E) (82) ($8) 


| 

' (m2) (m8). (m+) | 

Dintk, m= 0 1 CP") (7 (mt) 
: 0 0 - . (mb) 


Studnicka* has evaluated a similar determinant: 
Comey meen ay) 
1 (Gee ee rte ee Uae = (mth) 
0 0 0." T") 
Multiplying the first 7—1 columns of the latter by, respectively, 
(3-1) (322), Go3) (Fr) 


and add the products to the jth column. Then the ith element in the new 
ath column ist (for s=7—7), 


4 (me )(F)=3"( m+1 ) (Fe )=( ma) 
ria \P—-tt+1/\j-r}/ s=0 \J-t+1—s/\ 8s / \gj-14+1/" 


Taking j=k, k—1, ..., 2, in turn, we obtain Dnikzm. Hence 


*Cf. Pascal-Leitzmann, Die Determinanten, 1900, p. 134. 
+Cf. Netto, Combinatorik, p. 250, (19); Hagen, Synopsis, Vol. 1, p. 65, 5. 
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Hence the inverse of transformation T is 
gto Gj 
De: = 2 (—1i(4 )s (i=0, 1, ..., g—1). 
I=4 
Since the product of the two transformations is the identity, we have 
L ° l v7] _ ee _ e e 
S(-1)45( (Jon = (Ou=1, Ov=0 if 1# 1). 
j=t J v 


Conversely, from this well known formula (cf. Netto, p. 255, (48)), 
follows the evaluation of the determinant D. 


289. Proposed by S. A. COREY, Hiteman, Iowa. . 
n+1 4 nt8 1 nts ) 
Prove that (aa +3. (n+3)?—1 + (TB) 1 Pees 
1 1 1 n—1 n—8 
Lf2 + 44 4.46 4 — 7 a 
TT (2 ° ++ ° +3%5. +... ) (n—1)?-1 +a. (n—3)?—-1 
+a te +Gepet n being any odd integer greater then 1 


and l=n—2. 
Solution by the PROPOSER. 


The term by term product of the right hand members of the two 
Fourier’s sine series, 


1=— 1 3 + B Deeeee 


4 ee sin 3x, sin da 4 | 


being equal to the product of the left hand members, may be thus written: 
cosv=C,) +C,cosx+C,cos2x%+ C,cos38a+..... 


the C’s being constants and functions of the coefficients of the sine terms. 
But as this product of the right hand members is of the same form as the 
regular Fourier’s cosine series for cosz, it must be identical with the latter 
series, and, hence, each C except C,; must be equal to zero. Each C with 


of 


even numbered subscript is identically zero, and in order that the remaining 
C’s may be zero, the equation of the problem must hold. 


eee) 


GEOMETRY. 


ae 


123, Proposed by P. C. CULLEN, Indianola, Iowa. 


If the bisectors of two angles of a triangle are equal, those angles are 
equal, and the triangle is isosceles. 


Another Demonstration by JOHN G. GREGG, Terre Haute, Indiana. 


Let ABC be the given triangle, and BD, CE, and AH the three bisec- 
tors of its angles meeting in O, and let BD=CE. We are to 
show that 7 ABC=ZACB. If these angles are not equal sup- 
pose Z ACB> Z ABC, then will AB be greater than AC. Take 
AG=AC, and AF=AD; then will OG=OC and OF =OD, and 
LGOF=ZCOD=ZBOE. AlsoOB+OF=BD...(1), and OG+ 
OH=CE... (2). 

_It can be established that L will always fall between G 
and fF’. OB is greater than OG, and OF is greater than, 
equal to, or less than OG. If OF >OG, then also OF >OEH, and 
OB+O0F>OG+0OE, or by (1) and (2), BD>CE. But by 
hypothesis, BD=CE. Hence ZACB=ZABC. Q. E. D. 

Again, if OF is equal to or less than OG, draw GI making Z OGIJ= 
ZLOBA. Obviously J will fall between O and F, and the triangles OBE and 
OGI are similar. Then since BO>OG, we have BO—-OEH>OG-—OfI, and 
much more, BO-OE>OG—OF. Hence BO+OF>0G+ OE, and from (1) 
and (2), BD>CE as before, and the theorem is established. 

COROLLARY 1. If two lines BD and CE are drawn through a point O 
in the bisector of an angle, and meeting the sides of the angle, the one (BD) 
making the less angle with the bisector is the greater. 

COROLLARY 2. If the two lines BD and CE make equal angles with 
the bisector, they are equal. 

COROLLARY 3. The line through O, perpendicular to the bisector, is 
a minimum. 

COROLLARY 4. Two triangles are equal if their bases, the angles op- 
posite the bases, and the bisectors of those angles are respectively equal. 


$20. Proposed by J. SCHEFFER, A. M., Kee Mar College, Hagerstown, Md. 


Prove by plane geometry the following interesting theorem: 

If from a pornt in the plane of a triangle perpendiculars are demitted 
upon the three sides of the triangle, and vf the area of the triangle formed by 
connecting the feet of these perpendiculars 1s denoted by A’, the distance of the 
assumed point from the center of the circle circumscribed about the original 
triangle by R’, the radius of the circumscribed circle by R, and the area of 
the pedal triangle by A, then will A'/A=+[(R?—-R"”)/R?]. 
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~]. Solution by the PROPOSER. 


There is an error in the statement of this theorem, which, I am afraid, 
was made by me through an oversight. Instead of the pedal triangle 4 it 
should be the triangle whose vertices are the mid-points of the sides of the 
original triangle. I saw this theorem for the first time, stated but not 
proved, in a German collection of geometrical exercises, with the following 
note: ‘In the English periodical, the Mathematician, anno 1844, the editor 
says that it would be desirable that this remarkable theorem should be estab- 
lished by pure geometry, which would form a good exercise for the student; 
and that he would be glad to give its investigation, in this way, in some future 
number of the Mathematician, should such be furnished by any of his cor- 
respondents.’’ The Mathematician, however, has never furnished such a 
purely geometrical proof. For years I have tried to discover one, but I nev- 
er succeeded in finding any other proof than the following trigonometrical one. 

Let ABC represent the triangle, O the center of its circumcircle, P 
the assumed point; PL, PM, PN the perpendiculars let fall from it upon the 
sides of the triangle; OD perpendicular to AC, and OF to AB; PI perpen- 
dicular to OD, and PG to OE. Denote the angles of the triangle ABC by 
A, B, C; ZACP by 9, ZABP by 4, ZOPF by 4, ZOPG by 8. 

r= 3s C ; a “os a but CM=RsinB-+-R'cos¢, and BL= 
RsinC + R#'cos 7. 


MN =e 7 (RsinB+R cosa), Let N= 


nB 


os > 
A '=3MNx LNsin (6-4) = —=4 ,sinBiin€ y, (0+¢) (Rsin B+R' cos 4) 
x (R sin C-+-R’ cos &) =3 sin B sin C(tan $+tan ¢) (R sin B+R'cos2) (FsinC 
+R’'cos 2)... (1). 
But in AOPC and AOPB, R’ : R=cos(B+49) : sin(#@ +2)... (2). 
R' : R=cos(C+¢) : sin(¢+)... (8), and ¢-+8=A... (4). 
ReosB— R’sin « 


From (2), tan @ ~~ Psin BP ’cos 2" (5), and from (3), 
_FRsinC— R'sin 7 
tan ? ~ Rsin C+ R'cos 8" (6). 


Substituting these values in (1), we obtain 
A’==3$sinB sinC[R’sinA+RR'cos(B +2) +RR'cos(U re) 4 pussy. 


But since 2+8=A, B+f=B+A—a=180°—(C+2). 
A'==49inA sinB sinC(R?—R”’). Since sinA=—8A/be, sinB=8A /ae, 
sinC=8A /ab, sinA sinB sinC=512 4 °/a*b?c? =2A/R?. 
A 5] , A ’ R 2 ~— PR’ 2 
A pe (R?-R 2). or A R2° Q. EK. D. 
Dr. Zerr gave a general discussion of the problem as proposed and also of the problem as intended by the pro- 
poser. We give below Professor Schmall’s demonstration of the problem as proposed. 


39 


II. Solution by C. N. SCHMALL, A. B., 89 Columbia Street, New York City. 


In Fig. 1, let XYZ be the pedal triangle. Then AYGZ being a cyclic 
quadrilateral, AG is clearly the diameter of the circle, and we have, 


YZ=AG sin A=AY ese AGY sin A=c cos A ese C sin A 
=a cos A=R sin 2A...(1). 


Similarly, ZX=b cos B=R sin 2B, and 
_XY=ccos C=F sin 2C. 
“perimeter XYZ=2(a cos A) =R > sin 2A. 
Also ZYXZ=ZABY+ ZACZ=180°—2A. 
2area XYZ=XY.XZ.sin YXZ=bc.cos B cos C sin2A. 
Fig. 1. “area XYZ=—ibe cos B cos C.2sin A cos A=2A"lT cos A 
H(acosA)  H(Rsin2A) 


[where A”=area of triangle ABC]= oP OP [by (1) above] 
8IT(at . 
= a eine) —1R? Tsin2A— A =area of the pedal triangle of triangle ABC. 


Now, referring to Fig. 2, let P be the given point (taken within the 
triangle ABC for convenience). 

Let ABC be the given triangle; O the center of 
its circumscribed circle; X', Y’ and Z’ the feet of the 
perpendiculars from P on the sides of the triangle. Let 
CP (produced) meet the circle in D. Draw BD, and 
draw PM perpendicular to BD; draw also Z'N perpen- 
dicular to X’Y’. 

Now since PX’CY’ is cyclic, and PC is the diam- 
eter of its circle, we have 


X Y'==PC sin C... (1), Fig. 2. 


(see Phillips and Strong’s Trigonometry, p. 50; ex. 10); similarly in the 
quadrilateral BZ’ PX’, 


Z X'=PB sin B...(2). 


Also, from the similar right triangles Z’X’N and PBM [which are similar 

because Z Z’X’N= ZZ’ X'P+ LY'X'P=LZZBP+4+ 2 Y'CP=ZZBP+ ZDBA= 
ZL MBP we have 

ZN _2X 

PM PB 


PM 


=sin B [by (2)]...(8). Also, 5 


==sin D=sin A... (4). 


Multiplying equations (1), (8), and (4) together, we get, 


Z'N.X Y’=PC.PD.sin A sin B sin C, 7. e., 2 area X’Y'Z’=PC.PD. UW sin A 
=P[,,PK. sin A=(OL-OP)(OL+OP). sin A 
=(OL’—OP?).U sin A=(R?—R"). UW sin A. 
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If the point P be taken outside the circle of the triangle ABC, then 
(OL—OP) is negative and thus we get the double sign. 
 A'=3(R? +R"), sin A. Hence, 


4’ £8(R*=R"),Msind_  (R*—R" I sind 
A 4R? lgin2A oT R? ‘Usin2A' 


Thus the result, as given by the proposer, is not quite right. 
He probably misused the well known formula, = sin 2A=4 7 sin A. 
COROLLARY. If the point P lie on the circumscribed circle of triangle 
ABC, the points xX’, Y’, Z’ lie on ‘‘Simson’s Line’’ and A’ =0. 


321. Proposed ‘by J. O. MAHONEY, B. E., M. Sc., Central High School, Dallas, Texas. 


ABC is an isosceles triangle. Through any point P in its plane draw 

a line PSRT cutting the sides AC, CB, AB in the points S, R, and T, 

respectively (R between B and C), so that the segments CS and BT shall 
e equal. 


Solution by C. N. SCHMALL, 89 Columbia Street, New York City. 


In the figure, let SM be drawn parallel to AB. Then, if CS=BT, 
A _ SR=RT. 
a Hence to locate the point R we must.solve the 
problem: Given a line drawn through a fixed point, 
and cutting two fixed intersecting lines, to find the 
m locus of the middle point of the intercepted segment. 
Here, we then have PT—PS=2(PR—PS), or 

PT + PS-=2PR. 
— a Let (»’, 9) be the polar co-ordinates of P, and 
let the equations of AC and AB be 


a,0+b,y+e,=—0...(1), a.wt+b.y+ce,=0... (2). 
Transforming to polar co-ordinates these become 


a, pcos 9+b, esin 94+-¢,=0...(8), and a, p cos 9+, p sin 9+c¢,=0... (4). 


=PS; from (4), p= —___©____pf. 


Brom (3), ¢= ~ 4,008 0-+b, sin 6 


ee 2 
a,cos §+-b,sin 6 
Hence the polar equation for the locus of P is, 2»=2PR=PT+PS. 


es 2 Cx _ 
a,cos 9+b,sin? a,cos?+b,sin 9 


2 p= 


4} 


— C1 + Ca 
a,ecos$+b,e sind a.p cos 9+bep sin 


teweneme 


Transforming back to rectangular co-ordinates, -we have 
2(a 1% + biy) (dgutbsy) +61 (a.4+bey) +c, (a+b, y)=0 


for the locus of P. This equation represents a hyperbola passing through the 
vertex A. Hence the intersection of this hyperbola with the base CB will 
give R, and PR produced will give T. © 


re 


CALCULUS. 


248. Proposed by REV. R. D. CARMICHAEL, Anniston, Ala. 


1 


2m e e © s 
Evaluate f sinna cote dx, where 7 is a positive integer. 
0 


II. Solution by FRANCIS RUST, C. E., Pittsburg, Pa. 


nN ; . 1) . 
9 eos sin®a + ( r ) cose sin’w—... 


sinnx==neos”—a4 sinx -( 
am 51 nN 31 . 

.. sinnx cote dx=n} cos"x dx — 93 cos”—24 sin?x dx 
0 0 0 


n am n—A °. 4 n an n—2r mee 
+ ( 5 ) feos a sinta da... (5% 1) J £98 © sin*"x dx-+... 


1 
a7 


Transforming f sin?z cos’z dz by the substitution sinz=)x, we have 


0 
ae Men? 4 (7 pk) (1 — 9) a1) 
dz “37 [x(1—a)]’ and Jf sin z cos’z dz af pl) (1 —y) 2-Day 


=} BUO@+), Mat], 


a J sine cota dx, in beta-functions, = > B( 
0 


_ if” n—1 3) a( F) (“3 3) 
(5) BMS a) 25 )B\ o> g)-- 


Also solved by C. E. White. 


nl >) 
2 ? 


250. Proposed by V. M. SPUNAR, East Pittsburg, Pa. 


Differentiate (log™«). 
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Solution by C. E. WHITE, Vanderbilt University, Nashville, Tenn. 
log”"x=log log log... (nm times) x. 


d(log"1) sd log™a | dat 


loos  log’zlog™~ °’ logs log™—ly log” x... logaw.x" 


Also solved by J. Scheffer. Some of our readers misinterpreted the meaning of the notation. It should be 
remembered that the notation means the log of the log of the log, etc., n times, of x See Byerly’s Integral Calcu- 
lus, 2d Ed., p.2. Ep. F. 


“.d log”’4” = 


251. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 


Find in terms of x the functions c,x% and c.x defined, respectively, by 
the relations . (a) wlog (cx) =c, vlogs, 
(b) clog~—=c,xlog (cox). 


Solution by G. B. M. ZERR, A. M., Ph. D., 4248 Girard Avenue, Philadelphia, Pa. 


(a) We may write (a) thus, log(c,x7)*=logx*, 
 (€,%) "=", or €,4=1 =1-+¢, loge 
+ $4 (loge)?-+... +24 (logn)"+ 
5 {logx)* +... +75 (logx)”-+... 


(b) Similarly, we may write (b), logv*=log(c.x%*). 


"0" = (Cg%)", OF cse—alo—=1 + logt ar op (loge) * +... SER. - (logx)”-+.. 


Also solved by J. Scheffer, C. E. White, and V. M. Spunar. Mr. Spuhar, in his solution, used the calculus. 


MECHANICS. 


131. Proposed by F. P. MATZ. 


If the distribution of weight on the foundations of a building 1 is W lb. 
/(feet)*, the foundation must be sunk D=(W/w)tan4(47—4¢) feet deep in 
earth of density w lb./ (feet)? and angle of repose ¢. 


Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


Let EF represent the weight of a portion of a horizontal stratum of earth 
which is displaced by the foundation of a structure, S the utmost weight of 
that structure consistent with the power of the earth to resist displacement, 
¢ the angle of repose of the earth. Then S/H=[(1+sin ¢)/(1—sin ¢)]? 
(see paper “‘On Stability of Loose Harth,’’ read before the Royal Society on 
the 19th of June, 1856, and published in the Philosophical Transactions for 
that year). In the problem, H=Dw, S=W. 


_Dw_ tere “) == cos a). 
"WwW \1+sin ¢ 1+ cos ($7—¢) 
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_W 4 4 ; 1—cos 6 _ 
“D=— tant (42 a), since itcos6™ 


tans 4, 
160. Proposed by F. P. MATZ. 


Given the para-centric acceleration c?/r* and the angular velocity 
(n/m)z to determine the equation of the orbit. 


Solution by G. B. M. ZERR, A. M,, Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 

The acceleration along the radius vector is given by d?r/dt? —r(d 9/dt)?. 

“a? r/dt? —r(d 9/dt)*=ce*/r*. 

The angular velocity is constant and equal to (n/m) =&=d 4/dt. 

a r/dt? —r82*=c?/r*, But dt=d 0/8. 

“ B? (d?y/d 02) B2==¢2/r4, = BT (dr/d 9)? +7? | —2r°?=A—c?/8r?. 
2 2 2 

“oP (a0) +3] 7 za =A By 

s 287 A oc . 1 1 /dr\?,1 

er a To since 3= ai(55) oF 

87? (n/m) ?r*+p?c? =38p? [Ar*® +2r°2? (n/m)?] is the r and p equation. 


191. Proposed by DR. L. E. DICKSON, The University of Chicago. 


Give the axiomatic principle of Physics which is equivalent to the the- 
orem on the compound of two circles (“Graphical Methods in Trigonome- 
try,’? MONTHLY, June-July, 1905, pp. 129-183). 


Remarks by the PROPOSER. 


On page 14 of the present volume, the principle is stated to be that of 
the parallelogram of forces (or of velocities). -This answer is insufficient, 
as the compound of two circles relates to an infinitude of lines. A complete 
solution is as follows: : 

Two forces, represented:in magnitude and direction by OP and OR 
have as their resultant the force represented by the diagonal OQ of the par- 
allelogram OPQR. If we take the components of these forces along an ar- 
bitrary straight line OS, the sum of the components of OP and OR must 
equal the component of OR. But in the figure (Vol. XII, top of p. 182), 
these components are the chords Oz, Op, OS, respectively. Now O7+0 -p 
=OS yields the point S called for by.the definition of the compound of the 
circles on the diameters OP and OR. 
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NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


145. Proposed by J. D. WILLIAMS, being the 12th of his fourteen challenge problems proposed in 1832. 


Make #7? +y’?=0, 3(#°+y?)=a cube, xy=2x, 2(x-+y) + O, and 
(x* +y*) (a? +y?) — (a> +y*°) VY (2? +y?) =O. 
No solution has been received. 


146. Proposed by PROFESSOR JOSE J. CORONADO, Halapa, Vericruz, Mexico. 


Find two numbers whose difference is equal to the difference of their 
cubes. 


I. Solution by G. B. M. ZERR, Philadelphia, Pa.; A. H. HOLMES, Brunswick, Me.; and J. E. SANDERS, 
Reinersville, O. 
Let x, y be the numbers. Then xw«—y=?-y’?, 1l=«?+ay+y?’, if 
vx~y. Let x=vy. 
a 1 —_ Vv 
IV (eet ly V7 (tt I) 
Let v? +v+1=(nv4+1)’. 
1—2n . 1—2n n*?—1 
v= . Y=, 
n?*—1 n*—n+1 
where n can have any value, positive or negative, whole or fractional. 


II. Solution by DR. L. E. DICKSON, The University of Chicago. 
a—y=u?—y>, Sayuxy. “l=? +ayty?’. : 
_ If any two numbers are desired, there are an infinitude of answers. 
If two integers are desired (neither zero), then one must be negative, other- 


wise v?+xy+y’? 53. Say y is negative, =—z, -.1=«?—az+z?, 2 and z pos- 
itive integers; --1—xz—=(«%—z)*; ..1—xz=0, or positive. 

ezel. --e%=z=1. If one is zero, the other=0 or +1. 

-. Only integral sets are (0, 0), (0, +1), (+1, 0), (£1, ¥1). 


. ; x=0, +1, 
Combined: (x, y), y=0, +1. 


Sneed 


MISCELLANEOUS. 


170. Proposed by J. W. NICHOLSON, ’A. M., LL. D., Baton Rouge, La. 


If n and m are any two real numbers whatever, n being less than m, 
find a rational r such that /n<r<ym. 


Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 
This depends on how we choose our markings. If we choose the nat- 


ural numbers 1, 2, 3, 4, etc., 1/m may be defined by two infinite series 
of rational numbers, and )/m may also be so defined. As these two infinite 
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series cannot be the same when nm, there is some rational number 
between them. 

Let /n=e+t+f, where fis the decimal part, and m=gq-+h, where h 
is the decimal part. Then r=e+k, where k is any number from 1 to g—e—1. 


171. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud, England. 


Lim. ¢(a%) __ Lim. A 1 | _ 4¢"(a)— 9" (a) 
I gma gay SOW ame Lay Hey Be ee) 


Solution by G. W. GREENWOOD, M. A., Dunbar, Pa. 


By hypothesis, ¢(a)=0, and ¢(a)=0. We must asswme that ¢’(a) 40 
and ¢’(a) #0. Then 


tim. 22) [0] avi —6@=o 


fk 1d Tae Po(@)—d(@)]_ 7, iy! (w)—#' (a) 
Lim. aay g @\= Lim. | $(a) +(x) |= vim. E Gee) FFE) 
= Lim ore Oars A9"'(a)— 3" (a) 
= 11.1 5a) 0" (a) £28" (a) o (@) +O" (a) (ae) | 28" (a) 6 (a) 


Also solved similarly by G. B. M. Zerr. Unless one assumes that ¢(a)=¢(a)=0, the problem is not true, as 
may be easily verified. Ep. F. 


PROBLEMS FOR SOLUTION. 


ed 


ALGEBRA. 


297. Proposed by W. J. GREENSTREET, Marling School, Stroud, England. 


If a, b, ¢, d, f, g, hare all real, and a, ab—h’*, abc+2fgh—af? —bg? — 
ch? are all positive, show that 6, c, be-—f*, and ca—g’ are also positive. 


ed 


GEOMETRY. 


330. Proposed by J. J. QUINN, Ph. D., New Castle, Pa. 


A line pivoted at the origin revolving with a constant angular veloc- 
ity, intersects another moving parallel to the Y-axis with a constant linear 
velocity. (1) Find the locus of their intersection when the ratio of their 
velocities is as m:n referred to a quadrant and a radius, respectively. (2) 
Assume m=3 and n=2, and apply to the trisection of an angle. (3) Under 
what conditions will this curve become a quadratrix? (4) Name the curve. 
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CALCULUS. 


254. Proposed by H. S. PARDEE, Boston, Mass. 
A wire is wound in the form of a helix. Assuming that sections of 
the wire perpendicular to the axis of the wire are circles, find the equation 
of a section of the wire perpendicular to the axis of the helix. 


EE 


MECHANICS. 


214. Proposed by W. J. GREENSTREET, M. A., Marling. School, Stroud, England. 

An inelastic particle is projected in a direction BD from B in a straight 
line AB. It strikes a rigid line AD in D and returns to ABatC. Find 
AC/AB, and show on a priori ground that this ratio is independent of the 
velocity of projection. 


od 


NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


152. Proposed by H. S. VANDIVER, Bala, Pa. 
_ When p is a prime of the form 5n+1 then there is a positive integer 
a such that a? =5(mod p). -Show that (“= ") == (— 


is of the form 5n+1 or 5n—1. - 


, according as p 


AVERAGE AND PROBABILITY. 


195. Proposed by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue Philadelphia, Pa. 
A random diameter is drawn in a given circle. Find the chance that 
it intersects, (1) arandom chord; (2) a random chord through a random point; 
and (8) a chord through two random points. 


NOTES AND NEWS. 


We learn from the Scientific American of February 1, 1908, that Dr. 
Paul Wolfskehl, who died recently at Darmstadt, left in his will a provision 
for the payment of 100,000 marks to the first person who will. prove or dis- 
prove ‘‘the last theorem of Fermat,’’ viz., «"+y"=z", is not possible in 
integers for n>2. F. 


The Fourth International Congress of Mathematicians will convene in 
Rome April 6th to 11th, 1908. Extensive preparations are announced for the 
entertainment of delegates and their friends. The deliberations of the Con- 
gress will be conducted under four sections, each provided with leaders of 
international reputation: (1) Arithmetic, Algebra, Analysis; (2) Geometry; 
(3) Mechanics, Mathematical Physics; (4) Philosophical, historical and 
didactic questions. Professor HK. H. Moore, who is now sojourning in Italy, 
will represent The University of Chicago. S, 
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A METHOD OF DERIVING EULER’S EQUATION IN THE CALCULUS 
OF VARIATIONS. 


By DR. GILBERT AMES BLISS, Princeton University. 


The derivation of Euler’s equation can be made by means of integrals 
of the form 


(1) f [A(a, y) +B(a, y)y'lde, WZ, 


which are independent of the path of integration. Invariant integrals of 
this type play an important role in the proofs that the usual conditions in 
the calculus of variations are sufficient to insure a minimum or a maximum, 
and their introduction in connection with the derivation of Euler’s equation 
makes it possible to simplify considerably the presentation of the whole 
theory. 

In the first section below there is a simple discussion of the conditions 
under which an integral of the form (1) is independent of the path, and in 
the second section these results are applied to the derivation of Euler’s 
equation. 


§1. INVARIANT INTEGRALS. 
In the integral (1) suppose that the functions A(z, y) and B(a, y) 
are continuous in a certain region FR of the xy-plane. Along an arc C;5 


(2) y=y (x), 4 Sade, 


which joins two given points (vi, y;) and (a, y-), lies in R, and for which 
the function y(%) is continuous and has a continuous derivative, the integral 
I will have a value 
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(3) I=J"{Ale, y@)]+Ble, ye) y@)]}de 


denoted by J,, or I(C;,.). If for two arbitrarily chosen points (41, y:), 
(%2, Ye), the values J,, are all the same however the arc C;- is chosen, the 
integral I is said to be indepenent of the path. 

The sum of the values of such an invariant integral taken along the 
sides of a triangle of ares of the type (2) is zero. To prove this, let the 
vertices of the triangle be denoted by 1, 2, 8, and thesides by C,;, C31, Cie. 
It is always possible to pass an are D of the type (2) through the three 
points 1, 2, 3, so that for a triangle such as the one in the figure, 


1(Ci2) -+I(Cos)=I(D1 2) +1(Dos) 
=I(D13)=I(C; 3). 


But for any are C,s;, 


Fig. 1, (4) I,s=—Ts1, 


since J;, is found from an integral of the form (3) by simply changing the 
limits. Hence along the sides of the triangle 


Tig +le3 + Ls 1=0. 


A similar theorem holds for any polygon of arcs Ci2, Ces, ..., Cn—-1, 1; 
of the type (2). For select a point 0 not on any of the ordinates of the ver- 
tices of the polygon, and join it to them by straight lines. Then 


To1 +I,o+1,.=0, 
Toe +L 3 +I 97=0, 


iy n—1tln—s, 1 + I, 0 =0, 
and by adding and using equations similar to (4), 
Toi tdiet... +lr—1,1=0. 


The integral 


(x, y) 
$ (x,y) =f- (A+ By’) da 
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taken from the fixed point (2, y,) to the point (a, y) over any continuous 
curve formed of a finite number of arcs of the type (2) defines a single-val- 
ued function (x, y). For any two broken curves joining (7, y.) with (2, 
y) form a polygon over which the value of the integral is zero, and the two 
values found by integrating from (x, y)) to (a, y) over the two broken 
curves, are equal on account of the property (4). 

The difference of two values of 4(x, y) corresponding to points on the 
same ordinate has the value 


vy 
(5) (a, y) — o(a, ys)=f Bi, y)dy. 
This différence can in fact be written in the form 
(x, y) a 
— a ~ ’ d ’ 
(6) bla, Woo, wi)=f (AtBy)de— f° A(@, ys) 
since from the figure it is evident that 


| (x, y) 
(0, W=I(C) +f ° (A+Byax, 
Uh, Yr 


a ORY) O44) 


(a, yi) =I(C) +f" Ale, yi) de. 
x—h 
Fig. 2. 
Equation (6) may also be written, by a change of variable, 


$a, y)—$@, 1) =f Ade + {"Bdy- f" Ale, ys)de, 


x—h, yr) 


When h approaches zero the first and third of these integrals vanish, and 
the second approaches the value given in equation (5). 

The derivatives of ¢(z, y) can now be readily calculated. From (5) 
it follows that 


3 =B(a, y). 
It is evident from a figure similar to figure 2 that 


$(e,y)—$(e1,y)=f ACG, y)dz, 
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so that 
0¢ 


ag A (x, y). 


A necessary and sufficient condition for the integral I to be independent 
of the path in a region R is therefore that a single-valued function (x, y) 
exists in R having the derwatives 


(7) a=A, a—=B. 


The sufficiency of this condition was not proved above, but follows 
easily with the help of the fundamental theorem of the integral calculus. 
For along any arc (2) 


(we, Yo) , (to, Yo) o o , . 
(A+By)dx =f ; (52 ri )de=$ (ts Y.)—b(&1, Yr). 


(a1, Yr) (a1, Yr) 


‘Another criterion for the invariancy of I is the following: 
If the functions A and B in the integral (1) have continuous partial 


. OF OB . . . 
derivatives = and oe in a simply connected region R*, then a necessary and 


sufficient condition for the integral I to be independent of the path, 1s that the 
equation 

04 OB 
(8) dy an 


is identically satisfied in R. 
The condition is necessary, for from the previous theorem a function 
@ must exist with the derivatives (7), and we have 


0A OB Ap 8 


SH ee eS OS 0 


dy Oe dAxdy dydx 
To prove the sufficiency, suppose first that R is a rectangle with one corner 


at (%, Yo). Then the values of [taken from (a, yo) to (x, y) along lines 
parallel to the x and y axes define a function 


(9) 6(0, v) =f Al, yo)det f"Ble, dy, 


*F is said to be simply connected if any two of its points can be connected by a continuous curve, and if the 
interior of any continuous, closed, non-intersecting curve in RF is also entirely within the region. 
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which is readily seen with the help of equation (8) to have the partial deriv- 
atives A and B. Consequently in any rectangle where condition (8) is sat- 
isfied, the integral I is independent of the path. 

In a more general simply-connected region R, the value of I taken 
around any polygon whose sides are parallel to the x- or y-axis is zero. For 
by continuing all the sides of the polygon, its interior is divided into rec- 
tangles, and the sum of the values of I taken around these rectangles in the 
positive direction* is the value of J taken in the positive direction about the 
original polygon. This follows because we have to integrate along a side of 
any rectangle twice, in opposite directions, unless the side is an edge of the 
original polygon. But since # is simply connected, the rectangles are all in 
F when condition (8) holds, and the value of J taken around the edge of 
such a rectangle is zero. Hence if we integrate from a fixed point (2, yo) 
to the point (x, y) in R along a broken curve consisting of straight lines 
parallel to one or the other of the axes, a single-valued function ¢$(z, y) is 
defined. This function like the function defined by equation (9) has A and 
B for its partial derivatives. 

For the application to be made in the next section, the following re- 
mark is important. 

Tf the integral (1) takes the same value over all continuous curves con- 
sisting of a finite number of arcs of the type (2) joining two fixed points (x,, 
y:) and (2s, yz), then it must be independent of the path in the same way for 
any two points in the strip of the plane between the ordinates x=a, andu=x,. 

Let 3 and 4 be any two points in this strip, and join 1 with 3, and 4 
with 2 by fixed arcs of the type (2). Then however the points 3 and 4 are 
connected by broken arcs, we will always, by hypothesis, have the same 
value for 


I, 3 +Ig4+Lye. 
Consequently, I; , is independent of the path also. 


83, THE DERIVATION OF EKULER’S EQUATION. 


The problem of the calculus of variations which we shall consider here 
is the problem of finding a curve which j joins two given fixed points (a, Yo) 
and (v1, y:), and gives a maximum or a minimum value to an integral of 
the form 


J= Sela, y, y')dax. 


The function f under the integral sign will be supposed to have continuous 
derivatives of the first and second orders for points (#, y) in a region R of 


*I, e. keeping the interior of the rectangle on the left. 
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the zy-plane and all values of y’. Evidently J will then have a well-defined 
value over any continuous curve consisting of a finite number of ares of the 
type (2) in R. 

Suppose that one of these arcs 


(10) E; y=y(v), % SuUSay, 


joins the points 0 and 1 in R and gives Ja minimum value. The family of 
arcs 


v; y=y(u)+en(@), % SuSa, 
where @ is an arbitrary constant and 7(2) satisfies the conditions 
7(%o) =1(%1,)=0, 


also joins the points 0 and 1 and include # for the value c=0. If the func- 
tion 7(2) has a derivative which is continuous except perhaps at a finite 
number of points in the interval x, <«<2,, then along any arc v the inte- 
gral J will have a value 


T)=J fla, v, vada, 


which is a function of « Since v reduces to # when ¢4=0, it follows that for 
a=(0 the function J(«) must have a minimum and A must be zero. 


The derivative af for «=0 is easily found to be 


(11) (Ga)ez Se lagt tay” ae 


where in the derivatives of f the values of y and y’ along H# are substituted. 
This derivative must vanish however the function 7(x) satisfying the condi- 
tions given above, is chosen. We see then that in the x 7-plane the integral 
(11) is independent of the path for all curves joining the points (2 , 0) and 
(x,, 0), and consequently independent of the path anywhere in the strip of 
the x 7-plane between the ordinates x=«, and «=x,. There must therefore 
exist a function ¢(x, 7) which has the derivatives 


d¢ af dag a 
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From the first of these equations, 
xe Oo f 
13 = =-dv+H(n), 
(13) o=n S33 w+H (7) 
and from the second, 


of “of , 
14 cr ioe =-de +H ’ 
(14) dy J sto OY 
an equation which must be true at every point of FE. Itis evident by deriv- 
ing again for 7, that H” must be zero, and H has the form 


(15) | —=entd. 


If the curve # has corners for the values #=<, «,, ..., % in the inter- 
val x) x41, then the functions (12) may have discontinuities, but they 
will certainly be continuous in any strip of the x 7-plane between two ordin- 
ates Y=4,, ©=%,41. In such a strip ¢ must therefore be continuous and it 
is evident from equations (18) and (15) that ¢ has the same value through- 


out the strip. 
In two different strips c is also the same. For simplicity consider the 


case when there is but one value x=«, and let 
_ (°9F _ (of ,' 
(16) barf" sldetortd, orf sldebe rtf 


be the two functions (18) in the two strips. 
Along two curves such as those in figure 38, 


I=?¢, —dot?¢, —Y =, — do +P, —s3, 


Fig. 3. the subscripts indicating the points at which 
the values of the functions are to be taken. Hence 


PD» — =.—-Ys, 


from which it follows with the help of equations (16) that c=e. 
From equation (14), therefore, 


Of (of 
(17) iyi aye tes 
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where c has the same value throughout the whole interval x) <# 224. 
Several important conclusions can be drawn from equation (17). In 
the first place consider a point 2 on # when y’ is continuous. The left mem- 
ber of (17) may be regarded for the moment as a function of the two vari- 
bles y’ and x, the latter entering explicitly and also in the function y(«). 
Then the values 5, y2, yg at the point 2 on #& furnish a solution of equation 
y) 
(17). If ay is different from zero for these values, then the theory of im- 
plicit functions tells us that equation (17) has but one continuous solution 
y' (x) which reduces to y’® when w=», and this solution has a continuous 
derivative. The values of y'(x) on the curve # near the point 2 constitute 
this solution, and by differentiating equation (17) for x we derive the follow- 


ing theorem: 
Ifan are B 


y=y(v), 4% Suu, 


minimizes the integral J, then at any point on EH where y'(x) is continuous 
0? . , 

and ra different from zero, the function y(a) must also have a second de- 

rivative and satisfy the Euler differential equation 


dof af, 
da dy’ dy e 
It is possible to show further from equation (17) that a minimizing 
are can not in general have corner points. Ata point (x2, y.) of # where 
0? po ape ; 
a is different from zero for all values of y’, it is evident that the first 
member of equation (17) can equal the second for at most one value of y/’, 
0 . . ae . , . . 
since i is monotomic. Hence it would be impossible for y’ to be discontin- 


uous at (We, Yo). 
An are E which minimizes the integral J can not have a corner point 


; af . 
at any point (x2, Ye) where 5m is different from zero for all values of y’. If 


orf ,. .. oe ae 
a is different from zero at any point in R for all y’s, then no minimizing 


curve whatsoever with corner points is possible anywhere in R. 
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THE PRYTZ PLANIMETER. 


By DR. A. R. CRATHORNE, University of Illinois. 


The object of this article is to call attention to a little known but very 
interesting and simple mathematical instrument, the Prytz planimeter, or to 
give its more common name—the hatchet planimeter. It is easily made 
from a piece of stiff wire which is bent into the form shown in Fig. 1. One 
end of the wire is ground to a point and the other end is flattened into a 
chisel edge. The sharp point and this edge should be in the same plane. 
For a given area a planimeter which is longer than 
the longest diameter should be used. 

To obtain the area of a closed curve with 
this planimeter a straight line of indefinite length 
is drawn from the approximate center of gravity in 
any direction (Fig. 2). The pointed end of the in- 
strument is placed on the center of gravityandthe | Fig. 1. 
chisel edge on the straight line (at A in the 
figure). The legs of the planimeter must at 
all times be perpendicular to the plane of the 
area. From its position B, the tracing point 
is now moved along the straight line to the in- 
tersection with the boundary curve and then 

Fig. 2. around the area in the direction indicated and 
back to B. The edged end of the instrument, upon which a slight pressure 
is brought to bear, traces out the curve ADEFHIK and when the tracing 
point has returned to B, will take the position K. The product of the length 
AK into the length of the planimeter will be the approximate area of the 
given curve (see equation [7]). 

This instrument was invented some fifteen years ago by Captain Prytz 
of the Danish Army, who published an account of his invention in the Eng- 
lish magazine, Engineering, Vol. 72, page 813. <A detailed analytical discus- 
sion of its theory was given by M. F. W. Hill in the Philosophical Magazine 
for 1894. In the Bulletin de l’ Académie Imperiale des Sciences de St. 
Petersbourg, 1908, Professor Kriloff of the Russian Naval Academy discussed 
the instrument from the geometrical standpoint and gave a very elementary 
and simple explanation of its theory. | 

This theory depends on the well known theorem:* The total area Z 
swept out by a straight line AB moving in a plane is given by the formula 


[1] Z=Is+ (sl? —al) (9,—9,), 


*See Chapter XIV, Gibson’s Calculus. 
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where / is the length of the moving line; s, the total normal displacement of 
a point P of the line; a, the distance AP; and 9,, 9 are the initial and final 
values of 9, the angle made by the moving line with some fixed line. If, in 
particular, the point A moves around a closed curve C’, while at the same 
time B makes a complete circuit of the curve C which lies entirely outside 
of C’, then 6.—6,, and we have 


[2] Z4=C—C'=ls, 


The usual conventions as to the signs of the areas in question hold. 
Areas covered twice in opposite directions by the line are zero, and an area 
described counter clock wise is positive. Ifa small wheel with its axis in 
the moving line be attached at P, the are through which it turns will give 
us the normal displacement s. We will call this wheel the measuring wheel. 
It should be noticed that the position of the point P does not enter 
into equation [2]. In measuring areas with most planimeters the area of the 
curve C’ is a constant of the instrument. In the case where the point cor- 
responding to A moves backwards and forwards on a curve this constant is 
zero. In the well known Amsler polar planimeter the curve C’ is a circle, 
and in some other instruments it is a straight line. The area C is the area 
to be measured. 

In the Prytz planimenter there is no fixed curve C’, but instead we 
have a curve which depends upon the curve whose area we are measuring. 
Referring to figure 2, we see that as the point B moves in its path, the edge 
A moves in its curve of pursuit from A to K. Now turn the planimeter 
horizontally about the point B until it is in the initial position AB. The 
curve corresponding to the curve C’ is now a closed curve ADEFHIKA. 
The total area swept out by the line AB is equal to the algebraic sum of the 
area C and the areas ADE, HFH, and HIK. The other parts of the plane 
swept by the line are covered twice in opposite directions and hence do not 
enter into the algebraic sum. Putting in the proper signs we have 


[3] Total area swept out=C—ADEH+HEFH-—HIK. 


From equation [2] the total area swept out is measured by the prod- 
uct of the length / of AB into the length of are s through which a measur- 
ing wheel at A on the line AB would have turned. During the motion of 
the tracing point this wheel does not turn at all, for the direction of motion 
is perpendicular to the edge of the wheel. But in turning the instrument 
about B from the position KB into AB, this wheel will turn through an arc 
which is equal in length to /¢ where ¢ is the angle KBA. Or we have 


[4] s=l¢. 
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The total area swept out by AB is ls or 1?¢. This gives the exact equation, 
[5] l?¢=C—ADE+EFH — HIK. 


If the starting point for tracing the figure be taken as above (7. e. at 
the center of gravity of the area), the algebraic sum of the three areas en- 
closed. by the curve of pursuit and the arc KA will be very nearly zero and 
we have the approximate equation 


[6] c—l? bd=Lare KA. 


If the angle ¢ be small, say less than 20°, the arc KA can be replaced by its 
chord, and we have 


[7] c=l. KA. 


If an area whose longest diameter is four inches or less, be measured with 
a ten inch planimeter, the error is very small and is about equal to the error 
made in finding the area of an equivalent rectangle by measuring the sides 
with a scale. The error due to the non-alignment of the edge and tracing 
point can be eliminated by tracing the curve in opposite directions and find- 
ing the mean of the two results. 

An improved planimeter of this type has a small chisel-edged wheel 
instead of the chisel edge. 


EXISTENCE OF A MINIMUM OF A QUADRATIC FUNCTION. 


By T. H. HILDEBRANDT, The University of Chicago. 


Suppose we have a quadratic function in 7 variables, 


n n n 
Fla, coe, Xn, | = x yy Uy Ui + = 6; Lie, 
#=1 j=1 t=1 


of which we know that 
Flas, ..., &n] 29, 


for all values of the variables #1, ..., %n. For instance, such a function is 


Ste (a) — 3 (a costa + b; sinix) ]*da, 
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where the a: and b; take the place of x; It might appear that because the 
function has a lower bound, it also has a minimum, 7. e., reaches its great- 
est lower bound. But this statement is not sufficient to establish the fact 
that it reaches its greatest lower bound in a finite point. If the’x; were re- 
stricted to be finite, we could apply the theorem on continuous functions of 
n variables, which states that in such a case the function has a minimum. | 
But the theorem does not apply when the x: are permitted to assume infinite 
values also. We proceed to show that even in this case there is at least one 
point in the finite part of n-space at which F takes on its minimum value. 
Transform Ff’ by a linear homogeneous substitution: 


nN 
t= Day viv; i=1, ..., n, 
j=l 


of such a nature that the determinant | a | of the substitution is different 
from zero and so that in the transformed function jf the cross product terms 
av’; 2; disappear. This is always possible, as a matter of fact, even in the 
special case where the substitution is orthogonal and therefore | a; | =1. 
Our function then takes the form: 


n 
> a; a3? + = b’; v's t+eo=t(u 19 ¢ee9 ©'n) 
i=1 i=1 


while f(v'1, ..., @n)=F' (4, ..., &n) 20. Then we havea':20 (¢=I1,..., 7). 
For, suppose a; <0. Then let w',, ..., ©j-1% 341, ..., @n take the zero values. 
We have 


F(0, eves 0, Vj, 0, coe 0) = Oj 5° +0; Uj+e. 


But evidently since a;<0 we may choose x; so large that this becomes nega- 
tive, contrary to the hypothesis that f shall be greater than or equal to zero 
for all values of the v;. Moreover, if a;=0, then b;=0. Suppose a’;=0 and 
6';<0. Then by taking for 2’,.,.., vj-1, Uj41, ..., @n, the values zero, we 
can find a sufficiently large positive value for x; to make 0; 2’;+c’ negative, 
and hence, f negative. Hence, if a;=0, then 6;=0. Our function is then 
of the form: 


r = 
Sas, 5 @)= S[aiaer+biveite] (ren). 
4—1 


Transform this function by the substitution 
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Then we obtain 


F(a, eeey Un) =b(",", .. eeey Uy )= 3 As ve, ? +¢ 20, 


t= 


Evidently c'20. Moreover we now see at once the minimum value of ¢, 
namely, 


¢1"'=0, eeey ¢n/'=0. 


By putting /’=0 and solving our transformations backward we can obtain 
the values of 4%, ..., & which will make F(a, ..., 2.) a minimum. There 
will be a unique solution if r=n. For, then we will have n equations in n 
unknowns. If r<n, the solution is not unique, but there will be at least a 
single infinity of values which will make F' a mininum. When r=n, our 
function f evidently has the form: 


n 
St (x's, eeey vn) = (a’; a 5? +6’; e+e). 
1=1 


Now 3 a: x,” is a positive, definite form, and so 33 Qi; i X; must also be, 
=1 


4=19=1 
That j is, the condition that 
F(0,, oc) &m)= 3 3 ay te Gt 3 bi 2; +020 
i=1j=1 i= 


may have a minimum is that 


my 
SX Ay Uy 4; 
i=1j=1 


be a positive definite form. This is exactly the result obtained by applying 
the methods of the differential calculus. 
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SOLUTIONS OF PROBLEMS. 


Ce aoe 


ALGEBRA. 


253. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 


Prove that «° +ax+b=0 is solvable by radicals if b=ma, m being the 
negative of half the sum of any two roots of the original equation. Exhibit 
e solution. 


Solution by DR. L. E. DICKSON, The University of Chicago. 
Let 7 and s be the two roots for which m=—4(r+s). Then 


r> +ar-+ma=0, s>-+-as+ma—0. 


Adding, we get 7°>+s5=0. We exclude the trivial case m=0, so that r-+s 
~0, r=—es, e being an imaginary fifth root of unity. From r+es=0, r+s 
—=—2m, we get 


_ 2m ,,_~ 2me 
(1) ee ve-V "7  e-1 


Now s will indeed be a root if and only if 
32m* + al=0, J=(e-+1) (e—1)+. 


Since e* +e? +e?-+e+1=0, we get l=5(e? +e? +1). Now e?+e? and e-+e* 
are the roots $(—1+1/5) of z?+z-1=0. Hence the problem stated is pos- 
sible if and only if 


64m*+5(1+V5)a=0, a=12(1F V5) mM‘. 


For m arbitrary, and for this value of a, the equation x'+ax+ma=0 has 
the two roots (1); the remaining roots may be found by solving a cubic. 


284. Proposed by DR. E. H. MOORE, The University of Chicago, Chicago, III. 


Discuss the system of equations: 
a +y*=ar . 
v+y'=a (k, 1 distinct positive integers) 
in general and for particular values of (k, l; as, az). 
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Solution by BENJAMIN F. FINKEL, Ph. D., Drury College, Springfield, Mo. 
§1. GENERAL DISCUSSION. 


Assume k<l. Solve the first equation for y, say, and we have 
y=(ar—x")“*, Substitute this value of y in the second equation and free 
the resulting equation from fractional exponents. The equation thus ob- 
tained is called the Resultant Equation* in x, and is, at most, of the kith 
degree. It has, therefore, kl roots, real, imaginary, or infinite. - 

If k and / are both odd or both even, the resultant equation is of the 
kl—kth degree and there are kl roots, k of which are infinite, and, there- 
fore, ki—k roots, real or imaginary. 

If k is odd and I even, or if k is even and / odd, the resultant equa- 
tion is of the klth degree and there are kl roots. 

Since the equations are symmetric in x and y the resultant equation 
for y is the same as that for x. Hence x and y have the same series of val- 
ues, but not every value of y can be taken with every value of x and satisfy 
the given system of equations. The final test of the legitimacy of every 
value of « and y is that these values when substituted in the given system. 
of equations shall satisfy them, and every such set of values of x and y con- 
stitutes a solution. 

Since the two equations of the system are symmetric with respect to 
x and y, it follows that if (x, y)=(a, b), ab, is a solution, then (x, y)= 
(b, a) is also a solution. Since, as we have seen above, the greatest num- 
ber of sets of values of « and y satisfying the given equations is kl, it fol- 
lows that these sets are made up of sets of values of « and y in which x and 
y have different values, the number of such sets not exceeding kl, and sets 
of values of « and y in which x and y have the same value. 

Let us assume that there are kl solutions of the given system of equa- 
tions and let 2n’ be the number of sets of values of « and y wherein x and y 
have different values, e. g., (a,y) =(a, b), ab, and let n” be the number of 
sets wherein x and y have the same values, e. g., (7, y) =(¢, c). 

Then we must have 


2n'+n"=Kl. 
kl is of the form 2m or 2m-+1. 


(1) Assume kl is of the form 2m. Then we have 2n'-+n"=2m, the 
solutions. of which are 


*Chrystal’s Algebra, Part I, p. 408, ed. 1885. 
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(2) Assume kl of the form 2m+1. Then we have 2n’+n”=2m +1, 
the solutions of which are 


n nN 

m 1 
m—1 3 
m—2 5 

0 2m+1 


Hence, it follows that when kl is even-the number of solutions in 
which w and y are equal must be even, and when kl is odd, the number of 
such solutions must be odd. 

' The graph of the equation «”+y"=dn, when n is even and greater than 
2 and an>O0 is of the form of Fig. 1. When n=2 and 
dn>0, the graph is a circle. 

When n approaches an infinitely large even num- 
ber and a, is a finite positive number, the graph 
approaches a square whose sides are 2. When a,<0, 
the graph is imaginary. 
| The graph of the equation 2”+-y”=an, when vn is odd Fig. 1. 
and greater than 1 is of the form of Fig. 2. When 7 is 1, the graph is a 
straight line. When n approaches an infinitely large posi- 
tive odd integer and a, is a finite positive number, the graph 
approaches the full-line curve in Fig. 3. When n approaches 
an infinitely large odd integer and an<0, the graph 
approaches the dotted line in Fig. 3. 

_If, instead of solving one of the equations with respect = 
to one of the unknowns and substituting this value in the Fig. 2 
second, to obtain the resultant equation in the other unknown, one solves 
the two equations for the ratio, 7, of x to y, there results, in 
general, an equation of the klth degree in r. And since the 
two equations are symmetric in x and y, this equation in r 
will be a reciprocal equation. This fact often enables one to 
obtain solutions more easily than by the first method. It al- 
so enables one to pair the proper values of x and y. It does 
not, however, prevent the introduction of extraneous roots. 
Thus, after r is found, and one wishes to find x, say, there Fig. 3. 
will be for each of the kl values of r as many values of x as there are units 
in the exponent of x in the equation in which r is substituted. Thus, sup- 
pose #*(1+r*)=az; from this equation one would obtain & values of x for 
each of the kl values of 7. One would thus obtain &?l values in all for x, of 
which not more than kl can be legitimate values, that is, values which when 
used with certain values of y will satisfy the system of equations. 
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$2. SPECIAL CASES. 


a. If k=l and as—a, then there are an infinitude of solutions. 
Geometrically interpreted, the two equations represent two coincident 
curves. Hence, the co-ordinates of all points of the curves will satisfy the 
two equations. 

If k=l and ar~a, the roots are all infinite (real or imaginary). Thus, 
let k=I=1 and, therefore, x+-y=a and x+y=b, a#b. These equations are 
frequently called inconsistent, but for the sake of uniformity of language 
they are commonly said to be satisfied by the point at infinity. 
(x, y)=(o, —o), (—o, o) are solutions. It thus appears that there are 
two solutions here. We may, however, consider this to be really only one 
solution; for geometrical considerations have led us to regard —« and o as 
the same point if the real number system be represented by points in a 
straight line.* The equations represent two parallel straight lines. 

Suppose #?+y?=a’® and «?+y?=b?, a+b, Here, x=+ and hence 
y=te%. Since « and y are symmetric we have 2? solutions. These are, 
(0, cot), (0, — ot), (— oO, cot), (— oO, — ot), (01, co), (4, —o), 
(— oi, o), and (—%, —o). But from the previous considerations, these 
eight solutions may be reduced to four, the requisite number; for we may 
consider (~, 1), (w, — 4%) as one point, and (—%, 7), (—%, —007%) as 
a second point and so on. If we assume that parallel lines in space intersect 
at infinity, these four solutions may be. reduced to two solutions, the first 
four above constituting one solution and the last four a second solution. 

By a more generally accepted convention, we may consider the two 
solutious as the ‘‘circular points at infinity,’’ through which two points every 
circle passes. The co-ordinates of one of the circular points at infinity may 
be considered to be (0%, 0%) or (—%, — 7); these co-ordinates, by the pre- 
_ vious consideration, being one and the same point, and the co-ordinates of 
the other point at infinity being (00, —007%) or (—, 007). These points may 
be constructed geometrically by the method suggested in Carr’s Synopsis of 
Pure and Applied Mathematics, pp. 674-677. 

Suppose v?+y®=a, v?+y?=b, a~b. Here, x=0, wo, wo, and 
y==—0, —woo, —w*0, There are here eighteen algebraic solutions, but 
these, as before, may be reduced to nine, the requisite number. 

Suppose wt+yt=a, x*+y*t=b, a+b. Here, x=1t0, +02, and 
y=+00),/i, +0072. There are here sixteen solutions, the requisite number. 

b. Suppose k=1, [=2, and, therefore, kiI=2. Here, 2n’+n"=2. 
There are two possibilities: 


So 
no! s 


*Reye, Geometrie der Lage, p. 18. 
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As an example of the first possibility, let the system be 


ae we 
ve +y’=5, (v, y) =(1, 2), (2, 1). 


In order that the second possibility be satisfied, a;? must equal 2a,. 
As an example of the-second possibility, let the system be 


1 x+y=6, 
a? +y?=18, (x, y) = (8, 3), (8, 3). 


ce, k=1, l=, and, therefore, kl=8. Here, 2n’+n"=3. 


There are 
two possibilities: 


n n" 
1 1 
0 3 


If we solve the system, 1 ae fy aa, we find (a, y) =(, 0), 


G1, 4 [A@s—aP Gi 4 Haar 
(Sie B04, ’ +? 301 ° 


(1) If a,=3, a,=9; (x, y) =(, ©), (1, 2), (2,1), an example of the 
first possibility. The graph of this system is Fig. 4. 


(2) In order that the second possibility be satisfied, 
a, must equal 4a; or a,=0. 
Let a,=6, and a;=54. Then (2, y)=(, 0), 
(3, 3), (3,3). The graph of the system is Fig. 5. 7 \, 
d. k==1, l=4, and, therefore, kl=4. Here, 2n’+n"”=4. Fig. 4. 
There are three possibilities: 


Ore ps 
m DO © 


Fig. 5 


Solving the system of equations 7+-y=a,, «4-+y*=a,, we find (x, y) 


_ (4 E VY [—8af ¥2 VY (2a,4+2a,)] a,yty [—8af% +217 (207 #2a0)1) 
= 9 pS . 
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(1) If a,=8, a,=17; (#, y)=(1, 2), (2,1), (@4Y—55, 8F1/—55), 
an example of the first possibility. The graph of the | 
system is the Fig. 6. 

(2) For the second possibility, a,* must equal 8a,. 

If a,=4 and a,=82, (x, y) = (2,2), (2,2), (2+21 —6, 
22) —6). 

a, and a, must be so taken that 2a,4-+2a, is a per- Fig. 6. 
fect square. Thus, if a;—1 and a,=8, we have an example of the first pos- 
sibility. If a*——a,, we have an example also satisfying the first possibil- 
ity, but since the graph of #*+y*=—1 is imaginary, all the roots 
are imaginary. 

(8) The only example satisfying the third possibility is x+y==0, and 
a++y*=0. Here, (x, y)=(0, 0), (0, 0), (0, 0), (0, 0). 

e. k=1, l==5, and, therefore, kl=5. Here, 2n’+n’=5. There are 
three possibilities: 


Solving the system of equations, v+y=a,, «°+y®=a;, we find (a, y) 
= (00 ? 00 ) ? 


2 (a, ft tf a? ut Fy [Gay +2005) /a,)), 


a((a. + |-5a: #5 [(6a8-+20a,)/as]) |, 


(1) If a=3 and a,;=—383, (2, y)=(1, 2), (2, 1), 
[$(841/ -19), 3(8F1/—-19)], (%, «)., 
. (2) For the second possibility, a5 must equal 16a,, 
and (5a,°+20a;)/a; must be a perfect square. If a,—4 1oN 
and a;—64, (x, y) = (2, 2), (2, 2), (242)/—-2, 242)/ —2), Fig. 7. 
(00, 00), 

(3) The only example satisfying the third possibility 
is ¢+y=0, 2° +%5=0. Here, (x, y)=(0, 0), (0,0), (0, 0), 
(0, 0), (00, oo), 

f. k=1, [=6, and, therefore, kI=6. Here, 2n’ +n" =6. 

There are four possibilities: 
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~ 
~ 
~ 


OrFpoe!]s 
Orne 


Fig. 9. 
The solution of the system x+y=a,, «°+y*=a, leads to a cubic for 
ay, As the values of x and y are quite complicated, we shall omit them in 
this case. oye 
(1) If a,=8 and a,=65, (#, y)=(1, 2), (21), @ 4), 
(8, 2), (7, °), (6, v), the last four sets being imaginary. : 
(2) If a,=2 and Ae==2, (x, y) = (1, 1), (1, 1), (4, B), (A, . o 
a), (7, 6), (5, y). fo ae 
(3) The only equation satisfying the third possibility is Fig. 10. 
e+ty=0, x®+y°=0. 


(4) The only equations satisfying the fourth possi- 

(| bility are xt+y=0, x°+y2=0. There are six solutions 
each equal to (a, y) =(0, 0). 

a g. k=2, 1=8, and, therefore, kl=6. Here, 


In'+n"=6. 


Fig. 11. There are four possibilieies: 
n yy" 
3 0 
2 2 
1 4 
0 6 


To solve the system x* +-y?=a,, 0° +y%=a,, requires the solution of a 
cubic in xy. If we let y=rx, we get the equation, 


(a2—ae) (7° 41) —8a2 (r+ 1) +2a2=0, or (aZ—a/)u?—38a3ut 2a3=0, 
re r 


where w= (7+ 2) . 


(1) If a,=18 and a,=385, (x%, y)=(2, 3), (8, 2), 
[3(2+// 22), 4(27/22) |, [3(-—7+7//28), 4(—7F ty 28) |. 

(2) In order that the second possibility be satisicdd, aus 
as? must equal 2a.”. ) Fig. 12. 

If ao=8 and: a,—16, (#% y)=(2, 2), (2, 2), {+h/ (44213) + 
V (¥2Y3)], +[/ (4421/3) —-v (F283) ]}. 
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(3, 4) In order that the third possibility be satisfied, a, and a; must 
both be equal to 0, and these are the only values of a: and a; which will also 
satisfy the fourth possibility. 

Also solved by G. B. M. Zerr. 
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NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


——— 


120. Proposed by L. E. DICKSON, Ph. D., The University of Chicago. 
Find the prime numbers yp for which x? —pxz—px—z+p? —3=0 has 
more than two sets of positive integral solutions x, z, each <p. 
Solution by H. S. VANDIVER, Bala, Pa. 


About the time this problem was originally proposed, Professor Dick- 
son wrote to me that he encountered it in determining those factors 
of (p*—1)? which are of the form 1+ 2, » prime. It will first be shown 
that the latter problem is equivalent to finding all the integers p, x, and z 
(p a prime) which satisfy 


2? —pre—pa—z + p? -3=0... (1). 


Let (p° —1)*?=(1+ pa) (1+ py), where x and y are positive integers. 
Expanding and dividing by p, 


p*— 2p=x--Y + pay. 


Hence there is necessarily an integer z>0, such that x+y=pz. By substi- 
tution and division by p, 


2(pet+1)=a? +p* —2. 
Setting z2+1 for z we obtain (1), and the two problems are equivalent. 
Solving (1) for p, 
2p=x(z+1) £V [xv? (2 +8) (z—1) +4(2+8) ]. 
For this to hold, there is necessarily a positive integer « such that 
aw” (2+8) (2-1) +4(2+8) =2’, 


subject to the condition that «(z+1) +2 be double a prime. 
Putting z+38=v, «* —va? (v—4) =A. 
Let v=k?u, where wu is an integer not divisible by a square other than 
unity, then 
8? —x* (k?u—4) =4.... (2), 


where =4/ku, necessarily an integer. 
The preceding analysis shows that (1) is ; soluble only for cases in which 
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(2) is soluble. It will suffice then to indicate a method leading to the com- 
plete solution of (2). . 

Regard u and k in (2) as fixed, and consider the relation as the rep- 
resentation of the integer 4 by a quadratic form in ? and x, with coefficients 
u and k?u—4. Consider the case where the determinant is of the form 
k?u®—4u>4*, Then all the solutions of (2) can be obtained by using the 
theorem given in Serret’s Cours D’ Algebre Supérieure (Vol. I, p. 80). Sup- 
pose, first, that uw and k are both odd; then the continued fraction to be con- 
sidered is: 


29, —/ 
JF 7 4 _th—1. 1, w—1, 2, v—1, 1, 2(ku-1), 
1, v'—1, 2, w—1, 1, 2(k-1);1,...], 


where ku=2u’'+1, k=2v’+1, k>4. (Asa check, note that the period is re- 
versible, 2(ku—1) being the middle term). If wis divisible by 2 but not by 
4, and if k is odd, (2) reduces to the form 


tf? —a? (kh? t—2)=2, where u-2t, t not congruent to 0 (mod 2), 


and the development is 


Ree 1, kt—2, 1, 2(k—1);1,...]  (kt>2). 


If u=4s, and k is odd or even, then (2) becomes 
sf? —x? (k?s—1)=1... (8), 


and the fraction is 


k?s—1 
; =[k—-1; 1, 2(ks—1), 1, 2(k—1);1,...] (ks>1). 


| 

\ 

If kis even (2) reduces to the type (8), u arbitrary. For the few 

numerical values of.k and w satisfying k*u?--4u<4’, the Gaussian theory 

of quadratic forms may be used. Theother exceptional cases ofk <4, kt < 2, 

ks=1, may be disposed of without difficulty. As an example, applying the 

Serret theorem to (2) for w and k odd, the development of y [(k?u—4)/u] 

shows that the third and eleventh complete quotients are the only ones in the 

period having the denominator 4. Put k=—5, u=8, in (2), then using the 
convergent immediately preceding the eleventh quotient, 


B/e==(4, 1, 6, 2, 1, 1, 28, 1, 1, 2) =2,82,75. 


and we may verify that 3 x 26275? —71 x 5401°=4. 
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PROBLEMS FOR SOLUTION. 


we 


ALGEBRA. 


298. Proposed by W. J. GREENSTREET, Marling School, Stroud, England. 
Find an approximation to the difference between the sums of 7 har- 
monic and n arithmetic means between a and b, when a is very nearly equal 
to b. 


299. Proposed by C. N. SCHMALL, 89 Columbia Street, New York City. 


The sides of a triangle and the area are in arithmetical progression. 
Find their values, and show there is only one solution in rational integers. 


GEOMETRY. 


331. Proposed by C. N. SCHMALL, 89 Columbia Street, New York City. 


The center of two spheres radii 7;, 72, are at the extremities of a 
straight line 2a on which as a diameter a circle is described. Find a point 
on the circumference from which the greatest portion of spherical surface is 
visible. 


CALCULUS. 


— 


255. Proposed by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


Find the general values of uw and vin terms of x, which satisfy the 
equations u*? +1? (du/dx)*?=v?, u?+m? (du/da)*? =v? +n? (dv/dx)? 


256. Proposed by S. A. COREY, Hiteman, Iowa. 


Y= oo 2m 
Prove that 2 i> 3 m and n being positive integers 
=O 2nsin ad 


of which 7 is the greater. 


257. Proposed by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


_({° dx _°” y"dy 
As) | Va Gata)" B= So yas tye find A/B. 


MECHANICS. 


215. Proposed by R. D. CARMICHAEL, Anniston, Ala. 


Determine the curve in a vertical plane along a chord of which a par- 
ticle will slide under the force of gravity and the retardation of friction so 
that it will traverse the whole length of the chord in a time ¢ which is inde- 
pendent of its direction as long as the upper end of the chord remains fixed. 
Discuss the result. 
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NOTES AND NEWS. 


Professor Heinrich Maschke, of the University of Chicago, died March 
1. 1908, after an illness of a few days. He was born in Breslau, Germany, 
in 1858, and received his education in the universities of Breslau, Berlin, and 
Goettingen, obtaining his Doctorate at Goettingen in 1880. Forten years he 
taught in the Guisenstaedische Gymnasium in Berlin, and came to the Uni- 
versity of Chicago as Assistant Professor of Mathematics in 1892, was pro- 
moted to the associate professorship in 1896, and to the full professorship in 
1906. He was widely known both in this country and abroad for his publi- 
cations in the leading mathematical journals, and was universally beloved 
by the hundreds of students who have been under his instruction at the 
University of Chicago. He had been vice-president of the American Math- 
ematical Society and was a member of the Deutsche Mathematiker- 
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BOOKS. 


Scrapbook of Elementary Mathematics. Notes, Recreations, Essays. 
By William F. White, Ph. D., State Normal School, New Paltz, New York. 
12mo. 248 pages, cloth, gilttop. Price, $1.00 net. Chicago: The Open Court 
Publishing Co. 

This book contains a collection of Essays, Recreations, and Notes on Mathematical 
Topics, presented in a somewhat humorous style, but not in any way sacrificing accuracy 
of statement. Many interesting topics are discussed. We giveafew of the thirty or more 
subjects: A Few Numerical Curiosities, Algebraic Fallacies, Geometrical Puzzles, The 
Three Famous Problems of Antiquity, Mathematical Symbols, A Few Surprising Facts in 
the History of Mathematics, Magic Squares, Quotations on Mathematics, The Golden Age 
of Mathematics, Alice in the Wonderland of Mathematics, etc. Some topics are perhaps 
too briefly treated, yet enough is given to arouse the interest of students of mathematics. 

F. 

Graphic Algebra. By Arthur Schultze, Ph. D., Assistant Professor 

of Mathematics, New York University, Head of the Department of Mathe- 

matics, High School of Commerce. 8vo. Cloth, viii +98 pages. Price, 80 
cents net. New York: The Macmillan Co. 

This little book contains.a fine collection of problems and many valuable suggestions. 
The graphic solutions of the Quadratic and Cubic Equations, as well as other equations, are 
well illustrated. F. 
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THE GALOIS GROUP OF A RECIPROCAL QUARTIC EQUATION. 


By DR. L. E. DICKSON, The University of Chicago. 


1. The Galois group of agiven algebraic equation, #—0, gives complete 
information as to its solvability by radicals, the number and degree of inde- 
pendent root extractions necessary in case the equation is solvable, and re- 
flects the possible factorizations of # within the chosen domain of rational- 
ity, R. The Galois group, G, is characterized by the properties that 

(7) Every rational function of the roots which remains (numerically) 
unaltered by all the substitutions of G equals a quantity in the domain R; 

(ii) Every rational function of the roots which equals a quantity i in f 
remains (numerically) unaltered by all the substitutions of G. 

Throughout the discussion, the coefficients of every rational function 
considered are assumed to belong to the domain R. 

In determining the group, G, for a given equation, one usually resorts 
to more or less fortunate guesses as to the rational functions to be employed 
with success. The present treatment for 


(1) H=x«*—ax* +ba? —ax+1=0 


is straightforward and leads in a natural and pleasing way to the criteria 
desired. While the domain, R, chosen is an arbitrary: domain containing a - 
and 6, we shall speak of numbers in # as rational, numbers not in R as ir- 
rational, and the reader may, if he prefers concreteness, take R to be the 
domain of all rational (integral or fractional) numbers. 

The Galois group for (1) may be any one of ten groups*; necessary 
and sufficient conditions on a and b for a specified group are determined, and 
a summary given in § 8. 

As the Galois theory is applied only to equationst with distinct roots, 
we assume that the discriminant A of (1) is not zero. By the usual formula, 
or more simply by § 4, we find that 


*The discussion in the MONTHLY, 1904, p. 195, is incomplete in several respects. 
+Multiple factors are first to be determined (by the greatest common divisor process, for example) 
and removed, as may be done in the domain, R. 
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(2) A =4AB*, A=(14+5b)*—a’*, B=a’? —46+8. 


Hence we assume throughout the paper that A+0, B0. 
2. Let the notation for the reciprocal roots be chosen so that 


(3) U1U2==1, %,0,=1. 


If either 7 or 7 has a value 1 or 2, the equality v;2;=«,x2, would imply that 
two x’s were equal, contrary to hypothesis. - Hence the only products of two 
roots equal to unity are 7.x, and w3%,. But x,%, has a rational value. 
Hence by property (77) of $1, each substitution of the Galois group, G, either 
leaves 2,2, unaltered formally or else replaces it by v~,%,. Hence Gis a 
subgroup of 


(4) Gg: TZ, (12), (84), (12) (84), (13) (24), (14) (28), (1824), (1423). 


3. We assume for the present that the equation (1) is irreducible in 
R, the necessary and sufficient conditions on a, 6 being given in §5. Then 
its group is transitive* and hence either G, or one of the following: 


(5) Gat L (12) (84), (18) (24), (14) (23); 
(6) C,: J, (1824), (12) (84). (1428). 


We proceed to determine directly the conditions under which the 
geroup is G; or C,. For the latter groups, the identity alone leaves x, unal- 
tered, so that (by Lagrange’s Theorem) any rational function of the roots 
equals a rational function of x;. As %, is already expressed as such a func- 
tion by (3), we seek expressions for x; and xv, as rational functions of ~,. 
Now 
(7) @3+1/es=a-v, vex, +1/n, 

(8) (73—1/a3)*=F' = (a—v)*—4. 


Our aim is therefore to determine the conditions under which Fis the square 
of a rational function of x, with coefficients in R: 


(9) F=W? (a1), %3—1/"3;=W(a,). 


To the latter relation we may apply the Galois substitution (12) (34), occur- 
ring in both groups (5), (6), and obtain the valid relation 


¢4—1/a.=W(x.), or 1/4,—2%7,=W(1/27). 


ae i Sti tN tt tin il et er NPE nt A A ra 


*That is, eontains substitutions replacing x, by each of the 2’s. 
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Hence by addition, 
(10) W(x.) + W(1/x,)=0. 


For the moment, set V(z,)=W(x,)+(a#,—l/v,). Then V(1/z,)=V(a,). 
Hence V(xz,) equals a rational function of v=x,+1/x,. But, by (1), 


(11) v? —avt+b—2=0. 
The latter is irreducible in R since (1) is irreducible. Hence any rational 


function of v can be reduced to a linear function. Thus V(xw,) may be given 
the form lv-+m, so that 


(12) W (a1) =(a,—1/2,) (w+m). 
The square of the first factor equals v?—4, Applying (11), we may 


express W? and F’, given by (8), as linear functions of v. The latter must 
be identically equal since (11) is irreducible. Hence 


(13) 1? (a® --2ab) +2lm (a? —b—2) +m?a=--a, 
(14). 1? (2a?—a*b+0?—4) + 2lm(2a—ab) —m? (b+2) =a? —b—2. 


Replacing «, by x, in (12), we get 

W (es) =(03—1/as) [L(y +1/as) +m]. 
Applying (7), (92), and (12) to the latter, we get 
(15) W (a;)=(4,—1/2,) (u+m) (la+m-—lv). 

First, let the group be Ch. Apply (1824) to (9.). Thus 
(16) to—1/%,=—W(a3), or 1/4, -4%,;= Was). 
Inserting the latter value of W(x;) in (15), we get 
(lu-+m) (la+m—lv)=—1. 

Eliminating v? by means of (11), we get 
(17) 12 (b—2) +lma+m?=—1. 


The determinant of the coefficients of 1?, lm, m? in (18), (14), (17) 
equals —4AB and hence is not zero ($1). The unique set of solutions is 
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p— Ime mee 
4 AB’ 4 AB’ 4 AB’ 
axq°>—2b—4, F=a?—30+2. 


Since / and m are rational, )“(AB) must be rational. This necessary 
condition for the group C, is also sufficient. Indeed, we get 


l= 4/// (AB), m=—$a8// (AB), 


and all the roots are rational functions of x,: 


(18) ny =$la— —2:— 2+ Wor), v4=tla—2,——-— W(e,)I, 


(19) W(2,)= - 2) [(a?—2b—A) (a, +) —a>+8ab—2a]. 


_ 1 _¢, 
2 (AB) 
The Galois group, for a domain R, of an irreducible equation (1) is 
the cyclic group C, uf, and only if, V (AB) ts rational in R. 
Next, let the group be G,. Apply (18) (24) to (92). Then 
,—l/4,= Was). 
Since this result differs only in sign from (16,), we get 


(20) l? (b-2)+lmat+m’?=-+1. 


The unique set of solutions of (13), (14), (20) is now 


1. _a(2+b—a*) _(2+b- a’ om 
7 Ch ye TA 
Hence 7/A must be rational. Formula (18), with the suitable value of 


W(«,) inserted, expresses v3 as a rational function of x,. 

The Galois group, for a domain R, of an irreducible equation (1) is 
the group G. uf, and only tf, VA is rational in R. 

4. The last result may be readily verified in various ways. For 
(21) Yo=U Uy tUehg, Yg=LiLg thls, 


we have, by (8) and the equation (1), 


Yat Yg=b—2, yoy; —uPto 3 taeg+aZ—a? —2b. 
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Hence* y, and y; are the roots of 


(22) y*? —y(b—2) +a? —2b=0, 
(23) Yo=$0-14+ VA, ys=sb—-1-V A. 


Also, if we set y,=01%51%3%4=2, 
(Yo —Y3) "==4A, (Y2 — 2) (ys —2)=B, IT (%,—2;) *—= IT (y;— yj) *—4AB?, 


In particular the three y’s are distinct numerically. If )A is irrational, the 
group cannot be G,, which leaves y, and y; unaltered. If )A is rational, 
the group must be contained in G,, and being transitive is G4. 

Again, by considering the alternating function l(a:—2;), we may 
conclude that the group is contained in G, if, and only if, 7/A and hence 
also 7/A is rational. 

5. Consider the question of the reducibility of equation (1) in a do- 
main R. A rational root 7, other than +1, would imply a second root 1/r 
and hence a quadratic factor. This is also the case for r—=+1 as the follow- 
ing argument shows. Suppose that # could havea linear and an irreducible 


cubic factor: 
H=(«e—-r) (a§+eu°+8a—1/r), 7, 4 & rational. 


Change «x to 1/x and multiply the new identity by x*; then 


B=(1—rz)(1+42+00°— a), 


B=(e-=) (cv? —-riar?—rae—r). 


Comparing this with the first expression for EL, we get 


y?=l1, f=—re, 


The cubic factor would then vanish for «=r and be reducible. 
Hence} if # is reducible in R, we may set 


(24) H= (a? +pe+r) (a? +qe+1/r), 
(25) ptq=—a, p/r+rq=—a, r+1/rt+pq=o. 


If r=1, » and q are rational if and only if B, given by (2), is the 
square of a rational number, (p—q)’. 


*Or directly from the resolvent cubic of (1), one root being y.=2. 
+From this point on we might use Ferrari’s three factorizations of a quartic. 


76 


If r=—1, then a-=0 and )/(—0b—2) must be rational. 
Finally, let vr? #1. The first two equations (25) give 


Tar 9 Te 
Pee ty Trt 


For these values, the third condition (25) becomes 


(26) , yt 3), y= rho. 
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The former is identical with (22) and has the roots (23), For each y, there 
are two r’s whose rationality depends upon the values of 


(27) ys ~4=C4, ye —4=C_-, 

(28) 4 ==$)? —2—a7?+ (0-2) VA, Ci.C_=a’B. 

If a;<0, no one of the four values of r is +1-(values not falling under the 
case being treated). If a=0, then C_~0 and we have only to consider the 
two r’s connected with C+—b* —4. 

Theorem. The necessary and sufficient conditions that (1) be irreduc- 
ible in a domain R are that \/B be irrational; that either')/A be irrational 
or, in the contrary case, /C+ and \/C_ both irrational if a~0, C+ and 
V (—b—2) both irrational if a=0. 
| For the case a=0, the conditions reduce to the irrationality of 


V(—6+2), Vv (—b—2), / (6°—4). 


6. Having determined the Galois group of an irreducible equation (1), 
we pass to the reducible case. First, let B be the square of a number ¢ of 
the domain R. We may set 


(29) U1 +%,—-X3—U4=t. 

Since t2—=Bx0 ($1), the group is a subgroup of 

(30) H,: I, (12), (34), (12) (34), 

the remaining substitutions in (4) replacing t by —t. Now 
ve, +e,=s(at+t), %3+%.=—3s(a—t), 


‘ go that the rationality of the «’s depends upon 


T 
(31) Ds=(atVB)*?—-16, D+. D-=64A. 


If 1/ D+ is rational and | D_ is irrational, then x; and 2-2 alone are 
rational, and the group is J, (84). If )/ Dz are both irrational and 1)A ra- 
tional the group is the common subgroup of H,, G, (see $8). 

7. Finally, let ) B be irrational, ,/A rational, and just one of the pair 
VC. be rational (a0), one of the pair C+, 1 (—b—2) rational (a=0). 
Since )A is rational, the group is a subgroup of G,. Since 1B is irration- 
al the group is not contained in [J, (12) (84)], by (29). By (27), - 


C= (41% 3—% 204)", C= (01 %4—2 245) ?. 


Hence, for a0, the group is composed of the identity and (14) (28) 
or (18) (24) according as 7C+ or )’C~_ is irrational. 
For a=-0, yo=b, yzs=—-2. Set e=—x«,+au,. Then 


02 = (41 +04) (Go +43)=2+Yy2, = (—b—2). 


If « is irrational, the group is J, (18)(24). If « is rational, then 
a B=2y (b? —4) is irrational («<=0 would imply y,.=y;, A—=0), and hence 
0 4%3—X_%,4 is irrational, so that the group is J, (14) (28). 

8. The following tabular summary gives the necessary and sufficient 
conditions on the coefficients a and b of the reciprocal quartic (1) that its 
Galois group for a domain R will be a specified one of the ten subgroups of 
G,;. For the abbreviations A, B, C, D, see (2), (28), (81); for the first four 
groups, see (4), (5), (6), (30). | 


G,: VA, VB, VY (AB) all irrational. 
C,: VB irrational, 7 (AB) rational. 
G, : /B irrational, )“A rational, Cz both irrational if a0; 
VY Cr=Y (b?—4) and (—b—2) both irrational if a=0. 
H,: WB rational, / D. and 7A all irrational. 
{f, (12) (84)} : VY Band VA rational, / D. both irrational. 
{7, (12)} : / Band /D_ rational, )/ D+ irrational. 
{J, (84)} : VB and ) Ds; rational, 7 D_ irrational. 
{I}: /Band Dz all rational. ; 
.§ VB and | C- irrational, 1A rational (a0); 
tL, (18) (24) } : /B and Ven pe irrational (a=0). (a0) 
.§ VB and /C; irrational, }/A rational (a0); 
(L, (14) (28) } : VB irrational, VY (—b—3) rational ie 


Postscript. After my paper had been printed, I noticed that the 
discussion on pp. 73-74 could be materially simplified by introducing instead 
of V the function U(x,)=W(a,).(%,—1/z,). Then U=Iv+M. The 
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change amounts to throwing the first factor in (12) into the denominator. 
In place of (18) and (14) we get 


L(La+2M)=0, L?(2—b)+M*?=4A. 
According as the group is C, or G,, we have 
L(a—v) +M=F (Iv+ @). 
Hence for C,, La+2M=0, L’? B=16A, so that L and M are rational if and 
only if 1/(AB) is rational. For G.,, we have L=0, M’=4A, so that A 


must be rational. In either case the expression for W(x,) has «,—1/z, in 
the denominator, but is much shorter than that in the paper. 


ON CERTAIN TRANSCENDENTAL FUNCTIONS DEFINED BY A 
SYMBOLIC EQUATION.* 


By PROFESSOR R. D. CARMICHAEL, Anniston, Alabama. 


1. INTRODUCTION AND DEFINITION. 


The object of this paper is to define a certain large class of transcend- 
ental functions of real variables to which the previous consideration of a 
geometric subject? gave rise and to point out a few of their general proper- 
ties. Attention will be confined chiefly to questions of continuity and 
development in series. 

We shall take 


(1) u=f(“) and v=f(y), 
and put 
(2) -W=V%; 


thus we have an equation which is satisfied identically when x is put for y; 
and therefore one solution of the symbolic equation (2) is y=«, whatever 
function is denoted by f. We discard at once this solution as not pertinent 
to the present discussion. 

In order to obtain a second solution, put 


(3) V=LU, 


*Read before the American Mathematical Society, September 5; 1907. 
+Carmichael, THE AMERICAN MATHEMATICAL MONTHLY, Vol. XIII, pp. 221-226, 1906. 
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where v is another variable whose law of variation is determined conjointly 
by equations (2) and (8). A substitution of the latter value of v in the for- 
mer equation will yield, by an easy reduction, 


(4) u=f(e) =p, 
(5) v=f(y) =D, 


Now suppose that the functional equations (4) and (5) are solved, giving 


(6) a=g (uid), 
(7) Y=g (pt/H—-1)) 


where g is the function inverse to f. Equations (6).and (7) define y as a 
function of x; this is the general function to be studied.* 

It should be noticed that the preceding discussion does not show that 
the two given solutions of (2) are the only ones possible. On the other 
hand it seems indeed quite probable that such a transcendental equation may 
have other sets of real solutions; and these may give rise to other quite as 
interesting functions as those of this paper. 


2. CONTINUITIES AND DISCONTINUITIES OF THE EXPRESSIONS. 


In the present section we shall find the conditions under which“) 
and 24/—-D=—=n, wl’) are continuous. It is evident that they are both con- 
tinuous only when v itself is continuous. 

We shall find that “/“-) has a continuous graph in the first quadrant. 
It will now be shown that its graph is discontinuous in the second, third and 
fourth quadrants; and the nature of the discontinuity will be exhibited. 

In the second and third quadrants v is negative. Consider the value 
p==—p/q, where »/q is a fraction in its lowest terms and p and gq are both 
positive. At most one of them can be even. Then 


(8) YU pl/e-D = (~ Pie = (- ) ara, 
q Dp 


Now wu is imaginary if both p and q are odd; for then it is equal to an even 
root of a negative number. And w is real if one of the numbers yp and gq is 
odd and the other even. Now consider the five values of v: 


__ (2n+1) p—2 — (2nt+1) p-1 — pp —_(2nt1) ptl — (2n+1) p+2 


(Qn+1)q ’ (Qn+1)q ’ @q’ (Qnt+1)q ’ (Qn+1)q ’ 


*The curve u?=v” was studied by Dan Bernoulli and by Euler. The latter gave a parametric representation 
similar to that here employed, and plotted the curve in the first quadrant. (See Euler, Jntroductio, Vol. 2, p. 294, 
edition of 1748.) A study from the viewpoint of function theory is thought to be of sufficient importance to justify 
this presentation. The function well illustrates several important conceptions of the general theory. 
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where n is a positive integer and one of the numbers 9, qg is odd and the other 
even. If pis even, then in the second and fourth fractions, both numerator 
and denominator are odd, and uw is imaginary for each of these values; but 
to the first and fifth values there evidently correspond real points of the lo- 
eus. By taking n large at pleasure the first, second, fourth, and fifth values 
of » ean be brought indefinitely near its third value; and hence on each side 
of the point corresponding to =—p/q is a point infinitely near to it in the 
domain of +, such that to this point corresponds no point on the locus. 
Moreover this point is seen to lie between two others infinitely near each 
other such that to each of these corresponds a point of the locus. 
If g is even we may consider the set of values 


(2n+1)p (Q2n+1)p _ p (2n+1)p (2n-++-1)p 


gq’ (2nt+1)q—1’ (2n+1)q—2 


(Qn+1)q+2’  (2n+1)q+1’ 


in which p is necessarily odd. A discussion will yield the same conclusion 
as that obtained when » is even. 

These discussions lead readily to the following theorems: 

When v- 1s negatwe there 1s an every interval, however small, an infin- 
ite number of points on the graph while at the same time there are in the same 
interval in infinite number of discontinuities. Further, itis clear that 1n any 
such interval p/“—-) 7s dense, while the points of discontinuity also constitute 
a dense aggregate. Finally, for each point of discontinuity arising as above 
the function »-/“—) 7s imaginary. 

In the fourth quadrant wu is negative while is positive. A discussion 
similar to that above will lead to the conclusion that 7n the fourth quadrant 
the graph of rp“) 7s infinitely discontinuous. The discontinuity here arises 
not by uw taking on imaginary values, but by its taking (when real) only 
positive values for values of » infinitely near to any value of » which corres- 
ponds to a real point in the fourth quadrant. This is readily seen from a 
discussion of the following five values of v: 


(Qnt+1)p-2 (2n+1)p-1- p (2n+1)pt+1 (2n4+1)p+2 


— (Qn+iq ? (2nt+la’ a’ = (Qntlq’ = (2n+1)¢ 


The reader can now readily supply the discussion requisite to establish the 
fact of infinite discontinuity in the present instance. 

The different ways in which the discontinuity arises in these two cases 
is interesting. A more detailed discussion would show that in the 
third quadrant the discontinuity arises from the introduction both of imag- 
inary values and of such as these just referred to in the discussion of the 
locus in the fourth quadrant. It is thence easy to show that along the same 
branch of the curve in the third quadrant there are now three dense aggre- 
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gates: (1) the aggregate of real points of the locus; (2) the aggregate of 
points of discontinuity corresponding to those values of » for which #/@¢-) 
becomes imaginary; (3) the aggregate of points of discontinuity correspond- 
ing to those values of » for each of which +”“—) takes on a real positive 
value but no negative value. | 

From the preceding discussion it follows that if the graph of »1/-) 
possesses a continuous branch it lies in the first quadrant. We proceed to 
establish the fact of its continuity here. 

Let a be any value of » except »=1, and let the vicinity of a be the 
interval a—h to ath. Represent #/“—-D by F(v). Then the well known 
necessary and sufficient condition of continuity that for éach e>0 there must 
exist an h such that 


| F(a+h)—F(a—h) | <e 


is evidently fulfilled. Hence F'(“) is continuous everywhere except possibly 
at v=1. But as »=1 from either side, 


pl/(H—1) — [1 + (u— 1) ] 1/(u—1) = e=9 719. ot 


and therefore it follows that the function is continuous at »-=1. Hence it is 
everywhere continuous. That is, its locus has a continuous branch. As we 
have seen, this must be in the first quadrant. 

Since ##/-D =p, pl/“—), the question of the continuity of this function 
does not require separate consideration; for, since v is to be taken continu- 
ous, it is evident that »“’““—-) ig continuous for all values of » for which 
pl/“—l) ig continuous. 

Since w=e“V—D and v =v"/“—D, the preceding discussion leads readily 
to the conclusion that v is a continuous function of u at every point for which 
both u and v are positive, and equation (2) is satisfied. Likewise wu is a 
continuous function of v under the same limitations. 'We may then have the 
theorem: 

uand v each is a continuous function of the other throughout the 
domain of positive rational and irrational numbers. 

Now, if in equations (6) and (7) the function denoted by g is contin- 
uous, the preceding discussion yields readily the following: 

y is a continuous function of « throughout the domain represented by 
pV“—l) when the domain of vis all positive rational or irrational numbers. 


3. DEVELOPMENT IN SERIES. 
Resuming equation (4), 


(9) f(a) =w= pie», 
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we shall first express v as an infinite series in terms of wu. This will be car- 
ried out by the aid of Lagrange’s formula and through the help of certain 
simple substitutions, as follows:* 

From (9) wehave uw", Letu=e. Thene® 2) =, Letz(“—1)=t; 
then e&=u=(v—1)+1=t/z+1. Hence, 


(10) t=—2-+2e'. 
If t=a+b¢(t), we have by Lagrange’s formula, 


bn 
n! 


(1) tatbo(a)+ey4 O14... +3 (4) Too? +... 


Here we have by comparison with (10), #(t)=e', a=—z, b=z; by a 
substitution of these values equation (11) reduces to 


mn—2yn 
(n—1) 1° 


3 
t= matacetate ts + Se g-tey weet me, 
But »==t/z+1, as we have seen; and therefore equation (9) readily yields 
2 
went t eb SE gto ries 


Since z=log.u and e~*=1/u, this becomes 


wa logeu, 3 (8 “ nr-2 (28: “4 | 
1 Tt By oe be veue ee 


and since  u=v, we have 


_,  logu, 3 (8 “y nr? (8 ae 
(12) v=1>—~ + i\ ay oe os a au) 


a development of v in terms of u. Now since u and v enter equation (2) in 
just the same way, it is clear that the development of u in terms of v may 
be obtained simply by an interchange of u and v in (12); in other words, the 
series in (12) has the interesting property that it reverts into the same series 
in the other variable. Hence, if we denote this function by 7, we have 


*Cf. THE AMERICAN MATHEMATICAL MONTHLY, Vol. XIII, pp. 18, 72; 1906. 


83 


u=T(v), v=T(u). 
Therefore, v=T[T(v)]=T? (v). 
But v=TT(v)], 


whatever function is denoted by 7. Hence the above function T is equal to 
its inverse function. Therefore we may think of Tas a functional operation 
such that 


T’=1, but T#-+1 or —1. 
We consider now the question of the convergency of the series in 


(12). We shall apply the test of the (n+1)th term divided by the nth term. 
-To find the limiting value of this quotient, we have the following equations: 


(n+1)" (loge) nr (!08: “ye 
n! U “(n-1)!\ u 


_ (nor loee nN (1 1 )* toes 
— (@ tr: See" (ya) Sseet 
n U n+1 n U 


But limit _ 2 (1 4+—-)=e Hence the above ratio is less than 1 and the 
N= 0 nm+1 n . 
log.u. 1 
U 


series is convergent for every case for which < >" Now it is easy to 


show that Bet 
is 1/e. Hence the series in (12) is certainly convergent for every value of u 
except u=e; and for this latter value the preceding discussion gives no ans- 
wer. For this case, however, it may be shown by other means that ve; 
for u="“—-) takes on the value e only when +=1, » being confined to real 
values; and since v= u, v=vu for this particular value. 

We append here also an interesting expansion of v in exponential form 
in terms of wu. From w=’) we have u*=p; u“ =» u. Whence 


takes on its maximum value when we and that this value 


Uy 


Uy 
Hence vu =v=Uxu 


Evidently the corresponding expansion of u in terms of v is gotten by an in- 
terchange of these two variables in the last equation. 
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PI IN ASIA. 


By PROFESSOR GEORGE BRUCE HALSTED, Greeley, Colorado. 


In Tokyo at the Buddhist temple of Sengakuji lie buried the forty- 
seven Ronin, the national heroes of feudal Japan. Just within the gate, in 
a two-storied building, swords, armor and other relics of these heroes are 
shown on payment of a fee. By the side of the path leading to the tombs 
is a well with the inscription, ‘““Here they washed it.’’ No one in Japan 
needs to be told that ‘ct’? was the bloody head they were bringing to the 
grave of their lord, that dead master for whom they considered it the high- 
est privilege thus to forfeit all their lives. The popular reverence for these 
heroes is still attested not only by the incense perpetually kept burning be- 
fore their tombs but in stranger fashion by the fresh visiting cards 
constantly left upon their graves. 

All the world knows their exploit, but who knows that one of them, 
Shigekiyo Matsumura, was the greatest Asiatic mathematician of his age, 
who in his work Sanso, published in 1663, calculated the length of one side 
of a regular inscribed polygon of 32768 or 2'® sides, obtaining 


0.000095878798655313483 


and thence for the value of pi 3.141592648, which is true to seven places 
of decimals, to eight significant figures, while seven is the greatest number 
that can be obtained by any measurement whatsoever of the most modern 
science. He also, among many other things, evaluates the volume of the 
sphere, and treats fully the problem of magic squares, describing the solu- 
tion of the case where the first 19? numbers are arranged in the form of a 
square. He also treats an analogous problem, not rediscovered in Europe, 
which may be called the problem of magic circles. solving the case where 
the number of diameters and the number of circles are eight and sixteen, 
respectively. 

In Europe in 1585 Adriaan Anthoniszoon, father of Adrian Metius, 
gave for pi 355/113=8.1415929. But this, the most extraordinary of all 
fractional values, had come a whole millennium earlier in Asia. Yoshio 
Mikami, under date of January 13, 1908, writes me: 

‘T have just finished by translation of your Rational Geometry (309 
pages). To your historical note on pi I have added the following words: 

At the end of the Three Kingdoms Lin Huy of Wei gave for pi 
157/50 =3.14. Two centuries afterwards Tsu Chung-tse (425-499) gave the 
value 355/118. In Japan Seki Kowa employed the same value of pi as Tsu, 
and this value was given in a printed book of his day.’’ 
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ON THE RECIPROCAL QUARTIC EQUATION. 


By DR. R. L. BERGER. 


eed 


In this paper it is proposed to determine the Galois group of the recip- 
rocal quartic equation, 


*—ax® + bx*® —ax+1=0...(1), 


for the domain of rationality R(1). We shall establish the conditions for 
which the group of the equation is transitive, and hence the condition that 
the equation is irreducible; and consider the possible intransitive groups 
when these conditions are not fulfilled. 

Calling the roots of (1) 49, 41, 79, 2:3; 49 the reciprocal of *), and 4 
the reciprocal of £,, 


AoE =4,/,=1... (2) . 


If we assume that the roots of (1) are distinct, the Galois group of (1) is a 
subgroup of the group, 


Gs=1; (40%); (4:41); (4989) (4181)3 (4041) (7071) 
(49174) (418 9)5 (40418081); (41458,8 9) ]. 


For, any substitution not in G, leaves the relation (2) unaltered only if the 
equation (1) has a pair of equal roots. The group Gs, has only two transi- 
tive subgroups, Viz: 


C= [1s (40418 081)3 (41408180) (4080) (4171) J, 
and Gy=[1; (4041) (F081); (4081) (4180) (4080) (4141) ]. 


Hence, if we impose such conditions upon the coefficients of (1) that its 
group is either Gs, G4, or C, we have the necessary and sufficient conditions 
that the equation be irreducible. For this purpose it is necessary to com- 
pute the values in terms of the coefficients of functions belonging to each of 
the following subgroups of Gs: 


Gi; Ca; He=[1; (4040); (4181); (40%) (4181) ]. 
Go =[13 (4041) (2081) ]3 G2 =]; (4081) (4140) J. 


From the equation (1); | 4) +8o+¢:+8,=a... (8), 
(4) +8) (a, +2,)=b—2... (4). 


By means of (8) and (4) we easily find: 
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b= (4,+8,) — (4, +%,)=V [2—b+1a*], belonging to H,... (5), 
= (4)—8 ) (4;—#,)=/ [(1+8b)*—a?], belonging to G,.:. (6), 
¢.¢ belonging to C,...(7). 


With the aid of (5) and (6); 


o' =4,+a,=// {fa?— (1+4b) —1/[(1 +40)’ —a*]}, belonging to G’.... (8), 
6" =4,+8,=/ {ta? —(14+40) +) [(1+4))? —a?]}, belonging to G’.... (9), 
= (4,—8,)? = (b?—4) (when a=0), belonging to G’,...(10). 


The values for ¢ and ¢ aré given up to a rational factor; those for ¢, 
6”, ¢” up to a rational term. 

In the study of the cases where the group is intransitive we shall 
make use of the two additional functions: 


Uy =%y—By = + V {ga — (6+ 2) tar [4a* +2—6]}, 

belonging to H,=[1; (¢4,4,)]... (11), 
v1,=4,—8,=t+V {ha? — (0+2) —av [4a? + 2-5] }, 

belonging to H’,=[1; (4)8,)]... (12). 


From the definition of the Galois group of an equation for a domain 
of rationality R it follows that if a rational function of the roots of the 
equation belonging to a group H has a value not in F# the group of the equa- 
tion is not contained in H. Hence we need to consider subgroups of a group 
H only when a function belonging to H has its value in R. 

The group of (1) will depend on the character of the functions (5)- 
(12) and we have in the following three cases the conditions for which the 
group G is transitive: 

1) ¢ irrational, ¢ irrational, and ¢.¢ irrational. 

2) ¢ irrational, ¢ irrational, and ¢.¢ rational. 

--G=C, or a subgroup of C,. But its subgroups are excluded: as they 
are subgroups of H, to which ¢ belongs. ..G=C,4. 

3) ¢ irrational, ¢ rational. Then G=G,, G', or G's. 

We distinguish two cases: 

I) a~0. If ? and ¢” are irrational, 7. e., if the two values 

+)/{4a2—(1+4)) +) [(1+40)?—a?]} are irrational, G’, and G’, are 
excluded, and G=G,.° 

IT) a0. In this case $”=0 and we use $'"= ’ (b® —4) ~0 to exclude 
G',. 0, since b=2 makes ¢ rational and b=—2 makes the equation 
1) have a pair of equal roots. If then ¢’ is irrational, 7. e., in this case, 
V (—2—5) is irrational and if }/ (0b? —4) =¢’” is irrational, G=G4. 
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These are the only cases in which the group G is transitive. There- 
fore we conclude that the necessary and sufficient conditions for the irreduc- 
ibility of (1) are, if a0, 

I) V (2—6+4a?) irrational, and )/[(1-+4b) ?—a?] irrational. 

II) VY (2—6+4a’) irrational, 1/[(1+4b)?—a? rational, and 
VV {ta’ — (1-+40) +/[ (1+ 40) ?—a@?]} irrational. 

IIIT) When a=0, 1 (—2—6), / (2—b), 1 (b?—4) all irrational. When 
these conditions are not fulfilled the equation is reducible and its group may 
be any of the intransitive subgroups of G;. By examining the values of the 
set of functions (5)-(12) for any particular case the groups G can be deter- 
mined. The following cases arise: 

1) ¢ rational, ¥ irrational. Hence, G=H,, He, or H’., dependent upon 
rational or irrational nature of 2), x,. Since ¢ is irrational, x, and x, are 
not both rational. ThereforeG#G,. ~ 

2) ¢ rational, ¢ rational. Hence, G=G,=[1; (4)%,)(4,4:)], the 
greatest common subgroup of G,, H, and C,, or if all remaining functions 
are rational, then G=G,. | 

3) ¢ irrational, ¢ rational. Hence, G=G’, or G’., according as ¢’ 
or ¢” is rational. The case ¢’, ¢” both irrational has been included in the 
previous discussion. 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


—— 


GEOMETRY. 


322. Proposed by FRANK LOXLEY GRIFFIN, S. M., Ph. D., Instructor in Mathematics, Williams College. 


Find all surfaces such that the normal lengths intercepted by the three 
coordinate planes are in constant ratios for all points. 


Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


n—y +5 (s—z)—0, 
a is the equation to the normal, where (x, y, z) 
M—Ea (s—z)=0, 
ny 
is the point on the surface. 
(x-+2dz/dx, y+zdz/dy, 0), where the normal meets the xy plane. 
(x—ydy/dx, 0, ydy/dz+z), where the normal meets the wz plane. 
(0, y—audau/dy, x«dv/dz+z), where the normal meets the yz plane. 
Then 
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, ov [1+ (de/dy)? + (dae/dz)*]_ | _ , ede (4) 
~ y [1+ (dy/da)*? + (dy/de)?] ydy 
, ov [1+ (das/dy)* + (duw/dz)*]_»__ , ade (oy 
~ zy/ [1+ (dz/de)? + (dz/dy)?] re 


4 yv LL+ (dy/da)® + (dy/dz)*]__ , Yd (gy 
~~ gy [1+ (dz/dx)?+ (dz/dy)? | ~~ edge" 


“ aydy=adx, bedz=adu, czdz=ydy, aydy + bedz+czdz=2adau +ydy. 

“20? = (b+ce)22+- (a—1) y? +D. 

.¢°®=Ay*+Bz? +D are the surfaces satisfying the conditions. 

The equation could be put in the form x?=ay’ --acz? + D=0, where 
ac=—b, as is the case from (1), (2), and (8). 


323. Proposed by W. J. GREENSTREET, Marling School, Stroud, England. 


S, S’ are the foci of two co-vertical parabolas A and B, the axes of 
which are at right angles. Draw the circle K on SS’ as diameter. K is cut 
in D and E by a straight line parallel to the axis of A such that S’ lies mid- 
way between it and that axis. Show that the lines S’D, S'E are parallel to 
the two tangents to A which are normals to B. 


Solution by G. B. M. ZERR, A. ‘M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 

The problem as stated is not true. 

Let y*:=4ax, «?=4by, be the parabolas A, B; y=mx+a/m=tangent 
to A; y-y =m(a—~’') the normal to B. 

Since v7’? ==4by'’, m=—2b/a’ or «== —2b/m, y =a’? /4b=b/m?. 

* y=mx+2b+b/m?=—normal to B. 

But y=mata/m and y=mx+2b-+-b/m’ are the same line. 

2. a/m=2b-+b/m?. 

m= [atv (a?—8b°)], which is true for a 52/26. 

a? —ax+y?—by=0 is equation to K, y=2b=line parallel to axis of A. 

0? —ax+2b?=0 or v=s[a+V (a? —8b?) |. 

ype :; in @ 

“UGE (a? —80°) +b are the equations to S D, S £. 

If m were twice as great, S’D, S’ # would be perpendicular to the 
two tangents to A which are normals to B. 

The lines through S’ parallel to the two tangents are given by the 
equation 


y= lax V (a? 8b?) J+. 


This line intersects K in the points 
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a*®+4b* + ay (a? —8b?)’ a? -+4b° tay (a? —8b°) | 


the plus and minus signs to be used together. 


_ Baba 3 48a? 6? 
Y= Ge ape} 12S ald + Tae Lay (a? — 88") 


is the line through these points. The tangents to A parallel to S’ D, S' Hare 


_ 2Qha 4 ala+v (a* —8b*) | 
Wat (a?—8b?) a, 


This line meets 7? =—4by in 


1 at (a? ae 


The tangent at. this point makes an angle with the axis of abscissas whose 
tangent is z,/2b. As this does not equal —1/m the problem, as stated, is 


not true. 


——— 


CALCULUS. 
252. Proposed by J. H. MEYER, S. J., Augusta, Ga. 


Supposing the are of a semi-circle to be stretched out into a straight 
line, and an indefinite number of perpendiculars erected on it, each equal to 
the versed sine of the corresponding arc; what would be the length of the 
curve traced out by the tops of the perpendiculars? 


Solution by CHAS. O. GUNTHER, Acting Professor of Mathematics, Stevens Institute of Technology, Hobo- 
ken, N. J. 


Assuming a as the radius of the circle, the equation of the curve is 
y=vers «/a, and the required length of the curve is given by the expression 


s=2. “a dn 2 V (a2 +1— cos” w/a) =, 


Let cos «/a=sin 9; then 


s=2 / (a? +1) S, Ji- — (ch gqy sind 6=21/(@ +) ECeagqy 


Also solved by G. B. M. Zerr. 
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253. Proposed by PROFESSOR R. D. CARMICHAEL, Anniston, Ala. - 


_Find the maximum number of real points of inflection in each of the 
quartic curves y*=4 «+ +" +4, and find the necessary and sufficient relations 
between « and ? for the existence of this number of points of inflection. 


Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 

dy Zag ity 
Y=V agtty? + 2 Then == —- > 
vi ]. dx V[eutta?t+éf] 


d*y 2 a? 4S +83 a44(24—1)+6 a? Pa? +8 


dx? (2 ¢t*+u? +f)? =O. 
64824 D ei gege 4 9 
24 20° 
Let «?=z BoD a, 3 8=b, and saée. 2 +az*+bz+e=0. 
Let z=uFéa. Then u*?—(4a’? — bu (aay a’ —c)=0, or u?—Aut B=0. 


-. When A?/B*? <27/4, there are three real unequal roots. 


[(Qa—1)?—4028]? 
* [ea®BQa—-1)—248—-Qa-ly 


Then y?=a2++2?+/ can have six real points of inflection, while 
y?=«¢*—o? +P ean have but four. The values of « and # can reduce this 
number in both cases. 


NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


122. Proposed by DR. L. E. DICKSON, The University of Chicago. 


If » is prime, (p*—1) (p?—1) has no factor of the form 1+ p°x, «>0, 
if p>2; (p°—1) (p*~—1) (p?—1) has no factor of the form 1+ p5x, «>0. 


Solution by H. S. VANDIVER, Bala, Pa. 


I. Assume that (p4—1) (p?—1) is divisible by 1+p’?x where x is not 
zero, p any integer, not zero. By inspection we see that there exists a pos- 
itive integer y, not zero, such that 


(p*—1) (p? -1)=(1+ p?a) (1+p’y). 
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Now write the left hand member in the scale of notation whose radix is p. 
Then 


p* (p—1) + p* (p—2) +p* (p—1) +p? (p—-1) +1 
=1+ p*xe+ p°y tp ay. 


From which it is evident that xy>p—1, and x and y are each less than p. 
The right hand member is therefore also expressed in the p-scale of nota- 
tion, and the two expressions are identical. Whence, equating coefficients 
of p*, we obtain p=2, and (24—1) (2?—1)=(1+2') (1+2?). Otherwise the 
assumed equality is impossible. Note that p is not necessarily prime. 

II. Assume that (p*—1)(p*—1)(p?—1) has a factor of the form 
1+p°x, x>0, then there is necessarily an integer y>0, such that 


P=(p*—1) (p*—1) (p?—-1) =(14+ p®x) (-1+p*y)... (1). 
Whence, by expansion and division by p?, 
y=1+ p?+p*a+p'?—p®—p*—p*s... (2), 


and y is therefore of the form 1+p’?+p°M. 
Since y>0, then M20. If M=0, y=p?+1, and from (2), 


ps 22? 
oP pt tpl 
Now p® is prime to p*+p?—1, and this is contrary to the hypothesis that x 
is an integer. Assume, then, M>0. In this case, evidently y>p*. Asa 
consequence, x<p’, forif x2 p® then from (1), P>(1+p*) (—1-+p*), and by 
expanding and dividing by p?, the result may be written p’—1+p°(p—1)+ 
»*? (p—1) <0, which is absurd. In a similar way, it may be shown from (1), 
that y<p*, for all values of x, not zero. 

From (2), y—-(1+p’?+p%x) is divisible by p®. Now since x<p’, 
1+p?+p'u<p5, and since y<p*, we must have y=p*a+p?+1. Comparing 
with (2), we obtain 


p> —p>—p=«(pa+p* +1), 


and evidently x=0 (mod p). Hence the right hand member is greater than 
p*®. But the left hand member is less, so (1) isimpossible. Note again that 
is not necessarily prime. 
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PROBLEMS FOR SOLUTION. 


———— ee 


ALGEBRA. 


298. Proposed by J. F. LAWRENCE, A. B., Professor of Mathematics, Stillwater, Okla. 
If «, @, 7, ..., are the roots of the equation sinmv—nx cosmz=0, prove 


that tan-1— + tan“ tot tan = (), 


GEOMETRY. 


331. Proposed by DAVID F. KELLEY, New York, N. Y. 


To find the area of a parabolic sector, by a hitherto unpublished 
method. 


CALCULUS. 


255. Proposed by A. H. HOLMES, Brunswick, Maine. 


a0, da 
Evaluate S V [2ax—a? 7/(a?—2") | . 


256. Proposed by PROFESSOR R. D. CARMICHAEL, Anniston, Ala. 


Solve the differential equation, (1+y+2zy)dxe+a(1+.) dy=0. 


MECHANICS. 


215. Proposed by HENRY WRITT, Genoa Junction, Wisconsin. 


Suppose two centers of attractive forces A and B having a ratio 
1 : 330,000, and influence reducing as the second power of the distance, 1. ¢., 
R-. Then there is a point, P, on the line joining A and B, where 


1 __ 330,000 r1:575, nearly. At this point the attractions are equal 


AP? BP? ’ 

but opposite in "direction along AB. It is proposed to find the surface 
through the point P which is the locus of the direction of the resultant of 
the two forces directed towards A and B, 1. e., the locus of the diagonals of 
the minimum parallelogram of forces. 


94 


Mechanics, and College Algebra. By Professor G. W. Myers, in the College 
of Education, Pedagogy of Secondary Mathematics, and Pedagogy of Ele- 
mentary School Mathematics. 


BOOKS. 


The Theory of Functions of a Real Variable and the Theory of Four- 
ier’s Serres. By W. E. Hobson, Se. D., F. R. S., Fellow of Christ’s College 
and Stokes Lecturer in Mathematics in the University of Cambridge. Royal 
8vo. Cloth, xvi+772 pages. Price, $6.50. Published in America by G. P. 
Putnam’s Sons, New York City. ; 


This work presents in a connected form, and renders more easily accessible than 
hitherto, the chief results of the investigations, in the Theory of Functions of a Real Var- 
iable, made by Cantor, Dedekind, Weierstrasse, and others. Gaps in the various theories 
have been filled up, proofs of many of the theorems have been simplified, and some theor- 
ems have been given in a more general form than that in which they were originally 
discovered. 

The table of contents will give some.idea of the extensive treatment of some of the 
most interesting developments in modern mathematics. Thus, Chapter I contains a discus- 
sion of Number, and includes a full account of the theories of Real Number, due to Cantor 
and Dedekind; Chapter II contains an exposition of the theory of sets of points, and in- 
cludes an account of transfinite cardinal and ordinal Arithmetic; Chapter III deals pretty 
fully with the general theory of aggregates; Chapter IV discusses the main properties of 
functions in relation to continuity, discontinuity, etc., including investigations of the. prop- 
erties of important classes of functions; Chapter V is devoted to a discussion of the Foun- 
dations of the Integral Calculus, as based upon Riemann’s definition of a definite integral, 
and its extension. Also in this chapter is given an account of the development of the In- 
tegral Calculus from the view point of Lebesgue’s new definition of the definite integral; 
Chapter VI is concerned with functions defined as the limits of sequences of functions, 
and contains an account of the principal properties of functions represented by series, and 
a discussion of important matters connectéd with the modes of convergence of series 
through whole intervals, or in the neighborhood of particular points. An account of the 
very general results recently obtained by Baire, relating to the representability of func- 
tions by means of series, will be found in this Chapter. Chapter VII is devoted to the 
theory of Fourier’s Series. 

The work constitutes the most thorough, comprehensive, and satisfactory treatment 
of the Theory of Functions of Real Variables that has thus far appeared in the English 


language. B. F. F. 


High School Algebra.—Advanced Course. By H. E. Slaught, Ph. D., 
Associate Professor of Mathematics in the University of Chicago, and N. J. 
Lennes, Ph. D., Instructor in Mathematics in the Massachusetts Institute of 
Technology. 12mo. Gloth, viit194 pages. Price, 75 cents. Chicago: 
Allyn & Bacon. 

It is believed that this text book of Algebra, which includes a review of the authors’ 
Elementary Course, contains all the algebra required by most technical and scientific 
schools. _ The material of this course is well selected and skillfully arranged. The graph 
is used, but not to excess. Some books are making too much of the graph, the danger be- 
ing that students using a text in which over-emphasis is laid on graphics are likely to go 
off with the authors on the tangent to the graph. B. F. F. 
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ON THE GENERALIZATION OF A THEOREM IN SOLID GEOMETRY. 


By ROBERT E. MORITZ, Ph. D., The University of Washington, Seattle, 


It is shown in solid geometry that the volume of a truncated right 
triangular prism is equal to the product of the area of its base by one-third 
the sum of the lateral edges. In symbols, 


vi=B, (ete) 


3 (1] 


where B; denotes the base; e,, és, e; the lateral edges; and V; the volume 
of the truncated prism. 

A truncated right quadrangular prism may be divided into two trun- 
cated right triangular prisms by passing a plane through a pair of opposite 
lateral edges, say through e, and e3;, where é€;, @5, @3, €, denote the lateral 
edges taken in succession. -If furthermore B, denotes the quadrangular 
base, B’, and B”, the respective bases of the component triangular prisms, 
and V, the volume of the truncated-quadrangular prism, the application of 
formula [1] gives 


Vi=B (Stes) 4 Be (8 FeeFe), [2] 


If the base of the truncated prism is a parallelogram, B’, and B”’; are each 
equal to one-half of B,, [2] therefore becomes 


V4 


—Bs(er test eo Rea Fe Fs | 3] 


2 3 


But now the upper base is a parallelogram also, and from the fact that the 
diagonals of this upper base bisect each other it readily follows that 
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€, bso ta, 
from which 


C1 +e,—% +@, ve +€,4 


By substituting this value of e,-+e;, formula [3] reduces to 


[4] 


Vi=Bs (estes res hes tests Hes), 


that is, 

The volume of a truncated right quadrangular prism, whose base is a 
parallelogram, is equal to the product of the area of its base by one-fourth 
the sum of the lateral edges. 

The question naturally suggests itself whether this theorem may be 
generalized so as to apply to a truncated prism of any number of faces. The 
answer is that it can be, provided the prism is regular. In that case, the 
corresponding formula for the volume is 


[5] 


__ 6,1, Fea Tn On) 
Vi=Ba( n — ° 


The writer is not aware that a proof of this theorem has ever been 
published, nor does the theorem appear to have received even mention in text- 
books on solid geometry. The following proof is 
of interest not only as a simple proof of the theor- 
em in question, but also as furnishing an elegant 
application of a number of trigonometric principles. 

Let B, denote the base of a truncated regular 
prism of 7 sides, P;, P2, Ps, ..., Pn the vertices of 
the base, and @, @2, €3, ..., én the corresponding 
edges. 

Through each of the edges and O the center 
of the base pass planes dividing the solid into n 
truncated triangular prisms. The bases of these 
component prisms are equal and each equal to 
on Let h represent the edges common to all the 


triangular prisms. Formula [1] then gives us for 
the volume of the sum of the truncated triangular prisms, 


Cetes +h 


TO 3 


Va Bn( er reg rt rea rh 


Ente, +h) 
n 3 


Feet PEO 
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— Ba] Ber bea tea tant en) + wh) [6] 
a) 3 


Now take the plane of the base of the prism for the xy-plane of coor- 
dinates, and a perpendicular at O for the z-axis. Let », « denote the polar 
coordinates of the vertex P, with reference to O as pole and OX as initial 
line. The central angles subtended by the sides of the polygon are all equal 


and each equal to , hence the rectangular coordinates of the successive 
vertices are 


for P,, %:=pcos¢, y,7=e sins, 


for P,, %,;=p cos(a +="), Y2=p sin(o+22), 


for P;, %,=p cos(u+“*), Y3==P sin(a+="), 


2(n— 1): 7 2(n—1) m 


for Pn, %i=p cos (4¢+-—— r" ), Yn=e sin(e¢+———_ ), 


Let 
xcos 4+-yeos #-+zce0s ¥—-p=0 


be the equation of the plane of the upper base of the truncated prism, then 


)—2COS 4—YCOS 


— 
COS Y 


The length of any edge e,41 is found by substituting in z for a and y 
the coordinates 7.41, Yx+1 of the corresponding vertex of the base; hence, 


p—pcoss cos (0-2) —p COs sin (4+ aE) 


Ck+1— 
+ COS V 


If we develop cos (4+ 2%) and sin (a-+"2*) and combine the result- 
ing terms in cos ae and sin", respectively, we obtain 


p p(cos¢cos4—sinacosv) 2k 
cH ho OO :~2COSS 
cos V cos V 
__ e(sin 4 cos A~—cos 4 cos #) sine? 
COs V ; 
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But is the perpendicular distance from O to the plane of the upper 
base and v is the angle between this perpendicular and OZ or h, lrence 
oe yah. Again, the coefficients of cos and si ine" do not involve &, 
they are the same for every edge, hence denoting them by A and B, 


respectively, we have 


Cr+i=h +Acos* +B sin ne 


and we obtain for the sum of all the edges 
€, te, t+és +... tern—nh 


An 2(n—1) 7 1) 


+A (cos 0-+e08 + COS — +... . + cos), 


An 2(n%—1) = 
n 


+ B( sin 0+sin oe, sin ~~ t+... _+sin ). [7] 
The series in the parentheses of [7] may be summed, as follows: 
2cos 0.sin —-= sin —-+ sin ai 
nN n n’ 
2x -. . ot . 2 
2cos —. sin —-= sin —-— sin —, 
n n nN n 
An , m7 . 52 . or 
2cos —. sin —-= sin —-— sin —, 
n n n n 
2 cos 2(n—V) Fain 7 — gin CRD) * sin (2n—8) =. 
Adding, 
2 sin “-(cos0 +eos= + cos #74... + 00s 1): a |= 8 —+ sin (2n—1) = 
nN n . nN n nN 
But 
sin—-+ sin (2n—1) = _ osine”= cos (2n— 2) “=0, 


. ~2nT 
since sin—~—=sin 7=0, 
2n 
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hence 
27 An 2(m—1) 7 _ 
cos 0+ cos 7 + cos n +..., + cos " =(), [8] 
Again, 
2sin 0 .sin * =0, 
nN 
~ 2m, ™ 32 
2sin—. sin —-—= cos —— cos —, 
n n n nN 
peint® ein "= eos 32 5x 
sin-——. sin —-= cos —— cos —, 
n n n n 
agineie— = sin a cos (2n—8) 7 _ cos (2n—1) = 
n nN 
Adding, 
_ tf. 0, . 2m, . An nena 2) 2) 
2sin n (sin 0+sin 7” + sin 7” +... +sin~—, 
= COS —— COS (2n—1) 7 Losin z gin (n=1)* “=0, 
n n n 
hence, also, 
2 oe An _ 2(n—1) 7 _ 
sin 0-++sin " + sin 7 +... +sin 7" =0. [9] 


With the values [8] and [9] equation ['7] becomes 
Cx to test+.., ten=—nh, 


and this value of nh put in [6] gives 
Vi=Ba(% +e,t+egt+...+6n ), 
n 
that is, 
The volume of any truncated regular prism is equal to the product c. 
the area of its base by the arithmetic mean of the edges. 
As a limiting case of this theorem we obtain the well known rule for 
finding the volume of a truncated right circular cylinder. 
The above proof could have been somewhat shortened, by choosing 
the x-axis so as to pass through one of the vertices of the base of the trun- 
cated prism. In that case «0 from the outset. 
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TWO THEOREMS IN THE GEOMETRY OF CONTINUOUSLY 
TURNING CURVES. 


By PROFESSOR O. D. KELLOGG, University of Missouri. 


The simple theorems given in the following pages were found neces- 
sary in investigating the continuity of certain line integrals occurring in the 
theory of logarithmic potentials.* They are thought to be interesting 
examples of the arithmetization of geometric theorems which are by 
no means self evident but which admit of an easy analytic proof. 

We shall be concerned with a single closed curve, C, without double 
points and with continuously turning tangent. 

Arithmetically. We shall be concerned with a pair of functions, «(s), 
y(s), such that, | 

(a) a(s+nl)=x(s), y(s+nl)=y(s), v’(stnl)=a'(s), y/(s-+nl)=y' (s), 
where / is constant and n is any integer; 

(b) w'(s) and y’(s) are continuous; 

(c) vw (s) +y?(s)=1; 

(d) The equations “42 =4s) |p imul luti 

quations 7/4) — y(s) ave no simultaneous solution, (¢, s), 
except t=-s+-nl. 

From the above hypotheses follows the uniform continuity of «x(s), 
y(s), «'(s), y(s). 

We pass now to the theorems, giving them first a geometric form, 
then changing this to the arithmetic form and supplying the proof. 

Theorem I. It is possible to describe about any point of the curve, C, a 
circle which shall cut from C at most one segment, namely, that passing 
through the center of the circle; moreover the same radius may be made to 
serve for the circle at all points of C. 

Let us write 


p (t, s) =v [w(t) —a(s)]?+[y() —y(s)]’, 


where here and always in the following, the positive square root is meant. 

The function p (t, s) is continuous in both variables; it therefore 
attains its maximum, R, say, for t=tn, s=Sm. Choose0<r<R/2. Then 
for fixed t, the equation p (t, s)=7 has a solution; for » (¢, t)=0, and as 


p (t; Sm) + Ma (t, tm) > (tm, Sm) =f, 
either p (t, 8m) or e (t, tm) is greater than R/2 and hence than yr. Thus the 


*See “Potential Functions on the Boundary of their Regions of Definition,’ Transactions of the American 
Mathematical Society, Vol. 9, No. 1, pp. 48 and 49. 
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continuous function p (t, s)—7, which is positive for s=t and negative at 
either s=tm Or S=S» must vanish at some intermediate point. 

Calling s—t=h, the equation p (t, t+h)=r has a first positive solution 
h=P(t, r), and a first negative solution h=--N(t, 7). Our theorem I may 
now be stated arithmetically: 

It 1s possible to choose r, independent of t, so small that the inequality, 


p(t, s)<r, (1) 


holds only for values of s and t satisfying the inequalities 
(2) 


N(t, r)<s—t+nl<P(t, r) 
1.6, NG r)<h+nl<Ptt, r) 


Passing to the proof, we observe first of all that ¢ (t, N(t, r))=r and 
(t, e(t, P(t, r))) =r, and we shall be concerned with choosing 7, independent- 
ly of t so that, first, as h+nl passes out from the interval N(t, 7) <<h+nl< 
P(t, r), e (t, t+h) becomes greater than 7, and secondly, that it remains so. 
As for the first, ¢ (t, t-+h) for fixed ¢, increases with |h|. For 


<03(t, t+h) 
Bh AED 2O) (pp) UM VO 4.4) 


=a (t+ I,.h)x' (th) +y' (t+le-h)y (t+h) (0S, <1, 0S Lb <1). 


This function approaches 1 as A approaches 0, and as 2’(s) and y’(s) 
are uniformly continuous, we can find a positive quantity, p, such that the 
function is positive so soon as | h | <p, and this independently of t. Forh 
so restricted we have 


a o>, whence zt has the sign of h, 

so that p(t, ¢+h) increases with || for |h| <p, as stated. Let now 7, 
be the minimum of the continuous function of ¢, ¢ (t, t-+p), in the closed 
interval O<t<1. This minimum is actually attained, and cannot thereforé 
be 0 because of hypothesis (d). If now as a first restriction upon 7 we 
make it less than 71, the inequality (1) cannot hold in either of the intervals 


—p<h<N(t, r), P(t, r)<h<y, 


and hence in any of the intervals, 
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—pchtnl<N(t, 7), P(t r)<hinl<p. 


As for the second part of the proof, that the inequality (1) cannot 
hold outside the interval from —»p to p (except for values of h congruent to 
values within the: interval, modulo 1), we shall find it convenient to restrict 
ourselves to a fundamental region of the periodic function p (t, s), namely, 
0<¢t<1, O<s<1. Every point (t, s) not already considered, that is, not sat- 
isfying the inequalities 


—p<s—ttnl<p 


has a representative point (for which the function has the same value) in 
the subregion 


p<|s—t|<1—p, OStS1, OSsK<1. 


But this is a closed region, and in it p (é, s) cannot vanish, by hypothesis 
(d), the function therefore has a positive minimum r,;. If now 7 be also 
taken less than 7e, p (t, s)>7r.>,7 for all points of the region considered. 

It has thus been shown that if r<7r,, and r<72, condition (1) can 
only hold when ¢ and s satisfy the inequalities (2), as was to be proved. 

Theorem II. Jf normals be drawn to the curve C at all points of an 
are of length 24, and if segments of length 2 be measured off wpon these nor- 
mals to either side of C, a circle can be drawn with center at the mid-point 
of the are of C considered, such that the entire surface of the circle will be 
covered by the segments of the normals; moreover one choice can be made for 
the radius of the circle which will hold for all situations of the are upon C. 

Arithmetically this may be stated: Given « and f, we can find r, in- 
dependént of t, and such that for any point (5, 1) satisfying the condition 


eG, 13 D=V (Ea) 2? +ly—-y() ]?} <2, 
the equations 
f=a(t+h)—Ay (t+h), (3) 
q=y(t+h) —Aa'(E+h), (4) 


admit of at least one solution, (h, 4), where |h| <2 and |24| <8, 

Evidently if proved for one « and #, the theorem holds for every 
greater pair of values. We shall therefore replace them by a single num- 
ber, 2n, smaller than either, and also less than p of the preceding para- 
graphs. Then r satisfies the requirements of the theorem if 


r<r3/8, (5) 


where 7, is the minimum of p(t, t+n). Td prove it we consider the function 
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e°(§, 13 t+h) —r3°/4. 


This is a continuous function of h, and for h =0 it is negative because of (8) 
and (5). On the other hand, it is positive for h=n and also for h=—%, as 
we proceed to show. By the definition of r;, e(t, t+n) 273, and since 


o(é, 13 t) +0(€, 2; t-+n)>e(t, t+n) 
we have 
p(é, 4; tin) >r,—e(§, 0; t), 


and as by conditions (8) and (5), o(§, 7; t) <<r<r;/3, we have 


e(é, 3 t+n)>2r,/3. 
Hence . 
er? (€, ny t+h)—r? /4>0, 


for h=n, and similarly for h=—n. 

It follows that this function vanishes at some point h:=h' between 0 
and n, and also at some point h=h" between 0 and —n. But its derivative 
is also continuous and hence, by Rolle’s theorem, vanishes at some point be- 
tween h=h’ and h=h"", say h=h: 


[é—a(t+h)]a’(t+h) +[>—-y(tt+h) ly (t+h) =0. 


As x? (t-+h) ty? (t+h)=1, both w'(t+h) and y'(t-+h) do not vanish; to fix 
ideas, suppose the first is different from 0. Putting the ratio 


n—y(t+h) 
av’ (t-+h) 


equal to>, 


we have 
n=y(tth)+ra(éth), F=ax(tt+h)—y'(tt+h), 


showing that % and > are a solution of the equations (4). It is at once clear 
that % obeys the restriction laid upon it. To see the same for », transpose 
in the above equations the first terms on the right, then square and add. 
The result is 
== +p(&, 4; t-+h). 
But 
e(&, 7; t+h) S7(%, 7; 1) +e(t, tt+h), 


in which p(é, 7; t)<r<r,/3, and because p(t, t+h) increases as |/h | 
increases, p(t, t-+h) <e(t, t+n) <7, 


104 
|a | < 4r,/8, 


that is, since 7, is the chord belonging to an arc of length n, |* | < 4n/3, 
and hence <2n, and the theorem is proved. 

It does not of course follow from the above that through a given point 
of the surface of the circle only one normal passes. Indeed if part of the 
eurve C be of the form y=, which has infinite curvature at the origin, 
and yet has a continuously turning tangent, it is clear that there are points 
as near as we please to the curve through which there are three normals, all 
belonging to as short an arc of Cas we please. A corollary to theorem I, how- 
ever, supplies us with a uniqueness theorem which is often just as useful in 
the applications:* 

The chords of the circle in theorem I which are perpendicular to the 
tangent at C at the center of the circle, cut C but once. In other words, if in- 
stead of taking a little field of normals about a point of C, we take a field of 
straight lines through the points of a limited arc of C and parallel to the nor- 
mal to C at the mid-point of the arc, these lines will cover just once the sur- 
face of a little cirele. | 

The equations of one of these parallels to the normal to C through the 
point «(t), y(t) will be 


F=a(t) +5 x(t) —r y(t), 
n=y(t) +o y(t) +a (E), 


where ° is the distance of the parallel from x(t), y(t), and « is a parameter. 
Arithmetically therefore, the theorem may be stated: 
The equations 


a(t+ h) =a(t) +8’ (t) —+ y' (6), 
y(t+h) =y(t) +9 y(t) +e a(t), 


admit of only one solution for which p(t, t-+h) <7. 


To see this, eliminate ». We find that we have merely to show that 
the function 


F'(h) =a' (b) [a(t+ h) —«()]+y'(® [y(t+h) —y(é)] —8, 
has at most one solution for which p(t, t+h)<7. But 
F" (h)=a' (t)a' (t +h) +y' (ty (t+h), 


which we have previously seen to be positive for | h | <p, and this includes 


*See Liapounoff, Sur certaines questions qui se rattachent au probleme de Dirichlet; Journal de Math. Liou- 
ville, 1898. The author makes an hypothesis upon his bounding surface which the above reasoning, carried out for 
space, would show to be unnecessary. 
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all values of h corresponding to p(t, t-+h)<r, and hence F(h), being an al- 
ways increasing function in the interval, can vanish at most but once. We 
omit the simple proof that if <r and if r is small enough F'(h) does vanish 
once. 


DIVISIONS OF AN ANGLE INTO EQUAL PARTS BY MEANS OF A 
TRANSCENDENTAL CURVE. 


By J. S. BROWN, San Marcos, Texas. 


The problem of trisecting an angle by means of the cardioid is capable 
of a much more general setting as follows: 

Given CAE an isosceles triangle, AC—AFE, angle A=4; also given a 
point H in A# such that angle HCH=n.9. Required, the locus of Hif AC 
is fixed and AF rotates in the plane about A. # will describe a circle with 
A as center and AF as radius, as indicated in the figure. 

Draw CL perpendicular to AH; angle LCE +3469; CK=CHecos(n—4) 6, 
and CkK=ACsin 9 Then 


__ ACsin 9 


CH= os (n—4) 0 


(1) 


which is the polar equation of the locus of H when C 
is taken as origin and AC is the axis of reference. 

By assigning the successive values 4, 1, 14, etc., 
to n the particular equations of the curves by means 
of which subdivisions one-half, one-third, ete., of an 
angle can be constructed, are found. 

As an example, suppose it is desired to find the equation of the curve 
by means of which an angle with A as vertex and AC as one side, can be 
trisected; for example, angle BAC. 

It is evident that in this case n=1. Substituting this value of n in 
the general equation, we find 


_ACsin?_ AC.2sing 9.cos} 


6 4p al 
cosh 0 cosh 8 =A C.2siné 6=2A Csing 9. (2) 


CH 


Suppose AHC to be the curve for this value of n, and let H be the 
point where BC cuts this curve. Draw AHF. The angle CAH=3CAB, 
for angle BCH'=9 and angle BAE=2 9, 

Evidently, this curve corresponding to (2) is the eardioid, though the 
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form of the solution here used is quite different from the usual method of 
trisection by the cardioid. 

In this manner the curve corresponding to any value of n as above in- 
dicated can be found. By means of an instrument constructed on the prin- 
ciple which governs the relative rates of motion of the hands of a clock, any 
of these curves can be accurately drawn. 

The hypocycloid curve may also be used for the purpose of general 
equi-section of an angle, as appears in the following: 

Given OB the radius of a circle, and suppose 


Dp» OB 8 1 
OB=r=7— where 360 7” and k is the number 
of equal parts into which it is required to divide the 


angle @. 

B and B’ are two consecutive points common 
to the hypocycloid and the circumference of the cir- 
cle whose center is O, the rolling circle having the 

radius O’B=r. It is evident that the angle BOB’= 
0/k. To find the equation of the curve, let B be the origin, BH the X-axis, 
BO the Y-axis, ¢ the angle BOC, P a point on the curve, x =BD and y=PD. 
Then y=-MF'+ FH-—-ML=r+FH-ML. 

But ML=rcos(kn—1)¢, FH=(BD+DH )tans¢=(«+DH )tan3¢, 
DH=PL=rsin (kn --1) 4. 

Hence, y=r-+[x#+rsin(kn—1)¢]tané¢—reos(kn—1)¢, the equation 
of the hypocycloid, in which it may be noted that angle PMUC=k.n. ¢. 

While the equation is general, the construction of the curve can be 
made only when the ratio of the given angle to the perigon is known. 


DEPARTMENTS. 


eee sama need 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


290. Proposed by G. I. HOPKINS, M. A., Manchester, New Hampshire. 


A and B are 45 miles apart and travel towards each other. A goes 
one mile the first day, three miles the second day, five miles the third day, 
and soon. B goes two miles the first day, four the second, six the third, 
and soon. In how many days will they meet? Whatinterpretation is to be 
placed upon the negative value of n? 


Solution by THEODORE L. DeLAND, Treasury Department, Washington, D. C. 


Let n=the required number of days for A and B to meet. When a, 
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d, and 7 are given in an arithmetical progression to find s we have 
s=n[2a+d(n—1) ]/2. (1) 


When for A we have a=1, and d=2, we have from (1), s=n[2+2(n—1)]/2 
=7*=the distance traveled by A. When for B we have a=2 and d=2, we 
have from (1), s=n[4+2(n—1) ]/2=(n?-++n) =the distance traveled by B. 


“.2n? +n=45; whence n=4.5 or —5. (2) 


When n=4.5, n*®=20.25=distance traveled by A. We then have 
(n? +n) =24.75=the distance traveled by B. Or 20.25-+24.75—45. 

When n=—5, n’?=25=distance traveled by A. We then have 
(n? +n)=(—5)*?+ (—5) =25-—5—20=the distance traveled by B. Or 25+ 
20=45. 

The positive value, 4.5, and the negative value, —5, may be interpret- 
ed as follows: Draw a circle 90 miles in circumference, and let A stand at 
N, the north pole, and B at S, the south pole, 45 miles from each other, 
measured on either semi-circumference. In the 44 days A will walk 20.25 
miles from WN along the eastern semi-circumference until he meets B who 
has walked 24.75 miles from S along the eastern semi-circumference. <A’s 
position is now southeast from N, 81°; and B’s position is now northeast 
from S, 99°; or they are theoretically at the same point. In the —5 days, or 
5 days ago, A and B were theoretically at the same point on the western 
circumference 100° from N or 80° from S, A walked towards N and traveled 
25 miles, while B walked towards S and traveled 20 miles, then A is at N, 
and Bat S. 


Nots. This problem was also solved by J. E. Sanders, who obtained as a result 4,5, days. Since at the end of 
the 4th day the two men are 9 miles apart, Mr. Sanders assumes that A, who would travel 10 miles the 5th day pro- 
vided he kept up the law of travel of the four previous days, would, in the time, ¢, travel 10¢, and B on the same 
conditions would travel 9t; and, therefore, both would travel 19t=9 miles. Whence t=,°5. Hence the whole time is 
425 days. Mr. Sanders interprets —-5 days as the answer to the problem, “A and B are 45 miles apart and travel to- 
wards each other. A goes 1 mile the first day, 3 miles the second day, 5 miles the third, and so on. B goes 0 miles 
the first day, 2 miles the second day, 4 miles the third day, and so on.’”’?’ While Mr. Sanders’ interpretation, as well 
as that of Mr. DeLand, is ingenious, and perhaps also correct, yet such interpretations seem to be strained. By the 
insertion of 2 few words, one would obtain the same set of results while the interpretations would fail to interpret, 

Thus, suppose the men were restricted to walk on the straight line joining them. This would nullify Mr. De- 
Land’s interpretation as to their traveling in a circle. In the case A and B are to travel in a straight line joining 
them, 4% days as given by Mr. DeLand, is the most satisfactory, and he has furnished, in a letter to the editor, 
some very convincing arguments drawn from practical interpolation formulae to support his view. However, what- 
ever interpretation lawyers and judges might put on similar problems invelving similar principles when applied to 
government bonds, etc., yet the universal testimony of the best mathematicians would be to the effect that 
the problem is indeterminate, for the statement of the problem is silent as to the rates of travel of the two men on 
the respective days. Mr. Sanders assumes that, on the fifth day, they travel uniformly, while Mr. DeLand assumes 
that A travels 4.75 miles, and B 4.25 miles in the forenoon, and were they to keep up the law of travel as on previous 
days A would travel 5.25 miles and B 4.75 miles in the afternoon. Any other conceivable rate of travel each day 
might be assigned. The problem only requires them to travel a certain number of miles each successive day, but 
leaves the rates of travel to the ingenuity of the interpreter. 

As to negative results, there is some diversity of opinion among good algebraists. Thus, for example, 
C. Smith, Treatise on Algebra, p. 259, says, “It should be remarked that a negative value of cannot mean a num- 
ber of terms reckoned backwards;’’ while Hall and Knight, Higher Algebra, page 38, in their solution of the prob- 
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lem, ““How many terms of the series —9, —6, —3, ..., must be taken that the sum may be 66,”’ say, “If we begin at 
the last of these terms and count backwards four terms, the sum is also 66.”’ 

Fine, College Algebra, page 355, gives the following example: “Given d=i, [=3, s=—'; find a and n.”’ In ref- 
erence to the two values of 1, viz., 10 and —38, Professor Fine says, ““The value of n=—3 is inadmissible.” So say 
Fisher and Schwatt, Higher Algebra, page 882. But they say such results may be assumed to mean that the terms 
be counted backwards. 

The weight of authority seems to be that in such problems negative and fractional values are uninterpretable. 
Ep. F. 


are 


GEOMETRY. 


824. Proposed by FRANK LOXLEY GRIFFIN, S. M., Ph. D., Instructor in Mathematics, Williams College, 
Williamstown, Mass. 


Find all plane curves such that the normal lengths intercepted by the 
co-ordinate axes are in a constant ratio for all points. 
Solution by PROFESSOR C. E. WHITE, Nashville, Tenn., and the PROPOSER. 


Let f(a, y) =0 be the equation of the required curves. Then the nor- 
mal at the point (x, y) has the equations: 


of of  R’ 
Ox oy 


where (&, 7) is any point of the normal, p the distance from (x, y) to (é, 7), 


= {(L)+(Z) th I length i 
and R= ,}\3,) + (7). e normal length intercepted by the axes, x0, 


and y=0, are the values of ¢ for £=0, and for 7=0, respectively. Thus, 


On dy 
By hypothesis, £,e2=kepy, or 
hye _ key 
of OF” (1) 
dy dy 


6) 6) 
But, since sdx+3 .dy=0, 


k,«da-+k,ydy=0, (2) 
whence, c being an arbitrary constant, 


kx? +key’? =e. (3) 


109 


The required curves are, then,. the central conics:—ellipses if the nor- 
mal meets the two axes on the same side of the curve; and hyperbolas, if on 
opposite sides of the curve. The given property might be taken to define 

the central conic sections. 
Also solved by G. B. M. Zerr. - 


a 


CALCULUS. 


——— 


254. Proposed by H. S. PARDEE, Boston, Mass. 


A wire is wound in the form of a helix. Assuming that sections of 
the wire perpendicular to the axis of the wire are circles, find the equation 
of a section of the wire perpendicular to the axis of the helix. 


Solution by DR. E. SWIFT, Princeton, University. 


The shape of the wire after bending may be changed or distorted. 
The simplest assumption is that after bending, a section perpendicular to the 
helix is still a circle, say, of radius R. In this case, the surface of the wire 
may be regarded as the envelope of a family of spheres, whose centers are 
on the wire and whose radii are all equal to R. We may write the equation 
of the helix as 
x—=acost 
y=asint 
=ct 


where ¢ is parameter, a and c constants depending on the shape and size of 
the helix. The family of spheres has then for its equation, 


(~—acost) * + (y—asint) 2+ (z—ct)2=R?. (1) 


To.find the envelope we differentiate (1) with respect to ¢ and elim- 
inate t from’ (1) and the resulting equation. To find the equation of the sec- 
tion by a plane perpendicular to the axis, here the XY-plane, we must set 
z=0. If we do this before eliminating t, we obtain the equation of the plane 
section in the parametric form 


(«—acost) ? + (y—asint) *+ (—ct)? =R? 
asint (%—acost) — acost(y—asint) +¢?t=0 


(2) 


and these equations show that the section is the envelope of circles whose cen- 
x=acost . 2__ 242 
y=asint and whose radii are y/ (R® —c*t*). 
It is possible to solve these equations for w and y in terms oft. Ex- 
panding them, we have 


ters lie on the circle 
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2? —2axcost-+y’? —2aysint-+a? + et? —R®? =0 (3) 
axsint — aycost + c?t=0 

or 
(eo? +y*)+a?+ec°?t? —R?=2a(xcost+ ysint) (A) 
2c? t=2a(—«sint+ yeost) " 


Squaring and adding, we have 
(a2 +y?)? +2(a?2 +y?) (a® +¢?t? —R?)+(a?+e°?t? —R’)* +4¢4t? =4a? (uv? + y?) 


a quadratic equation for x*-++y’, or the square of the radius vector r. And 
L—=Treos 
y=rsin > 
Putting for x and y, rcos¢ and rsin¢, respectively, in the last of equations 
(4), we have 


if we use polar coordinates, , this equation enables us to find r. 


2 
c’>t=arsin(¢—t), or =ttsin It, 


The equations of the curve are then 


2 
r= [2v (a2R*—ate?t? et) —(c8t*—a"—R2)], ¢=t+sin 1" 


Also solved by G. B. M. Zerr. An incomplete solution was received from the Proposer. 


NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


—— 


145. Proposed by J. D. WILLIAMS, being the 12th of his fourteen challenge problems proposed in 1832. 


Make #?+y?=0O, 3(#?+y?)=a cube, cy=2x', 2(a+y) ty Oo, and 
(at +y*) (a? +y?) — (a? +y®) VY (2? +y?) =O. 


Solution by DR. E. SWIFT, Princeton University. 

If v7? +y?=0, we must have «=2i7k, y=(&? —7”)k, where ¢, 1, k are 
integers. Then v7? +y?=k? [€?+7?]?, 

If = of this=a cube, evidently it must be of the form 4 x 25 Xa cube, or 
k(&? +7?) is of the form 25 Xa cube. 

Since xy==2z', either, a) x=0, or, b) y=2x’. 

If a) is true, y=) (2? +y?) and must be of the form 25 Xa cube. 

2=0 satisfies the last condition; it remains to satisfy the third, which 
reduces to 2y=0 

Since y=10a?, the least value of a which makes 2y? square is 5, and 
y=10 X 125=1250. 
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The values x=0, y=1250 are the smallest values satisfying the condi- 
tions when z=0. The complete solution is x=0, y=1250a‘, a being any 
number. 

If «+0, y=2x’, and we must have, putting in the values of x and yin 
terms of € and 7, 


(§?—74?) k= 4879? h?, or & — 4? = Ake? 7?, 


a second relation between £ and 7. But this is evidently impossible, if € and 
7. have integral values, as is necessary if x and y are to be integral; 
for transposing €2 ==? (4k5*-++1)>¢?. The only integral solutions, then, are 
e=0, y=1250a°. 


147. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 


If 4n+-3 is prime, 2(1.2.3...4n)+1=0 (mod. 4n+8); and conversely. 
If 4n+3 is prime, (1.2.3...2n)?—4=0 (mod. 4n+8);and conversely. 


Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 

By Wilson’s Theorem, 1+ (4n+2)!=0(mod. 4n-+8). 
“1+ (4n + 2) (4n+1) (4n)!=0(mod. 4n +8); 

1+ [4n(4n+8) +2] (4n)!=0(mod. 4n+8). 
14+2(1.2.3.4...4n) =0(mod. 4n+8). 
By a corollary to Wilson’s Theorem, [(2n+1)!]?—1=0(mod. 4n +8). 
“. (2n-+1) ?[(2n)!]?—1=0(mod. 4n-+8); 

[n(4n+8) +n+1] [ (2n)!]* -1=0(mod. 474-3). 
4(n+1) [(2n) 1]? —4=0(mod. 4n-+8). 
“. (4n +8) [(2n) 1]? + [(2n)!]?—4=0(mod. 4n+8). 
”. (1.2.3.4...2n)? —4=0(mod. 4n+8). 


The converse follow at once. 


AVERAGE AND PROBABILITY. 


192. Proposed by PROFESSOR R. D. CARMICHAEL, Anniston, Ala. 


A point is taken at random in a square whose suue 19 « 
point as center and radius=a a circumference is described. W 
mean area of that part of the circle which lies within the square? 


Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


By considering the square AO, ¢ the original square AC, all possible 
positions of the circle are taken. Let P, Q be the center of the circle, P 
taken in the quadrant of a circle radius a, center A, and Q taken in AO 
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without this quadrant. Coordinates of P, (Pa, Pb)=(x, y); coordinates of 
Q, (QT, QS)=(u, v). 

Then G=7 a?—area of segment on [H—area of segment on FE is the 
area of Q required. 

K=sARx AN-+area of segment on RN 
is the area of P required. 

Let ZTQF=0, ZIQS=¢, ZNPa=y¢, 
LRPb=p. 

“u=acos 9, v=acos ¢, x«—acos¥’, y= 
acosp, AN=acosp+asin¢, AR=acos¢+ 
asin p, ZRPN=87/2—-¢—p. 
..G=(x—9—¢+8in 4 cos 9+sin > cos ¢)a’; 

K=4(87/2—¢—p-+cose sine+eos? sin? + 
2cos ¥ cos p)a*. 

The limits of 6 are 4z7—¢ and 0; of ¢, 0 
and 47; of ¢, 47—p and 47; of », 0 and §z. Then 4, the required average 
area, 1S : 


Ane 


a i , ae Od :; ; 
f f a’?sin ¢? sin? d > dé-+ f Kka’sin e sin’ dp d¢ 
0 0 0 au—p 


42 
kn (hn —$ a re ; 
7 fo atsin g sind dd dot J” J" atsine sind do de 
0% 0 ' 0 —p 


1 
gt 


iw ba —h 51 57 
=f f Gsin ¢ sino d¢ d0+f Ksine sin¢g ded? 
; , 


0 0 ian —p 


= q? J T6@—4-+sin ¢ cos $)sin ¢—8sin*$ cos ¢—2co0s*¢ sin ¢—2sin ¢]d 


= (z—$2)a’, ¢ and e having the same limits, ¢=p., 


MISCELLANEOUS. 


155 (Incorrectly numbered 151). Proposed by W. J. GREENSTREET, M. A., Stroud, England. 


Sum the series "Y cosec (ote+0 )cosee (2 . _ ; 
‘" p=t1 Am Am 


Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


S = "3" cosee( 7H o7-+4 cosec (7-0 ) 
=1 


Am 4m 
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- sin| +0 — (6 )| 
"3" Am Am 
mT gin? 0 sin (aatt? ) sin Aa ) 


= cosec2 63" | cot (aa Y ) ~cot( = 1. +0 )] 
r= Am Am 


—=cosec2 9 "| cot (7a — 20) — cot (a l. + 20) 
r=1 WW 2m 


2r-—1 2r—1 ; 
zt —P9I)— 7 
+eosee ( Om 2 cosee ( om +28) | 


bm Orth +20), 
mM 


But cosec (75 — J, a7 20) = cosec ( 
2m 2 


a > | cosec (75 — 20) —cosec (aa + 20) | =(. 
m 2m 


r=1 
rm 2r—-1 2r—1 

N= z—DI)— ra 
S=cosec2 # ia | cot ( “Om 2 ) cot( om +20) | 


r=m-1 [por sinm ¢ 
a ——— a 
From trigonometry, can sin ( +4) Omi 


Differentiating both sides, and reducing, we get, 


“s cot (— +o ) =mecotm ?. 
r=0 m 


7 7 
—___ —9 9 —— 0 
Let ¢ 5 29, and also 5 +206. Then we get, 


rm 2r—1 2r—1 
= $ —20 )— 6G 
S=cosec2 9 fal | cot ( om 2 ) cot ( om +2 )I 


7 7 a 
==meosec2 9 | cot (5 —24 —cotm (= +26 )| =2mcosec2 6 tan2m 9, 


r=m 2r—1 2r—1 
rie 0 z—O = =r 
Also, = sec ( dn + ) see( Am ) 2mecosec2 6 tan2m 9=S above. 
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This follows because 


see ("tk ) =cosec (Merit ro ). 
Am Am 


PROBLEMS FOR SOLUTION. 
GEOMETRY. 


333. Proposed by J. B. MORRELL, Boulder, Colorado. 
Exhibit the fallacious argument to prove that a right-angle is equal to 
an angle which is less than a right-angle. 


334. Proposed by J. O. MAHONEY, B. E., M. Sc., Central High School, Dallas, Texas. 
Through any point P in the plane of the triangle ABC, draw a line 
that shall divide the perimeter of the triangle into two equal parts. 


NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


152. Proposed by H. S. VANDIVER, Bala, Pa. 
Prove geometrically: 
1 (p—-1) _p—8 pa! 1 ie Ie 
2 D 4° 9° 2 vine |, where p=38(mod. 4) and Ey 
represents the greatest integer in k/p. 


AVERAGE AND PROBABILITY. 


196. Proposed by R. D. CARMICHAEL, Anniston, Ala. 
A circle is inscribed in a square. Find the chance that the distance 
between two points within the square and without the circle shall not exceed 
a side of the square. 


197. Proposed by HENRY HEATON, Belfield, N. D. 
Solve No. 188 on the supposition that all lines having the same direc- 
tion are equally distributed in space, and lines passing through the same point 
are distributed as the radii of a sphere drawn to points equally distributed. 


MISCELLANEOUS. 


177. Proposed by R. D. CARMICHAEL, Anniston, Ala. 


Sum the infinite series: 
2 2 3 3 


nN ; x n* 
(a). Senos Bt sing — ~—3y— cosa+ ~ 0 sine-+.. 


; n° x n* x? 
(b) cosx —pesine cose + 8 sing-+ ™ 


n*. 
DI 37 1 COSt.. 


4! 
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NOTES AND NEWS. 


The next summer meeting of the American Mathematical Society will 
be held at the University of Illinois, September 10-11, 1908. 


Professor Oscar Bolza, of the University of Chicago, leaves at the close 
of the present session for a year’s leave of absence in Europe. 


Dr. J. H. McDonald, of the University of California, has been 
advanced to an assistant professorship in Mathematics for the coming year. 


Associate Professor Kurt Laves of the Department of Astronomy, Uni- 
versity of Chicago, is on leave of absence for a year from last April and is 
spending his vacation in Berlin. 


Dr. N. J. Lennes, of the Massachusetts Institute of Technology, has 
been appointed to give instruction in Mathematics in the summer school at 
Chatauqua, New York, July 5th to August 14th. 


At the summer session, 1908, of. Columbia University, courses will be 
offered in Solid Geometry, Trigonometry, College Algebra, Analytic 
Geometry, Differential and Integral Calculus, Modern Higher Algebra, 
Differential Equations, Advanced Calculus, and Theory of Functions of a 
Complex Variable. 


At the thirty-seventh annual session of the Kentucky Educational 
Association, to be held at Frankfort, Kentucky, June 16 to 18, 1908, Profes- 
sor A. L. Rhoton, of Georgetown College, will be chairman of the mathe- 
matical section, and papers will be read on the Teaching of High School 
Mathematics by numerous representative teachers of the state. 


BOOKS. 


Elementary Algebra for Secondary Schools. By J. W. A. Young, 
Ph. D., Associate Professor of the Pedagogy of Mathematics, University of 
Chicago, and Lambert L. Jackson, Ph. D., formerly Professor of Mathemat- 
ics, State Normal School, Brockport, N. Y. 12mo. Half leather. ix+438 
pages. Price, $1.12. New York and Chicago: D. Appleton & Co. 


This book is one of the Twentieth Century Series and is quite modern in the presen- 
tation of the subject matter of Algebra, In this treatment of Algebra, the authors kept 
in mind the logical value as well as the practical utility of the subject. The practical util- 
ity of algebra has been emphasized ‘by introducing physical formulas, and by applying alge- 
bra to modern industrial, commercial, and scientific problems, the contents of which can be 
easily understood by the student. An unusual number of diagrams and illustrations are 
used throughout the book. The problems are numerous and well selected and cover nearly 
every phase of practical life. B. F. F. 


LLU 


A Vest-Pocket Handbook of Mathematics for Engineers. By L. A. 
Waterbury, C. E., Professor of Civil Engineerings University of Arizona. 
First Edition; First Thousand. Morocco, vi+91 pages. Price, $1.00. New 
York: John Wiley & Sons. 


This little handbook is intended as a ready reference for those who have studied or 
are studying the usual mathematics in engineering courses. It contains the fundamental 
formulas of Algebra, Trigonometry, Analytical Geometry, and the Calculus. It contains a 
number of important formulas on the mechanics of materials and several valuable tables. 
The book will be found quite convenient and useful for engineers and others who make use 
of mathematics in practical ways. B. F. F. 


College Algebra. By William H. Metzler, Ph. D., and Edward D. Roe, 
Jr., Ph. D., Professors of Mathematics in Syracuse University, and Warren 
G. Bullard, Ph. D., Associate Professor of Mathematics, Syracuse University. 
8vo. Cloth. xiii+3840 pages. Price, $1.50. New York: Longmans, Green 
& Co. ° 


Some of the characteristic features claimed for this book are, conservative use of 
graphic representation of problems in physics, thoroughness, a combination of vigor and 
pedagogy, a full list of problems, originality in the treatment of certain subjects, and an 
endeavor to train the mind of the student. 

In addition to the needs of the more advanced students, the ground required for en- 
trance to scientific courses of the leading colleges and schools is quite thoroughly covered. 

B. F. F. 


Introduction to Infinitesimal Analysis. Functions of One Real Varia- 
ble. By Oswald Veblen, Preceptor in Mathematics, Princeton University, 
and N. J. Lennes, Instructor in Mathematics in the Wendell Phillips High 
School, Chicago. First edition. First thousand. 8vo. Cloth. vii+227 
pages. Price, $2.00. New York: John Wiley & Sons. 


This volume is designed to serve not only as a convenient reference book in courses 
dealing with the fundamental theorems of the Infinitesimal Calculus, but also as a basis for 
a short course on real functions. By systematic use of the Heine-Borel theorem the au- 
thors have practically avoided the sequential division or ‘‘pinching’’ process commonly used 
in similar discussions. The authors aimed and, we believe secured, rigor of logic with the 
least amount of elaborate machinery. The work embraces nine chapters, of which the first 
deals with The Systems of Real Numbers; the second, with Sets of Points and of Segments; 
the third, with Functions in General—Special Cases of Functions; the fourth, Theory of 
Limits; the fifth, Continuous Functions; the sixth, Infinitesimals and Infinites; the sev- 
enth, Derivatives and Differentials; the eighth, Definite Integrals; ninth, Improper Definite 
Integrals. B. F. F. 


Elementary Algebra. By Frederick H. Somerville, B. S., The William 

Penn Charter School, Philadelphia. S8vo. Half leather. 407 pages. New 
York and Chicago. The American Book Co. 

This book does not differ very essentially from the general standard of texts in Alge- 

bra. Inthe earlier chapters, exercises for oral drill are frequent. The introduction of 


some physical formulas will familiarize the student with the practical application of Algebra. 
B. F. F. 
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GENERALIZATION OF POSITIVE AND NEGATIVE NUMBERS. 


By DR. G. A. MILLER, University of Illinois. 


In the discussion of ordinary complex numbers it is generally made 
clear that the real numbers constitute a very special class of complex num- 
bers, but the fact that this class is composed of all the complex numbers 
which are either positive or negative does not appear to have received suffi- 
cient emphasis. Calling « the amplitude or argument of a complex number 
we may group together all the numbers for which ¢ has the same numerical 
value (that is, all the numbers situated on the same ray of the plane pencil 
whose vertex is the origin) and call them the « numbers. When «=0, we 
obtain the positive numbers, and when «=z, the negative ones. Hence the 
question arises whether we should not use the terms zero-numbers and 7- 
numbers in place of positive numbers and negative numbers, respectively. 
Regardless of whether such a change of terms would be desirable it may be 
profitable to consider the positive and negative numbers from this stand- 
point, and this is the main object of the present note. 

If «, represents any particular value of « it is clear that the sum of 
two ¢)-numbers is necessarily an ¢,-number; that is, all the numbers of the 
same ray have the group property* with respect to addition, but they clearly 
do not form a group with respect to this operation. The totality of numbers 
constituting the two rays <, and 4,-+= evidently form a group with respect 
to either of the two operations, addition and subtraction, while the totality 
obtained by multiplying any one of them by all the real integers forms a 
subgroup with respect to either of these operations. With respect to the 
operations of addition and subtraction the two rays of real numbers do not 
present any group properties which differ from those of any other two rays 
which together form a straight line, but this is not the case with respect to 
the operations of multiplication and division as will appear more clearly from 
the following considerations. 

It should be observed thatthe term division is here used with its most 
common meaning; viz., as the inverse of multiplication. Since a group in- 


*Cf. Bocher, Introduction to Higher Algebra, 1907, p. 82. 
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volves the inverse of each of its operations it results that if a system 
of numbers forms a group when combined with respect to one of the funda- 
mental operations of arithmetic it must also form a group with respect to 
the inverse of this operation. That is, if a system of numbers forms a group 
with respect to addition it also forms a group with respect to subtraction, 
and if it forms a group with respect to multiplication it also forms one with 
respect to division, and vice versa. The 0-numbers constitute the only ray 
of numbers which form a group with respect to multiplication. In fact, no 
other ray of numbers has even the group property with respect to either of 
the operations of multiplication and division, and if any finite number of 
rays have this property these rays must include the 0-numbers. 

If any finite number of rays have the group property with respect to 
multiplication or division they evidently form a group with respect to multi- 
plication but this is not necessarily true of special sets of numbers on such 
rays. ‘For instance, the positive integers have the group property with re- 
spect to multiplication but they do not form a group with respect to this 
operation. * From the fact that the modulus of the product of two numbers 
is the product of the moduli of the factors it results that a system of num- 
bers which form a group with respect to multiplication either includes only 
one number from a single ray or it includes an infinite number of numbers 
from every ray represented in the system. If the number of these numbers 
is finite they constitute the roots of an equation of the form «*=1, and form 
a cyclic group since such an equation has primitive roots. 

From the preceding paragraph it results that the rays as units form a 
cyclic group whenever numbers from a finite number of different rays are 
the elements of a group with respect to multiplication. The ray of positive 
numbers is found in every such cyclic group, while the ray of negative num- 
bers occurs only in those of even order. Hence the positive numbers play a 
unique réle in the groups of multiplication. While the ray of negative or z- 
numbers plays a less prominent réle yet it enters intoa larger number of 
the given finite groups of rays than any other ray except the one of positive 
numbers. A characteristic property of the positive and negative numbers 
is that they constitute the only two rays which form a group with respect to 
multiplication. It thus appears that while these two rays do not present any 
properties which differ from other straight lines of numbers with respect to 
the groups of addition they occupy a unique position in regard to the groups 
of multiplication; but their very special importance is due to the fact that 
they form a group with respect to both of the operations of addition and 
multiplication while no other finite number of rays has this property. This 
follows from the given results and the evident fact that the pairs of rays 
which form a straight line constitute the only finite sets of rays of numbers 
which form a group with respect to addition. 


*Weber, Lehrbuch der Algebra, Vol. 2, 1899, p. 4. It is to be noted that the term ray is used to represent the 
simply infinite system of numbers represented by the points on such a ray, 
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The preceding considerations lead to some direct extensions of the 
most fundamental rules of operating with positive and negative numbers. 
For example, the rule for the sums of two real numbers with opposite signs 
is included in the following: To obtain the sum of a number on a given ray 
and a number on the extended ray* find the difference of their absolute values 
and prefix to this the angle of that one whose absolute value is the greater. 
The fact that the sign of the product of a positive and a negative number is 
negative is included in the statement that the angle of the product of a num- 
ber on the ¢) ray and a number on its extension is 24,+7. From this it re- 
sults that the necessary and sufficient condition that a number is real is that 
a negative number is obtained by multiplying it by a number on the exten- 
sion of its ray, and the necessary and sufficient condition that a number is a 
pure imaginary is that a positive number is obtained when we multiply the 
number into any number on the extended ray. a 

In the light of these results the question whether the terms positive 
and negative, which do not exhibit any evidence of the fact that they repre- 
sent two special values of the possible amplitudes of a number, should be 
replaced, at least in theoretic work, by terms which exhibit their places in 
the infinite series of amplitudes, assumes a deeper meaning. If one should 
be asked to defend the terms 0-numbers and z-numbers it would be merely 
necessary to reply that the adjectives express the values of the amplitudes 
of these numbers, but no such rational defense could be made for the terms 
positive numbers and negative numbers. At any rate this view point seems 
to deserve notice since the question involved is so fundamental, and the 
present note makes no other claims for usefulness or novelty than the pre- 
sentation of a very elementary and important matter in a somewhat new 
light. 


ON CERTAIN PROPERTIES OF THE ORBITS.OF A PARTICLE SUB- 
JECT TO A CENTRAL FORCE VARYING AS AN INTE- 
GRAL POWER OF THE DISTANCE.+ 


By E. J. MOULTON and F. H. HODGE, The University of Chicago. 


ene 


In this paper are discussed the orbits of a particle moving subject to 

a central force varying as an integral power of the distance. The discussion 

is made with regard to their concavity and convexity, the number and dis- 

tances of their apses, the ranges of values through which their radial dis- 
*If the angles of two rays differ by ™ each one of them is said-to be the extension of the other. 


+This discussion had its origin in an exercise given by Professor F. R. Moulton to his class in Celestial Mechan- 
ics. It was read before the Chicago Section of the American Mathematical Society, April 18, 1908. 
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tances may vary, the amplitudes of the angles deseribed by the radii vee- 
tores, and the time required for the maximum variation of the radial dis- 
tance of the particle from the center of force. The discussion will be made 
from the implicit relations among the variables obtained from the first 
integrals. 

It‘is shown in works on mechanics that the differential equations of 
the motion of a particle subject to a central force are 


=h?u? (n+ (n 2.0), 


Te) 


[ 
oe 


=s rs 


where f is the force, h is the constant of areas, u is the reciprocal of the 
radial distance to the particle, t is the time, and 9 is the angle between 
the radius vector and some arbitrarily chosen reference line, the origin be- 
ing at the center of force. If the force varies as an integral power of the 
distance we have 


(2) f=tm* h*u* 
where mh? is an arbitrary constant not equal to zero, and « is an integer. 


The positive sign signifies that it is an attractive force; the negative sign a 
repulsive force. From (1) and (2) we obtain 


d? 
| ay +5 atm ut (u 20), 


do_ 
dt 


(3) 
hu’, 


as the differential equations of motion. 
Multiplying both sides of the first equation of (3) by ou and inte- 
grating, it is found that 


‘ 2 
[a +(35)= amy 46, (21, w20), 


(4) 


u? +(%)= +2m’logu+e, (4=1, 420), 


where c is a constant of integration which is determined by the initial con- 
ditions. We then have 
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0 = > {+ a 
| =f" Ye Bi (aze1), 
ur1—y* +e 
(5) a1 
u du 
i a (a ] 
L =Si V £2 m?logu—u?+e (=). 


It is seen that when «c=—1, +2, 3, 4, or 5, uw is a trigonometric, exponen- 
tial, or elliptic function of 9, and the characteristics of the orbits are readily 
obtained. But when < is any other integer, wu is in general not expressible 
by means of functions of 9 which give readily the characteristics of the orbits. 

It will be shown that by considering equations (8) and (4) the charac- 
teristic properties of the orbits for all integral values of « can be readily 
determined. 

It is seen from physical considerations that for attractive forces the 
orbits are always concave toward the origin, and for repulsive forces always 
convex, This is evident also from equations (3) smmee a curve its concave 


toward the origin if tS Us59, and convex if u +o Ae “<0, 


It is also to be noticed that when u changes from positive to negative 
the left member of the first equation of (8) changes sign, and that the right 
member changes sign if « is odd, but retains its sign if «ig even. Hence, 
for +m’ a negative value of u is allowable for attraction if ¢ is odd, but 
must be considered as indicating repulsion if «is even. For —m?’ a corres- 
ponding statement is true. Remembering this, we can write (4) as follows: 


qo a—] 
(6) 1 
| (G5) =+2m:logu— u?+e=¢(u), (2=1). 


We get from (3) and (6), 


d 0 du 
hu* hu? / b(u) 


(7) dt= 


du 
Now =, 16 =0 is a necessary and sufficient condition for an apse since, if 


du dr 
1070 then 10 


vector. And since ( oe = @(u) the number and values of the roots of $(u) 


—==(), (r=); that is, the orbit is perpendicular to the radius 


==() determine the number and distances of the apses of the orbits. 
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We can then discuss the orbits from the consideration of the graphs 
of ¢(u). This is easily obtained by adding the corresponding ordinates of 
the graphs whose equations are, for «1, 


2m 9 
7 KL en Le 2 


Y= x 
and for «=I, 


Y:=+2m’logu, ye=—u®, Ys=e. 


It appears in the construction of the graphs that the type of curve is differ- 
ent for different values of «, and that it is necessary to consider the follow- 
ing cases: I, 2>3 and odd; II, «>8 and even; III, «=3; IV, «2; V, «=1; 
VI, «<1 and even; and VII, «<1 and odd. It is also found that, except for 
a—=8, we get the same types of curves, having the same number of maxima 
and minima, and giving the same combinations of real positive, real nega- 
tive, zero, and multiple roots of ¢(u)=0, by taking a special value of the 
parameter m® and varying the parameter c, as by varying both m’ and c. 
There is no loss in the generality of the results if we consider only a single 
value of m*, with the exceptional case a==8, where the type of curve depends 
upon whether m? is greater than, equal to, or less than, unity. 

The discussion is divided into seven cases, depending upon the value 
of «, and these are subdivided according to the value of c.. The first case is 
given somewhat in detail, but in the other cases only the special peculiari- 
ties are pointed out. The time required for. the maximum variation of u 
(which is denoted by T) is discussed after the other characteristics have 
been ascertained. Let © denote the angle described by the radius vector 
for the maximum variation of wu. 


CASEI. «>83 AND ODD. 


The types of graph.of ¢(u) for the different values of c are shown in 
Fig. I, the sub-cases being (a), (6), (c), (d), and (e) for attraction, and 
iv), (g), and (h) for repulsion. Since @ is odd, both positive and negative 
w’s may be used. 

Sub-Case (a). The characteristics of the orbits in this case are, (1) 
they have no apse, (2) they extend from the origin to infinity, and (8) 9 is 
finite. 

It is evident that, since ¢(u)=0 has no real roots (as is seen from the 
graph), there can be no apse. If the initial conditions are 9=0, wu, 
du _ dt then, since dat 30 for ever dU iti 
do do: ; 10 yu, 7 may be either positive or 


e du Ld Ld 
negative, but cannot be zero. If 1 7 0; then as @ increases u increases 
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until becomes negative, which can occur only by (5) passing through 


Fig. I. a3 and odd. Fig. I. «>83 and even. 
Attraction. Repulsion. 


infinity. Since (5 ) becomes infinite only for u infinite, wu increases indef- 


initely. If ote <0, it follows from a similar argument that u decreases to 


negative infinity. Hence wu may vary from +o to —o. That is, r=1/u 
may vary from 0 to -+o, change to —o and return to 0; or the orbit may 
extend from the origin to infinity and back to the origin. 

The proof that © is finite comes from equations (5). Since the 
denominator of the integrand is never Zer0, and since 1 (¢(~) is infinite of 


is finite. This means that the 


order O= 
greater than unity, -f"-£ VE fa 
orbit makes a finite number of revolutions around the origin between zero 
and infinity. The type of orbits for this case is shown in 
Fig. A. 

Sub-Case (b). The characteristics of the orbits are 
(1) they have two apse distances, a single orbit, however, 
having only one apse distance, (2) the orbits lie either en- 
tirely within one circle, or entirely without a larger circle 
with the same center, the first orbit going to the origin, 
the second to infinity, and (8) ® is finite for each orbit. 

The real roots of ¢(w)=0 are +u,, and +42; hence Fig. A. 
there are apses at r=1/u, and r=1/u,. But a single orbit can have only 


one of these apse distances, since 9=(" is imaginary, giving an im- 


d 
a Y o(u) 
aginary orbit, between these two apse distances. The discussion of the 
orbits in this case is given in three parts: 
(1) If the initial conditions are 9=0, u=U,, O< | Uo | uw, 


oH ota, - then, if oes 5 0, u increases and, as may be seen from the graph, 
du d’u ,do(u) 
10 decreases, becoming zero at u=u,. Now - 7 s du Therefore, as 
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2 
is seen from the graph, ae ~0 at u=u,. Hence a continues to decrease 


and changes sign at w=u,, and u begins to decrease. me p does not change 


sign again until w=—w,, where it becomes positive and u# again increases to 


u=+u,. This varying of u between —u, and +u,; continues indefinitely as 


oe <0, the same range of variation of «% results. We have 


6 increases. If 


then for the variation of 7, —u, < ~< +u, or a <|r|So. That is, the 
3 
orbits lie outside the circle whose equation is 7=1/u;. 
(2) If initially, ww), u,< | uw, | <us, then 0= im 


(uy< 


to wa )’ 
| uw’ | <uwe), is imaginary. This means that there is no real orbit for these 


initial conditions and the given value of c. 


(3) If the initial conditions are 9=0, w=wW), Wse<Uo, a oe, then, 
if G95 0, u increases indefinitely. If ao <0, wu decreases to uw. where 


a 7 becomes zero and changes sign, after which wu increases indefinitely. If 


Uy<—u, then |u| has the same range of variation as if w)>u.; namely, 

Uz |u| So. Hence we have 0< |r| <1/u.; that is, the orbits lie in- 

side the circle whose equation is r=1/ue, and have apses on this circle. 
Since Vv [?(u) ] is an infinitesimal of order less than unity at w=u,, 


o=f" ; a is finite. 1/[#(u)] is also an infinitesimal of order less than 
V 5 


_ at mous and is infinite of order greater than unity at w=. ; therefore 


= is finite. 
of" 4 V o(n) 


The type of orbits for this case is shown in 
Fig. B. 

Sub-Case (c). The characteristics of the orbits 
are (1) they have one apse distance, (2) they either 
extend from the origin to a certain circle whose cen- 
ter is at the origin, or always move on that circle, or 
extend from that circle to infinity, and (8), © is 
infinite for those-orbits, which are not circles, the eunareS 
orbits approaching the circles asymptotically both Fig. B. 
from the inside and from the outside. 

The real roots of ¢(w)=0 are +u3; hence there is an apse at r=1/us;. 
The discussion of the orbits is again broken up into three parts. 

(1) If the initial conditions are 9=0, uw=uU, OS | uy | <us, 
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oa oe then, if o>, wu increases to +4u,; and if a <0, uw decreases 


is infinite of 


to —us. Since ¢(u)=0 has a double root at u=+4s, 
1 


/ ts 
is infinite. That is, the 


the first order at tu,;. Hence © =f "2 
Uo V > aa) 


orbit approaches the circle r=1/u, asymptotically from the outside. Since 


is finite except at uw=+4u;3, the angle described by the radius vector 


_ 1 
V o(u) 
going along the orbit from any point outside the circle to infinity is finite. 


To, =(0, and 


(2) If the initial conditions are (=0, w=u,=+4us3, then 


2 Way! 

2 i =0. Since 6= f iy, ay is infinite for any wu’ different from U3, the 
orbit is the circle r=1/u;. 

(3) If the initial conditions are 9=0, u=uo, Uo > Us; ou he then if 
duo . . . . du 
SH 959), u increases indefinitely as 9 increases, and 9, == —— is fi- 
dé 1 s- VA >(u) 
nite. If oo 0, w decreases to us, and 6, =f. Bein 5 is infinite. That 


is, r decreases to zero from any point inside the circle r=1/u, for a finite 
value of 9, and increases to 1/u, for an infinite value of 6 The 
orbit approaches asymptotically the circle r=1/Us. The same orbit is ob- 
tained for uw) <—Us. 

Sub-Case (c) may be considered as the limiting case of sub-case (bd), 
as the two circles approach coincidence: From this point of view one would 
say that the orbits have apses at r=1/u;. It is also a limiting case of sub- 
case (a); whence the orbits might be considered as extending from the ori- 
gin to infinity. | 

The type of orbits for this case is shown in Fig. C. 

Sub-Case (d). The characteristics of the orbits 
are, (1) they are either circles of infinite radius or finite 
orbits having one apse distance, (2) the finite orbits go 
to the origin, and (3) © is finite. 
The discussion in this case is essen- 
tially the same as that in sub-case 
(b). The outer orbit has becomea §& 
circle at infinity. Fig. C. 

Sub-Case (e). This is the same as the preceding 
sub-case except that the orbits at infinity have vanished. 
= Sub-Case (f). Here we are dealing with a re- 
Fig. D. pulsive force. The characteristics of the orbits are, 
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(1) they have one apse distance, and (2) they go to infin- 
ity, having a finite 9. The discussion is made in the 
same manner as previously. It is seen that, since the or- 
bit is convex toward the origin, O9<7. 
Sub-Case (g). The orbit has gone to infinity. 
Sub-Case (h). No real orbits exist. 


Fig. EK. 


CASE II. «>3 AND EVEN. 


The types of graph of ¢(u) for the different values of c are shown in 
Fig. II. Since-e is even, a negative value of wu must be considered as indic- 
ating a repulsive force. We get all types of 
orbits for both attraction and repulsion if we 
consider only +m? in the discussion of this 
case. As wu passes through zero, that is, as 
the orbit passes through infinity, the force 
changes from attraction to repulsion. The 
discusssion of the sub-cases involves no new 
features. 
oe - | The characteristics of the orbits in all 
Fig. I. «>3 and even. cases are shown in the Table of Results, in 
Attraction and Repulsion. which the italics indicate repulsive forces. 
The graphs are numbered to correspond to the cases. For «=8 the graph 
of @(w) and the types of orbits for repulsion are the same as in Case I, and 
these are not repeated. In Case V the graphs of ¢(u) for both attraction 
and repulsion are shown in thé same figure; for all negative values of u, 
o(u) is imaginary. 
The following are peculiarities of the orbits not already discussed. 


Fig. TI. «=. Fig. IV. a=2, 
Attraction: Attraction and Repulsion. 


(1) In Case III, «=8, there are orbits which go from any finite dis- 
tance to either the origin or infinity, making an infinite number of revolu- 
tions around the origin in each case. 
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(2) In Case IV, 2=2 (the Newtonian Law), we find for the first time 


an orbit having two apse distances. 


Fig. V. a=L. 
Attraction and Repulsion. 


Fig. VII. 
Attraction. 


a<1 and odd. 


Fig. VI. «<1 and even. 
Attraction and Repulsion. 


Kig. VII. «<1 and odd. 
Repulsion. 


(83) In Cases V, VI, and VII, «=2, the orbits for attraction all have 
two apse distances, and the orbits lie between the two circles r=1/u, and 
r=1/u,., where u; and we are the real roots of ¢(u)=0. No orbit goes to 
the origin or to infinity. Periodic orbits may be possible in these cases. 


(4) In Cases I, II, and III, 
a>2, orbits for attraction lie outside 
of the region between the two cir- 
cles r=1/u, and r=1/u.. In Case 
IV, «=2, there are orbits between 
two circles and also orbits which go 
to infinity. The Newtonian Law 
_ thus gives an intermediate case be- a 
Fig. F. tween the two general classes of orbits. Fig. G. 


(5) No orbit in any case has more than two apse distances. 

(6) There are orbits which have no apse. 

(7) In cases of attraction a circle is a possible orbit for all values of ¢. 
Discussion of T. From equation (7) we get 


128 


pote fh tt ag, 
we Maul Vi P(U) aya AE 2M yea —y2+¢ 
a—] 


It is now shown under what conditions t,—t, is finite, and these cri- 
teria are then applied to the discussion of 7’. 

If the limits are finite the integral is finite, if the integrand is infin- 
ite of order less than unity at every point of the interval (u, u,). (1) If 
the limits do not include uw=0, the integral is infinite only if ¢(w)=—0 has a 
multiple root between or at the limits. (2) If the limits include w=0, the 
integral is infinite unless )/[¢(u)] is infinite of order greater than one, when 
it is in general finite. Thisis equivalent to saying that the integral is finite 
at u=0 only if«<—1. (8) If one limit is » and the other so taken that the 
integrand never becomes infinite between the limits, then the integral is fi- 
nite if u?7/[¢(u)]| at u—o is infinite of order greater than unity. In other 
words the integral is finite if «>—1. 

Applying these criteria we find that in Cases I, II, III, IV, and V, for 
both attraction and repulsion, and in Cases VI and VII for attraction, we 
can make the general statement that all orbits going to infinity and all those 
which approach a circle asymptotically are not traversed in a finite time, but 
for all other orbits T is finite. In Cases VI and VII for repulsion we see 
from criterion (2) that T' is infinite if «2 —1, but finite if «<—1; hence we 
have the interesting result that, 2f a repulsive force varies directly as a power 
of the distance greater than unity, the particle goes to infinity in a finite tume. 


“> 3 and odd. 


L 


a>8 and even. 


Il. 


(a) 


| (8) 


(c) 


(d) 


| (e) 
if) | 


(g) 


| (h) 


(a) 


(0) 


(c) 


(a) 


(e) 


none 


two 


one 


one 


one 


one 


one 


two 


three 


two 


one 


TABLE OF RESULTS. 


Case Sub- | Number Variation of r in One 
Case | of Apses Orbit 


O<|r|<1l/u, 
Ox |r| <1/u; 


1/U5< lr | So 


0< |r| Soa 


1/ui5 | r | Lo 


1/u2< | r | So 


1/us< |r| Sa 
O0< |r| <1/u, 


1/u4 lr | Sa 


v=o 
O0<|r|Zl/u, 
O<|r| <1/us 


2) 


finite 


finite 
finite 


| o at r=l1/u;, 


finite 
finite 


finite 


| finite 


| finite 


Fig. A 


| Fig. B 


Fig. C 


circle 


Fig. D 
Fig. D 
Fug. # 


Fig. A 
Fug. H 


Fig. C } 


| circle 


Fug. H 


Fig. B 


Fig. C 


Fig. D 
Fig. D 


T 
o atrTr=—o 
finite 
o at T=o 


o at f—o 
finite 
finite 

o at 7T—oa 
o at rT—=oa 
o at f=oa 
o at r=1/uUs; | 
o at T=oa 
o at T= 
o atl rT=o 
finite 

o at f=o 
finite 
finite 


= ft (a) 
D 
te) 
& | (0) 
V 

(c) 


(d) one 


VII. «<1 and odd. | VI. 
S 
o) 
= 
rq?) 


O< |r| So | 
0=|rlso 
Ox |r| <l/u, 
1/u Iris 
T =o 

| none 

0= |r| So 
Te 
0=<¢XLa 
none 


For repulsion, see 


1/u,< |r | Sa 
1/u,5 | r | Sa 


1/u3X | r | <a 


p 1/us= |r| <1/u, 


rT=1/uU, 

none 

L/u,Z | r | <1/u, 
==1/us 

none 

V/usi | rls 
Luss |r | <1/us 
L/usi |r| 


T=1/U4 


1/u,< |r| Zo 


1/u,5 | r | < 
1l/u.< | t | <1/u, 
r=1/uUs 

none 

T/usi |r| 


| nite 


mite 


finite 


finite 


finite 


nite 
finite 


nite 


nite 


nite 


nite 


nite 


o at v=o 
Fig. EF © al r==a 
Fig. F o at r= 
Fig. G | finite 
circle 
Fig. G finite | 
‘circle 
o al r=oa 
finite 
( finite,a<—1 
to, 42-1 


fimte,e<—1 


CO, a 2—] 
§ finite,e<—-1 
( wo, a= =—1 
Fig. G. finite 
circle 


Fig. E | Fente) 
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DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


291. Proposed by L. E. NEWCOMB, Los Gatos, Cal. 


An empty water tank has two inflow pipes A, B, which begin to flow 
at the same moment. When B, the smaller pipe, has discharged s gallons, 
and the tank is 1/n filled, water from both pipes is turned off. After A, B, 
have been idle, each as many hours as would suffice it to perform 1/m the 
work done previously by the other pipe, the flow, which is of a uniform 
rate, is resumed and continued till the tank is filled; B during the second 
working period has discharged ¢ gallons. (1) What is the capacity of the 
tank? (2) What would be the capacity if B were an outflow pipe? 


Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


Let C=capacity, x=number of hours for A to fill tank, y=number of 
hours for B to fill tank. Then C/xwhat A does in one hour, C/y=what B 
does in one hour. sy/C=time for B to discharge s gallons, (C—sn)a/(Cn) 
=time for A to discharge C/n—s gallons, su/Cm=time A is idle, (C—sn)y 
/(Cmn)=time B was idle, (s+t)y/C=total time B works, and (C—s—t)a/C 
=total time A works. 


But (stt)y  (C—s—t)a _ (‘ose a) 
C C Cmn Cm /* 


. fstt , C-sn\ _ (C-s-t iS 

_( C + ae) =( C +o). (I). 
— C— 

Also = (CHS op (Cs (gy, 


(2) in (1) gives C=mn(sn—s—t) -+2sn. 


=time A works before turned off. 


(C-+sn) x 
II. Gh 


(C+sn)y 


(CFs FO total time A works, Conn =time B was idle. 
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f{stt ,Ct+sn\ -(C+st+t _ 8 (Cen}e, 
(See Gu (Se + Gis a Bi we ..(4). 


(4) in (8) gives C=mn(sn—s—t) —2sn. 


292. Proposed by REV. R. D. CARMICHAEL, Anniston, Ala. 


Find the sum of the series 1? +5? +142 +80?-4... + [4n(n +1) (2n-+1)]?. 


Solution by THEODORE L. DeLAND, Treasury Department, Washington, D. C. 


The differences and the terms of this special series may be arranged 
as follows for the first seven terms: 


U,==1? 5? 14° 30° 55? 91? 140? 
U,—1 25 196 900 3025 8281 19600 
Alu,==. 24 171 704 2125 5256 11319 
A®’u,=. . 147 5383 1421 3131 6063 
A®ty,=. . . 886 888 1710 2932 
Atu;=. . . . 502 822 1222 
Aby,=. 2... . 820 400 
ASy,=. . . . . 80. 


Compute the series for ten terms, or more, and it will be found that 
A %y, are all 80, or constant, therefore all the higher differences vanish. To 
sum the series we have the value of the leading term and the six leading 
differences. I have given a general formula for Sz, on page 163, of THE 
AMERICAN MATHEMATICAL MONTHLY for August-September, 1906, see equa- 
tion (#). We have: 


Sn= nu, +n D Hy, + en?) Aut... 


+ mn D(a) (2-8) nom, ... (1). 


From the problem and the above table we have: u,=1, 4’ =24, 


A *==147, A?=886, 4+=502, A *==820, and 4°=80. Substitute numerical 
values in (1), expand the terms, consolidate like terms, reduce, and we have: 


20n7 +140n* +871n5 +455n* +245n° +85n* —6n 
SM 


=reg(n(m+1) (n+2) (20 +1) (2n4+8) (5n? +10n—1) ]. 
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Also solved by E. B. Escott, and G. B. M. Zerr. Professor Escott solved the problem by putting the general 
term equal to A+ Bn+Cn(n41) +...+Gn(n4+1) (n+2)(14+8) (n+4)(n+5). Then by letting n=0, —1, —2, ete., he de- 
termines A, B,...,G. The general term is thus reduced to five terms of the form n(n+1)... (n+r-—1). Since the 
sum of a series whose general term is n(v+1)(7+2)...(n+r—1) is [n(v+1)...(n+r—1)]/[r+1] finds the sum which 
agrees with that obtained by Mr. DeLand. 

Dr. Zerr decomposed the general term in a similar way and after summing the five similar series thus arising 
he gets the same result as that given above. 


—_—_——— 


GEOMETRY. 


326. Proposed by L. E. NEWCOMB, Los Gatos, Cal. 


The circle C of radius pR encloses the circles A,, B, of radii R and 
(p—1)R, respectively; the circle B, is tangent to A,, B,, C,; the circle B» 
is tangent to A, B,, C; the circle B,; to A, Bz, C,..., Bn to A, Bua, C 
Find the radius of the circle Bn. 


Solution by the PROPOSER. 


First find the locus of centers of circles tangent to A and C, taking 
A’ the point of contact of A and C.as the origin. 

Let 1, 11, 72, .--» Yn be the radii of B, Bi, ..., Bn, respectively; 7’=ra- 
dius of any circle tangent to circles whose cen- 
ters are A, C: and x, y co-ordinates of its § 
centers. Then (7’+R)*— (R—«w’)?=(pR—-1')? 
— (pR—w«w’)?=y"”...(1). 


p-+1 ~~ pt 
Substituting the value of x’ in (1), we have 


(R+r')?- (RPS) Bay! 2 


Y= 5a [p(p—-1)Rr’—pr’?]. Since r=(p—1)R and «=R(p+1), 


(p—1)R is of the form p(p—1)R 


| 0? (p—1)? +p 
2. Find r,. Join centers of A, B, and C with B,, Bz, ..., Bn. 
Draw perpendiculars from centers B,, B:, ..., to the diameter of C passing 
through A’. 
p+l 
(r+r’,)?—(a—a#1)?=(pR—1r,1)?—- (pR—a;)’”... (4). v=(PE rs 


Substitute the values of x, 7, x, in (4); whence 


_ pip—-1)R __p(p—1)k 


4Rri(p?—p+l)=(p—l)pR*. 1 =U yap (pd)? Ep 
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(83). Find r,. Let (p—1)=s. (7, +12)? —(@1—-%2) ?=(y1 —y2)?.. (5), 


2 1 2 R? 1 2 2 2 
ri (SPE) Rs 0h Pee st Vet p) 


Wwe [pRsr,—pr?]. 


Equation (5) becomes, after taking square root of both members, 
J eetet 2 p*(p+1)? R? 4 2p(p +1) ‘Pak 2 (pd) *rs 
s°+p (s?+p)? s(s’+p) ° s* 


_ _2pks* 
s(s’ +p) 


— 2y [pRsre —pr,]... (6). 


After clearing of radicals and reducing, (6) becomes 


pl(s*—p') + 4s'p] Re? | pas?) 2_ 28° @p*—p+2) tp*]Rrs_ 9 (7). 
(s?-+p)? ss? s(s°-p) 


pg Sls? (2p? —pt2) +p" 1k 
me (8®+-p) (p-+4s?) 


_ RV is? (2p? —p +2) +p? ]* —p(p+4s?) (s? +)? I 
(s? +P) (p+4s? ) 


Ry {[s* (2p? —p+2) +p? ]? —p(p+4s?) (s?+p)?} 
2s" (s* +p) =s? (2p? —2p +2). 


Rsp(s*+p) _ plp-1)R 
~ (s?+p) (p+4s?) 2? (p—1)?2 +9" 


. ___ p(p—1)R 
8. Find 7, Assume that 7,-1= (n—1)* (p—1)* Ep" 
pRs 


Let (n—1) =; then Mal 92 oe ty" 


(12+7n) ? (%1—%,) , = (Yi—Yn) Be (8) . 


_ p(p+l)R. 2tpsR | 
dr or fs?-+-p ’ Yt t? 9? +p’ Yn— 


—_ ay [psRrn— Orn” | . 


As in case 2, (8) becomes 
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[t*s*+p—(p?+1)]?+4t* ps? 2ps [(t2s*—p)t*s*+p—(p* +1) Rr 


(s?t?+)? eto 
4t?(p*-+1)s*ps,,, , ps? (ts*—p)?-+4t'ps"IR*_. (gy. 
+ 3? f? +p Rrn + (s?t? +p)? =(),..(9); whence 


yp, = shi (t*s*— p) [ti s* rp— (p*+1)] +2¢*s* (p> +1)} 
° (t?s° +p) [t?s? +p—(p* +1)? +4t? ps? 


— [pRsy{ (t?s* —p[t?s? +p— (p? +1) +208? (p? +1) ]? 
— (t?s° +p)? [t?s? +p— (p? +1) ]?+4pt?s?) }] 
/ (t?s? +p) [t?s* +p— (p? +1) ]*-+4t? ps. 


The quantity under the radical==2t*s+ -+-2tps*. 


pb Rsi L(t's* —p) (t*s* +p — (p? +1) ] +28? s° (p? +1) — 2ts? (s?t? +p) } 
. (t?s° +p) [t?s* +p—(p? +1)]?+4ps8*t? 


=[pRs{ (t#s* —p) [(t2s?-+-p— (p? +1) ] +288? (p? +1)] —2ts? (st? +p) }] 
/{ (t?8° —p) [(t?s* +p — (p? +1) ] +2878? (p? +1) 
— 2ts? (s2t? +p) }{ (£+1)? (p—-1)? +p}. 


(t+1)?(p-1)?+p nn? (p—1)? +9 


Since it has been shown that this expression is true for B, and Bz, it follows 
that it is true for Bp. 


Excellent demonstrations were received from G. B. M. Zerr and C. E. White. 


327. Proposed by J. C. CORBIN, Pine Bluff, Ark. 


In triangle ABC, the triangle DEF is formed by joining the feet of 
the medians and four parallelograms are also formed, viz., AFF'D, BFED, 
and CHDF. Let a, b, c; d, e, f represent the three medians of ABC, and 
the three sides of DEF. Then the sum of the squares of the six diagonals 
equals the sum of the squares of the twelve sides of the parallelograms, 
which are equal in sets of four. That is, a2+06?-+c?+d?+e?+f°=4(d? +e? 
+f?), or a? +6?+c?=3(d? +e?+/*) =8/4(AB?+BC?2+CA?). 


Solution by J. H. MEYER, S. J., Augusta, Ga. 


Let CD=a, AF=b, EB=c, DF=e, HF=d, and ¥ 
ED=f. Now, by geometry, we know that 


a*-+-d? in parallelogram ECF D=2f? -+2a?; 
6?-+-f? in parallelogram AE F'D=2e? +2d?’; 
c*>+e° in parallelogram BFED=2f? +2d?. 
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0° +6? +-¢?+d? +e? +f?=—4[e? +f? +a?]; 
<a? +b! +o°=8[e? +f! +d"), 
Since e° +f? +d? (by construction) =“—- +- +“ 
“a? +b° +e?=g[AC’ + CB? +AB’], 


Also solved by G. B. M. Zerr, J. Scheffer, and the Proposer. 


CALCULUS. 


255. Proposed by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 
Find the general values of w and v in terms of x, which satisfy the 
equations w?-+1? (du/dx)*=v?, uw? +m? (du/dx)? =v? +n? (dv/da)®. 
Solution by A. F. CARPENTER, Professor of Mathematics, Hastings, Neb.; GEORGE W. HARTWELL, Colum- 
bia University, and the PROPOSER. 


Subtracting the first equation from the second, we get 


[m? —1?]/n? [du/da]* =[dv/dx]*. 


= (™ 4 Jute... (1). 


2 72 6 72\ 
U2 +2 [du/da]? = 2 +20 o(™ Je 


Let [m?—l?—n?]/n?=a, and o(™ la, 


Then 1? [du/dx]?=au? +2buw-+C?. 


l au+b 
ue =lS aaa aa ao = gq log (autb-c Flog Ci. 
a =5¢: log g (Glautb—¢ .. Let &e=¢e, 
_au+b—C _ [b+C]e—[b—C]C, 
Then C/ C1 a LB EC? or W= alC,—e] 


_ {CL (m*? —1?)* + n] /n}eo2”— C, CL (m?—1*?)* — n/n] 
—_ [m*? —P—n®][C, 2] /n? _ 


— Cn{((m? —1?)? + nj ebe“— C_, [(m? — *)* ~ nJ} 
a [m? —7? —n? | [C, -—ece”] 


v is found at once from (1). 
Also solved by V. M. Spunar, J. Scheffer, A. H. Holmes, and J. I. Wodo. 


137 


256. Proposed by S. A. COREY, Hiteman, Iowa. 


2m t e e e e 
Prove that 3 x eee ja saa m and n being positive integers 
70 2nsin—> —* 


of which vn is the greater. 


I. Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 
a [4g -¢ gn 0 [ae + 2" 


2m-+1 


2n— — ; 

Let «?"=y, and let On r. Then 
2 g@mdy 1 _ tdy 1 “Tr r 7 _. 
JS; “T-+a2" On Ity (r)PA—1) = Sysinrs onsi 2m+1_° 
nsin—~5— * 


II. Solution by V. M. SPUNAR, Mechanical and Civil Engineer, East Pittsburg, Pa. 

This problem belongs in a restricted sense to Algebra; as, however, 
the process is intimately connected with integration, let ¢,, 45, 43, ..., @n de- 
note the roots of «?"+1=0, the roots being real and unequal; hence, by the 
theory of equations, < is of the form 


a=eos BED PCL ea Ok k+1)* 
; 2n 


in which k is either 0 or a positive integer less than n [k=0, 1, ..., (n—1)]. 
Again, by the method of decomposition, we have 


gam gqzmt+1 


a a i 
“, 2m+1—eog (2k+1)¢+79in(2k+1)¢, where pa Omid" 
Hence, pin @kt De 
112 


+B, +By+B,+...+Br =~ [sinéd-+sin8¢-+...--sin(2n—1)4] 


= o (— ome) by a well known formula in Trigonometry. 


2n 


188 


. - fo) 2m 
(B,+B,+B,+...+Bn)2 =f 1 ae by a well known formula in Calculus, 
c= te mdm _ r __ gto mem 
Hence, > pg Gm HI) = po 1a 
nsin ——=—— 
2n 
H “—S° mam __ vim 
ence, 2, Fa” 5 mi) * 
a 


Also solved by J. I. Wodo. 
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NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


120. Proposed by L. E. DICKSON, Ph. D., The University of Chicago. 


Find the prime numbers p for which x’ —pxz—px—z+p* —3=0 has 
more than two sets of positive integral solutions x, z, each <p. 


II. Solution by E. B. ESCOTT, Ann Arbor, Mich. 


The solution of this problem which was published in the March num- 
ber of THE AMERICAN MATHEMETICAL MONTHLY does not seem to answer 
the question exactly, but rather proposes instead another problem which 
seems equally difficult, as there is no certainty that the numbers p so found 
will be prime. Thus, the solution given leads to the following values of p, 
74 and 394199, neither of which is prime. 

The following method will give an indefinite number of primes p 
which satisfy the given equation, and leads to formulas such as p=a”* —x—1; 


g=n*?+n—-1, p=n*?+n*? —2n-1. (1) 
ae +p? —2 
In the equation, z+1l=n= a (2) 


» and x occur symmetrically, and ” will be unchanged if p and x are inter- 
changed. If the roots of the equation (2), considered as an equation in 2, 
are x, and 2%, we have 7,=p,n—%,, and since, as just noticed, p and « may 
be interchanged, we may take this value of v, for a new p (Say pe) and 
take the new 27,;=p,. n will be unchanged. The new #72.=p2n—2%,=Dp2N—P. 
Let this equal p;, etc. Then we see that in the recurring series 


Pr 2 %15 Diy DiN—%;, ..., where the scale of relation is Pn+e=nPnii—Pn, 


1389 
any two adjacent terms of the series may be taken as x and p, the initial 


terms «%, and p,; being any solution of the equation (2). 
Example. Let x,=1, »,=a, then n=a—1. The series is 


1, a, a?—a-—1, a®—2a?--a+, a*—3a>-+8a, a> —4a*+2a*+5a? —2a—1. 


If we take the second and third terms for # and p, we shall have the first of 
the formulas given; with the third and fourth terms, we shall have the sec- 
ond formulas (1). 


Numerical Examples. 


n=2 1, 3, 5, 7, 9, 11, 18, 

nm=3 |-1, 4, 11, 29, 716, 199, 521, 
n=A4 | I, 5, 19, 71, 265, 989, 3691, 
nm=5 | 1, 6, 29, 139, 666, _ 

n=6 11, 7, 41, 239, 1898, ... 


we 


Every prime occurring in this table is a value of p and the term pre- 
ceding it is the corresponding value of x. Examples of primes » with four 
values of «: p=29,.2=1, 6, 11, 27; p=71, x=1, 9, 19, 69; p=239, x1, 16, 
41, 237. 


III. Solution by the PROPOSER. 
The following method, which is that developed by the Proposer at the 
time of setting the problem, will be shown to lead to all possible solutions. 
If (p?—1)? has the factor 1+2p, the complementary factor has the form 


1+yp and there exists an integer k 21 (designated z+1 in the proposed con- 
gruence) such that 


-c+y=—pk, sy+tk=p? —2. 
Eliminating y and x in turn, we get 


_a@+p?-2 , y’+p*—-2 
Thep 2? Ppp 


(p?—I)*=(1+ wp) [1+ (pk—wx) p]=(1+- yp) [1+ (pk—y) 7]... (2). 


In (1,), « and p enter symmetrically; in (1.), y and ». Hence 
(a*—1)*=(1+pa) [1+ (wk—p)a], (y’—1)?=(1+py) [1+ (yk—p)y]... (8). 


If k=1 in (1), then from (x—p)? 20 we get p<2. We assume that 
p 22, whence k>1. 
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Denote by the symbol {z, »} a pair of numbers such that 

(1) « and p are positive integers; 

(it) “<p; 

(717) 1+2p is a factor of (p?—1)?. 
From one such pair we may derive a right-neighboring pair {p, y}, where 
y=pk—«. Sincex<p, k>1, we have p<y, so that properties (7) and (72) 
hold for {p, y}. Property (77) is true by (3,). Hence any pair leads to a 
chain of right-neighboring pairs: 


{x, p}, {p, pk—a}, {pk—x, (pk—x)k—p}... (4). 
For «=1, k=p—1, by (1). Hence we have the successive pairs 
{1, k+1}, {k+1, k?+k+1}, (kh? +k—-1, k®?9+h? —2k-1]}... (5). 


When the second member of a pair (5) is a prime y, the first member is a 
solution « (x<p). We proceed to show that every pair {X, P} leading to a 
solution and having P prime may be obtained from the pairs (5) by assign- 
ing a suitable value to k&. To this end we consider the pair {w, x}, w=«k 
—p, which is left-neighboring to a given pair {z, p}. We determine the 


conditions under which {w, x} has the properties (7)—(iiz). The third 
property holds in view of (8;:). By the latter, 
A _(@?—1)*? aw —2a—p__ x? 
wi-A—1, A= it pe WT Te < 2? 


since x<p. Hence w<x, and property (iz) holds. Finally, (7) holds, viz., 
w is positive, unless A4=0 or 1. Hence we may form in succession left- 
neighboring pairs until we reach a pair with A=0 or 1. One of the latter 
cases must ultimately present itself, since a series of decreasing positive in- 
tegers must terminate. If A=0, then x=1, and the chain contains the first 
pair (5), so that {X, P} occurs in the list (5). If A=1, then p=ak, k=’? 
--2. The first terms of the pairs (4) are then 


x, v(e?—2), u(u°>—2)*?—ao, w(v?-—2)? —2x (a? —2), ... 


a series of increasing integers with the factor x, so that no one isa prime P. 


MECHANICS. 


210. Proposed by W. J. GREENSTREET, M. A., Marling School, Stroud, England. 


A rigid triangle is formed of three weightless, smoothly jointed, rigid 
rods BC, CA, AB. At their mid points D, HE, F, respectively, are small, 
smooth rings, through which passes an endless, stretched, elastic string, 
forming the triangle DEF. Find by graphical construction the reaction at 
the joints. . 
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Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


Let ABC be the triangle, DEF the stretched string, P the force ex- 
erted by the:string, O the in-center of DEF. Then 
the resultant of the forces in.DE, DF is 2PcossA, 
acting from D through O. Let OT' represent the 
this force. The resultant of the forces in FH, F'D is 
2PcossC acting from F' through O. Let OR repre- 
sent this force. The resultant of the forces in EF’, 
ED is 2PcossB acting from Ff through O. Let OS 
represent this force. OT can be replaced by two 
parallel forces equal to $Q07' acting at Band C, 
respectively; OR, by two parallel forces equal to 4OR 
acting at A and B, respectively; and OS, by two parallel forces equal to 
sOS acting at A and C, respectively. Completing the parallelograms, we 
get OH the resultant of OR and OS, and 404 represents the reaction at A. 
OL is the resultant of OR and OT while 407 represents the reaction at B. 
OL is the resultant of OT and OS, and 4OL represents the reaction at C. 


AVERAGE AND PROBABILITY. 


194. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 


What is the mean value of the triangle formed by joining three points 
taken at random on the circumference of a circle? 


Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


Let OC=diameter of given circle=2a. Let the point P.be fixed, draw 
PO perpendicular to OC, and draw OA and OB. Let 2 POA=?>3z, 
ZL POB=$¢ <3". 

« OA=2asin 9, and OB=2asin ¢. Area OAB=2a?sin 9 sin ¢ sin(¢—¢@). 
Average area= A, 


SJ S 2a? sin ? sin  sin(¢—¢)d9d ¢ 
rr a) 
fi, J, aeas 


_ 4a’ 
= 


2a’ 
‘hed 


wT 6 wT 
f f sin 9sin ¢sin(¢—¢)d 0d ¢= S (sin?0—@ sin @ cos 9) d 4 
0 0 


_ 8a? 
=. 
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MISCELLANEOUS. 


172. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud, England. 


If ¢ and ¥ are small angles, show that an approximate value of ¢/¢/ is 


sing , ,tan¢ ; 
Bat btgna 7 180 (o* — 4?) (982-9), 


Solution by G. W. GREENWOOD, Dunbar, Pa. 


_sindg 6 /, 8 #, o wT 

“Gane (ete tia get S60 ) 
cos? | Gg _ yp? 5+ hb? 2 yt 

Bos 1 TS eT oe 4° ga" 

tang _ ,pn @ ee Ode Pry? gt. 

tan’ 43 yp (1 + 2 2 a 15 9 —_ AB 


2 sing =o +( a gp? (he yh 

‘ 8gind' -8tany ¢ 20 18 180°°°" 
__ db 1 2 2 2 2 
=~ Ll +raol(? —H?) (90° — 47) ]. 


The problem does not appear correct. 


Solved in a similar way and with the same result by G. B. M. Zerr. 


PROBLEMS FOR SOLUTION. 


ALGEBRA. 


301. Proposed by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


A is at Philadelphia, B at Chicago. A’s personal equation is e; B’sis 
E. When a star crosses A’s meridian at time t,=8 hours, 33 minutes, 24 
seconds, he presses a button, telegraphing the fact to B, who receives it at 
time t,==7 hours, 48 minutes, 283 seconds.. When it crosses B’s meridian at 
time T,.=—8 hours, 383 minutes, 10 seconds, he telegraphs A, who receives it 
at time 7,=—9 hours, 23 minutes, 11 seconds. They now exchange places, 
and on the second day following, B observes the transit at time t’; 8 hours, 
33 minutes, 26 seconds, and A gets the information at Chicago at time t’.= 
7 hours, 43 minutes, 25 seconds. It crosses A’s meridian at time 7’,=8 
hours, 33 minutes, 12 seconds, and B gets the information at time 7’,=—9- 
hours, 23 minutes, 18 seconds. Find the difference of longitude between 
Philadelphia and Chicago. 
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302. Proposed by PROF. R, D. CARMICHAEL, Anniston, Ala. 
Prove that the system of equations 
xU—byv = 2, 
esv+yu =1, 
has no integral solution in x, y, u, v except those for which one of the un- 
knowns is zero. 


a) 


GEOMETRY. 


——ee 


335. Proposed by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


Determine analytically, the point where three lines in a plane appear 
of equal length. 


ete 


CALCULUS. 


260. Proposed by V. M. SPUNAR, East Pittsburg, Pa. 


A natural equation of a surface may be defined as an equation in 
which the differential quotients cf the principal radius, », of curvature to the 
element of arc in the direction of the principal curvature are shown as a 


function of p, ae =F(e). Required the natural equation of the whole sur- 
face of second power. 


261. Proposed by S. A. COREY, Hiteman, Iowa. 


1 m 1 
a+2bu?+ex4 [SacQy/act+b)] 2a’ 


262. Proposed by H. SCHAFFER, Fayetteville, Ark. 


Prove that = where ac>b?. 


Prove that the circle is the only plane curve of constant curvature. 


MECHANICS. 


217. Proposed by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


Given, the mean distance from earth to sun, 1.49x10'* centimeters; 
radius ef the earth, 6.387 x10° centimeters; velocity of the earth in its orbit, 
2.96 10° centimeters per second; velocity of rotation of a point on the equa- 
tor, 4.63 x 10+ centimeters per second: mass of the earth, 6.14x10°" grams; 
find (1) the total energy of the earth in ergs; (2) the angular velocity of 
the earth on its axis; and (3) the angular velocity of the earth around the sun. 


218. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud, England. 


Cut a uniform, circular cylinder by two planes whose line of ‘intersec- 
tion is without the eylinder. The centroid G of the surface of the portion 
of the cylinder thus cut off lies in a plane. elliptic section, in which plane al- 
so lies the line of intersection aforesaid. Cis the center of the ellipse, and 
the pole of the intersection line with reference to this ellipse is X. Show 
(1) that C, X, and G are collinear, and (2) that XC =2CG. 
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NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


153. Proposed by LLOYD HOLSINGER, A. B., 227 Fredonia Avenue, Peoria, III. 


If we represent by (k, J) the greatest common divisor of k and 1, and 
by ¢(k) the number of integers prime to k and not greater than k, we have 
1,1) (1, 2) (1, 8).... (1, ») 


(2 1) 2 2) (2 8)... m) | 44) 4(9).4(8)....4(n). 
(n, 1) (n, 2) (n, 8) .... (n, 2) 


AVERAGE AND PROBABILITY. 


198. Proposed by J. EDWARD SANDERS, Reinersville, Ohio. 
Find the average length of a hole at random through a given cylinder. 


MISCELLANEOUS. 


178. Proposed by V. M. SPUNAR, Mechanical and Civil Engineer, East Pittsburg, Pa. 
sine 2sin2x , 3sin3e 


m+ i m?+4° m +9 


. to infinity. 


Find the sum of the series, 


ERRATA. 


Page 100, line 2 from bottom, for ‘‘(tm, 8m)?’ read (tm, Sm). 

Page 101, line 1 from top, for ‘‘positive’’ read negative; for ‘‘nega- 
tive’’ read positive. 

Page 101, line 12 from top, for ‘‘(t, e(¢, P(t, r)))” read p(t, P(t, r)). 

Page 101, line 13 from bottom, for “‘/’’ read 6 in each case. 

Page 102, line 4 from top, for “‘modulo 1’’ read modulo l. 

Page 102, line 14 from top, for “‘e(t, s)>75’’ read p(t, s) 212. 

Page 102, lines 8, 9, and 11 from bottom, the number’ (8) should go 
with the equation of line 11, and (4) should go with the equations of lines 8 
and 9, which should be-braced. 

Page 102, line 8 from bottom, for ‘‘y(t+h)—Aa'(t+h)” read y(t-+h) 
+Aa'(t+h). 

Page 103, line 10 from bottom, for ‘‘*(t+-h) —y'(t+h)” read x(t+h) 
—ry'(E+h). 

Page 103, line 3 from bottom, for ‘‘z’’ read p. 


NOTE. 
The radicals on pp. 76-77 are connected by the relation 
8Y Cz. =Y Ds. (a-YB)tVD_(atyB). 


This relation invalidates a criticism of the accuracy of the results found. 
L. E. D. 
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ON MATHEMATICAL INDUCTION. 


By DR. J. W. A. YOUNG, The University of Chicago. 


I. Its FUNCTION AND PLACE. 


In the secondary school, the pupil in mathematics is becoming famil- 
iar with this fundamental type of thought by working in it and applying it. 
He thinks mathematics, but not about mathematics. In college, when the 
student begins to philosophize, he may, in addition to working in and with 
mathematics, also begin to think about it, to analyze and classify its proces- 
ses of thought, to seek its essential characteristics and the lines of demar- 
cation between it and other subjects. 

He will learn that many mathematicians see the distinctive marks of 
their science, not in its subject matter, not in numbers, points, lines and 
symbols, but in the mode of thinking which is used.* He will find the 
definition, “‘Mathematics is the science which draws necessary conclusions, ’’+ 
a good expression of this conception of the subject. It identifies mathemat- 
ics with deductive reasoning, and accounts for the peculiar certainty and 
accuracy which, in his experience, has been its distinctive characteristic. 

But when he thinks of the way in which he works out mathematics, 
solves problems, does “‘original’’ work of any description, he sees that in- 
duction plays an important part in this aspect of mathematics. 

Further, as his acquaintance with the subject matter of mathematics 
widens, he will find numerous instances in which concepts are extended and 
theorems generalized. He will frequently find that the course of develop- 
ment is from the particular to the general, and in such cases he will often 
find employed a method of reasoning called mathematical induction,t which 
shares with non-mathematical induction the peculiarity of generalizing from 
particular instances, but which nevertheless, like other mathematics, pro- 
duces that unhesitating confidence in the absolute accuracy of the result 

*For an instructive discussion of various definitions of mathematics, see Bocher, Bulletin of American Math- 
ematical Society, 1904, p. 115. 
tPeirce, American Journal of Mathematics, Vol. IV. 


tAlso, Complete Induction, and, in German, der Kaestnerische Schluss, although published by Pascal in 1662 
(Cantor, Gesch. d. Math., II. p. 684) long before the time of Kaestner (1719-1800). 
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which is not felt as to the results of non-mathematical reasoning. This 
two-fold property leads one of the most acute thinkers of the day* to see in 
mathematical induction the sole instrument whereby the mathematician en- 
larges the sum-total of mathematical knowledge (at least in pure mathe- 
matics or arithmetic, as distinguished from geometry and infinitesimal anal- 
ysis). Whether or not we concur} without reserve in Poincaré’s thesis that 
‘“we can advance only by means of mathematical induction, which alone can 
teach us anything new,’’ all will agree that explicitly it produces a large 
body of the mathematician’s most valued results, and that implicitly it lurks 
unsuspected at the bottom of the reasoning by which a far greater body of 
mathematical truth is established. 

The process of mathematical induction is exceptionally well fitted to 
introduce the beginner to the philosophic study of mathematical thinking, 
since it deals neither with the delicate and abstract questions relative to the 
foundations of mathematics, whose successful treatment requires extensive 
experience in mathematical reasoning, nor with such concepts from the bor- 
derland of mathematics and philosophy as have in the past proved themselves 
vague and elusive (for example, ‘‘continuity’’ or “‘infinity’’). While a care- 
ful discussion of the logical nature and function of mathematical induction 
should perhaps be deferred to a period later than the early collegiate years, 
practical acquaintance with the process itself and a certain amount of readi- 
ness in its use may well be acquired at that time. To this end, a consider- 
able body of material is requisite, both to illustrate the range and fertility 
of the method and also to supply a fund of exercises sufficiently ample to 
meet the student’s need of considerable practice, and to permit variety in 
the same class and in successive classes. 


II. Its CHARACTER. 


I give some of the exercises which I have collected for such use from 
many sources, preceded by a discussion of the method itself based on a par- 
ticular example. 

By trial: 1=1, 

1+2=3, 

1+2+3=6, 
14+2+3+4=10, 
1+24+3+4+5=15. 


Letting S, denote the sum of the first positive integers, the equa- 

tions can be written: 
1.2 2.3 3.4 4.5 
Si. a w= o Ss 5 > Su=o> 


5.6 
Ss=59° 


*Poincare, Sur la nature du raisonnement mathematique, Revue de metaphysique et morale, 1894, p. 371. 

+I have discussed elsewhere (The Teaching of Mathematics, p. 25, note) the manner in which deductive rea- 
soning enlarges the sum-total of mathematical knowledge. 

£1.2 means 1X2. 
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Examining these equations, we see that they are all of the type: 


Syne) 
2 
By taking a few additional ones, we find that the formula continues to hold. 
Thus: 
So=14+2+8+4+5+6=21=9" 

Trial of additional instances increases the ‘‘moral’’ certainty that the 
formula is true for every positive integer n, but no matter how many 
instances we may have the patience to try, mathematical certainty is not 
achieved thereby. This is attained by means of the mind’s power of oper- 
ating with mathematical certainty upon unspecified numbers. 

The invariable method of mathematical induction is to prove that 
whenever the formula in question holds in any particular instance, it also 
holds in the next following instance. * 

Recurring to our example, we must show that if the formula 


Sn = tne) holds for any particular value of n, say n=k, it also holds for 


the next value of n or k+1. 


k(k+1) 
2 


(A) That is, we must show that, whenever S;= holds, then, 


Sit ETE TD) holds also. 


Proof. By definition, S,+1—=S:+k-+1. 
Substituting the.assumed value of Si, 


Seti Her) +-A+1 ETO?) , 


The proof required above is thus made, but the result is purely hypo- 
thetical. We pass to actually valid results as follows. 

(B) Trial has already shown that the formula is true for S, to Sg. 
Since the formula is true for S,, we know, without trial but solely by the 
proof at (A), that the formula holds for S,. since it is true for S,, we know 
similarly without trial, that it is true for Sz. Similarly we know that the 
formula is true for S,, for S:,, and so on to any S, whatever. 

The success of the proof hinges upon three things: 

1. The ability to express any instance in terms of the next preceding, 
even when the latter is not specified. 


*The application of the method presupposes that the cases to be considered have in some way been arranged 
in a definite order and numbered consecutively, and that after each case follows another. 
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2. The ability to make the proof (A) without specifying the particular 
instance that is being considered. 

3. The power of the mind to see with certainty that repetition of the 
steps at (B) would lead to any given n, without actually going through all 
these steps. 

These three things are but various phases of the mind’s power of op- 
erating with certainty upon unspecified numbers. 

In any proof by mathematical induction, the following two parts must 
unfailingly be present: 

1). The proof that if the statement holds in any particular instance, 
it also holds in the next, and | 

2). The proof that the statement actually holds in the first instance 
(that is, in some particular case). 

These two proofs are quite independent and may therefore be made 
in either order, but the relation to true induction is most apparent when the 
formula to be proved is actually discovered by true induction (as in the ex- 
ample above), thus amply making the second proof at the outset. 

Beginners are prone to regard one or the other of these proofs as suf- 
ficient in itself. The need of both may be made clear by non-mathematical 
illustrations and by mathematical examples. 

As a non-mathematical illustration we may consider a row of bricks 
so arranged that whenever any brick is knocked over, it will in its fall 
knock over its neighbor on the right. But this is only potential. In order 
actually to knock over the whole row, it is necessary and sufficient actually 
to knock over the first brick. If this cannot be done the whole row cannot 
be knocked over. 

A second illustration is that of a ladder.* ‘‘We must have a ladder 
by which to climb from any round (the kth) to the next round (the k+1st) ; 
but the ladder must rest on a solid basis so that we can get on to the ladder 
(the k=1 or k=2 rounds).”’ 

Mathematical examples can also be given in which one of the parts 
can be proved but not the other; and hence the statement in question is not 
proved. 

1. Consider the series, 


1.1!, 2.2!, 3.3!, .... 


It is readily proved that if the sum of the first k terms is (k+1)!, then the 
sum of the first k+1 terms is (k+1-+1)! Or, denoting the sum of the first 
nm terms of any series by S,, if, for this series, the formula S,=(n+1)! 
holds for any particular value of n, it also holds for the next following value 
of n. But there is no value of » for which it can be proved to hold, and 
therefore the formula is not proved. (If it could be proved for any partic- 


*Dickson, College Algebra, p. 100. 
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ular value of n after the first, the formula would of course be proved from 


that value of 7 on.) 
2. Considering the series, 


it can be proved that if the formula 


2n-+-38 
Sn=1— on-1 


holds for any particular value of k, it also holds for k+1. But no value k 
can be found for which the formula holds and hence it is not proved. 

On the other hand it may be possible to verify a certain statement in 
many consecutive instances, without leading to the conclusion that it is true 
in every instance. 

1. The expression, 1—2"*?+2.3"11—4"*1+5” is zero for n=0, 1, 2, 8, 
but not zero for n=4. 

2. (4"—6.3"-+14,2"—14) [1— (—1)”] is zero for n=0, 1, ..., 6, but not 
zero for n=". 

3. n*-+n+17 is prime for n=0, 1, 2, ..., 16, but not for n—17. 

4, 2n? +29 is prime for n=0, 1, 2, ..., 28, but not for n=29. 

5. n®? —-n+A4l is prime for n=0, 1, 2, ..., 40, but not for n—41., 

6. The theorem that if an odd prime be increased by 8, the result is 
the product of an odd prime and a power of two, holds for the odd primes 
to 48, but does not hold for 47. 


Il]. EXERCISES. 


In the exercises that follow, a formula for S, is to be proved, unless 
otherwise specified. The finding of the formula by true induction is one of 
the most fascinating activities, and offers, in proportion to the difficulty of 
the task, more or less opportunity for the application of mathematical abil- 
ity and the enjoyment of mathematical inspiration. Not to rob the reader 
of the possibility of the pleasures, the answers are not as a rule given with 
the exercises, but are collected at the end. 

The exercises are not arranged in order of difficulty. This will natur- 
ally vary with different minds. Of those whose answers are reserved, the 
following are among the easiest, arranged somewhat in order of supposed 
difficulty: 21, 10, 13, 1, 32, 28, 12, 11, 4,9. The degree of difficulty of the 
exercises may be diminished by giving a part of the result. Thus, No. 3 
becomes very easy if it is given that 4n’+6n—1 is a factor of the result, 
and No. 7 becomes moderately easy if it is given that 2n+1 is a factor of 
the result. 
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In each of the following the sum of the series is to be found by math- 
ematical induction. 


(1) 1.2, 2.8, 3.4, ... (5) 1°, 27, 3’, 

(2) 1.2, 3.4, 5.6, ... (6) 1°, 3°, 5%, 

(8) 1.3, 3.5, 5.7, ... (7) 2°, 4°, 67, ... 
(4) 2.3, 4.6, 6.8, (8) 4?, 7°, 10%, 18’, 
(9) 0, a8, 3.8, 4.15, , k(k’?—-1), ... 

(10) 1%, 2°, 33, 


(11) 1’, rf BY, 

(12) 2%, 4°, 6%, ... 

(18) 2.8.4, 3.4.5, 4.5.6, ... 
(14) 1.3.5, 3.5.7, 5.7.9, ... 
(15) 1.1, 2.3°, 3.5°, 4.7’, 
(16) 1.2’, 2.3%, 3.4%, 4.52, 


(17) 1, 4, 10, 20, ..,, Bet e+2) 


31 bees 
(18) 14, 24, 34, 44, 54, ... 
(19) 1.2.3.4, 2.3.4.5, 3.4.5.6, ... 


(20) 1, 5, 15, 35, ..., MTD +2) (b+3) 
Ql) ry se ap. 

(2) fy op ae 

(8) se Em zy 

Cl) Toy oRe RL 

25) ry» Ey ae 

28) os" gay E56 

QO) ray ane a9 

8) os sRiy Ride ~ 

(29) 1. 1 1 


1.2.3.4 2.3.4.5’ 3.4.5.6 °" 
(30) 15, 25, 35, 45, .., 
(31) 1°. 2°. 3°, 4%... * 
(32) 1, 2.2, 3.2%, 4,23, 
(33) 1, 2.8, 3.33, 4.33, 


*On the series 1”, 2”, 3”, ... see Chrystal’s Alpha, Vol. I, p. 486. 
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(34) 1, 2.5, 3.57, 4.58, 

(35) 1, 3.2, 5.2°, 7.27, ... 

(36) 1, 4.3, 7.387, 10.33, 

(37) 1, 5.4, 9.47, 18.43, 

(38) 1, 4.2, 9.2?, 16.23, 

(39) 1, 4.8, 9.37, 16.33, 

(40) 1, 8.2, 27.27, 64.23, . 

(41) 1, 3.2, 6.2%, 10.23, HED 1 

4 9 16 

(42) 1, 3? Qe? 3? eee 

(48) a, 2(a+1), 3(a+2), 4(a+3), 
Show that: 


(44) 2.6.10.14, ..., (4n—6) (4n—2)=(n+1) (n—2), ..., (2n—1)2n. 

(45) n(n+1)(n+2), ..., (2n—2) =1.3.5.7, ..., (2n--8).27-74, 

(46) (1+a) (1+?) (1-+a*) (1-Far8) 2... (1+ ae?") 1 +a tae? +... +2 tH 

(47) Show that «?”—y?” is divisible by x+y. 

(48) Show that n'* —n is divisible by 13, for every positive integer n. 

(49) If pis a prime number, show that n?—v7 is divisible by p for 
every positive integer 7. 

(50) Show that 2.7°+3.5"—5 is divisible by 24 for every positive in- 
teger 7. 


Suggestion: Assume, 1) 2.7°+3.5*—5—=—multiple of 24. 
To show, 2.7*+1+3.5*t1=multiple of 24. 
Feely 1) by 7, 2.74+1-+3.5*,7—5.7=multiple of 24. 
Hence, 2.7*+1+-3.5* 1-5 —30+3.5.2'—=multiple of 24. 
To prove the last assertion, we must show that 6.5°—30=multiple of 
24, which is easily done. 


(51) Show that 3.52"+!+-23"+1 is divisible by 17 for every positive in- 
teger 7. 

(52) If nis a positive integer, show that (a+b)"=—a"+na"—b+ 
MD gn-zot 4, ED ha ORD) gag. 


(53) If all the positive integers of ~ and fewer digits be written, 
show that the number of times any digit (other than zero) occurs is n.10°—1. 

(54) If the positive integers are grouped as follows: [(1, 2), (3)];: 
[(4, 5, 6), (7, 8)]; [(9, 10, 11, 12), (18, 14, 15)]; ... and these groups taken 
in pairs as indicated, prove that the sum of the numbers in the two groups 
of any pair is the same. : 


(55) 3 (a-+hb)*=n[a? +ab(n-+1) + (On +3n-+1)]. 


“(2k)! 


(56) 2 Fel 2k 


51.3.5... (2n—1). 
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(57) Letting t; denote the kth term of a series, show that, if 


te—=k(k+1)...(e-+q—2), gE ED raat) 


_ 1 ijl oT 
(58) Tf oc CEHy...debpy >" p ar atb.atp | 


(59) Assuming that the formulas, 
sin(w+y)=sinx cosy + cosx siny, 
cos(a+ty) =cosx cosytsinx siny, 
have been proved for all acute angles x, y, prove that they hold for all. posi- 
angles x, y. (In this proof, the quadrants are to be regarded as numbered 
consecutively, 5, 6, 7, 8, etc., as the angle increases beyond 360°, and the 
formulas of the type sin(90+a)=cosx, are to be accepted as proved for 
every angle x.) 
(60) (cosa+isina)”"=cosna-+isinna. DeMoivre’s formula. 
Sum the following: . 
(61) sina, sin2a, sin3a, ... 
(62) sina, sin8a, sinba, ... 
(68) cosa, cos2a, cos3a, ... 
(64) cosa, cos3a, cosda, ... 


IV. ANSWERS. 


ay Mn) (wt) cy Menta) (An-1) 
(3) man t6n—) (4) n(n +1) (a2) 

(5) matt) nth) (6) m(2n—1) n+l) 

(7) Bent Ont’) cg) ™(Gn*+15n-+11) 

(g) Daler) ar?) ao) [Arn 

(11) n®(2n?—1). (12) 2n®(n-+1)*. 

(ig) ED 2) m8), (14) n(2n?+8n?-+7n—2). 
ag) MAD) Gn —2n—1) ag) MOUED (n-2) nt) 
(17) He hy (18) nD (Gn Sn tn—) 
ag) NE ES. (20) eet 

OD per 2) Att) (8) 

(23) 3 Gara)" (24) 4]4 pon aaa |: 


(25) 
(27) 
(29) 
(31) 
(32) 
(34) 
(36) 


(38) 
(40) 
(42) 


(61) 


(63) 


tended to the loci of transcendental equations. 


n(8n-+1) 


A(n-+1) (n+3)° (26) 
n(n+2) 
3(2n-+1) (2n+8)° (28) 


1] 1 1 
s[a1- wD ota wD | (30) 
n(n+1) (2n-+1) (8n4-+6n? —3n+1) 
6.7 
(n—1)2"-+-1. (33) 
(4n—1)5"+1 
n(n (35) 
(6n—7)3"+7 
ny a (37) 
(n? —2n+8) 2”—8. (39) 
| (n—1) ?—6(m—2) ]2”+18. (41) 
32 +1— (n? +3n+8) 
23-1 (43) 
sin" sin (ta 
2 2 (62) 
- o 
sin 5 
_ na  (ntlya 
sin = COST 5 
(64) 
wt 
sin > 


ON THE GENERAL TANGENT TO PLANE CURVES.* 


m(n+1) 

4(n+2) (n-+3) ° 
n(n+1) 

4(8n+2) (8n+5)’ 

n? (n+-1)? (2n? +2n—1) 

3.4 ° 


(2n—1)3"-+-1 


4 
(2n —3)2°-+3. 
(12n —18)4”"+-13 
“eg 
(n®? —n-+1) 3”-1 
nn, 


2°-1(n? —n4+2) —1. 
n(n+1) (8a+2n—2) 
rn Sn 


sin’ na 
sing ° 


sin2na 
2sina * 


By PROF. R. D. CARMICHAEL, Anniston, Alabama. 
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The object of this note is to work out without the Calculus a certain 
well known formula for a tangent to a plane algebraic curve at an ordinary 
(not a singular) point, and especially to show how this result is easily ex- 


The formula found is read- 


ily developed by aid of the Differential Calculus, but is here found by other 


means. 


the Calculus. 
Let us take, in rectangular Cartesian coordinates, the general equa- 
tion of a proper nth degree locus in the form 


*Read before the Chicago Section of the American Mathematical Society, April 18, 1908. 


It might therefore be used in a course which does not presuppose 
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[1] Aygo Hi ol tGor17 thst? +a icy tdooy? +... + 3 An—s, se sys =O. 
s=0 


Let [¢, &] be an ordinary point of the curve, so that at this point only one 
tangent to the. curve can be drawn. Transform the equation by the 
substitution 


[2] e=e +a, yoy te. 


The new origin will be on the curve; and therefore the independent term 
vanishes. The resulting equation takes the form 


[3] Hy 98 +A LY F202 94 010,18 +0414 Y +2dy28 Y +... 
+2 dn—s, s{[n—slar—s-1 B%y' +8 ams fs] y’} 
s=0 
+terms of second degree and higher in wv’, y’=0. 


Let wu”) be identieally equal to the sum of all the terms of degree p in 
x’, y' in this equation. Then the equation takes the form 


[3.] UD + YO + 48+, +4 =O, 


Then is u=0 the equation of the tangent to this curve at the origin. (See 
Salmon-Fiedler, Heeheren ebenen Kurven, 2nd ed., p. 31.) For since the 
origin is now an ordinary point of the curve, «™ is not identically equal to 
zero. [If the origin were a double point uw” would be identically equal to 
zero. Then in order to find the equations of the tangents it would be nec- 
essary to deal with wu, where u™ is the first of the quantities u®, u®, ... 
which is not identically zero. See Salmon-Fiedler, l. c. This case is ex- 
cluded from the present discussion by the first assumption that (4, 4) is an 
ordinary point of the locus of [1}]. 
Now from [8] it is easy to write 


N= S=N 
uM= > Says { [n—s]av—s-1 Bsq/ +g an—s Bs-ly'\—0; 
n==1 s=0 
or, 
N=N S=N 
Ss 3 An—s, s[n—sl]a"—s—1 fs 
YY __ n=1 s=0 we 
ap N=N 8=N. , 
> An—s, 5 s gn—s fs—1 
n==1 s=0 


as the equation of the tangent to the locus of [8] at the origin. Hence by 
[2], the tangent to the locus of [1] at the point [¢, 4] is 
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RTN SSH 
3 > 2 On—a, s [n—s] an—s~1 § ° 
[4] YR _. n=1_s=0 
pe — Oh N=N S=N 
> > An-—s, 3 s qs fs-1 
nm=1 s==0 


EXAMPLE 1. Applying this to the circle x*+y?=r’, we have for its 
tangent at [¢, 4] 


y—8 Qa 
0 a 28 3° 


Since 2? +? =r? this reduces to the usual formula 
gaty f=r’, 
EXAMPLE 2. In the conic Gy 9%? +1 LY +A oY? +A; LTA) 1 Y +A =O, 
we have 


y-P_ _ 20> 0 4+4112 +10 
Xa 200 22 +0114 aA+Ao, 


for the tangent at [4, 6]. Since [¢, “] is on the locus, it is easy to reduce 
this equation to the form 


[2059 +418 +4 9 ]e+ [2a 928 +011 @+A1 y+, o +A 18-+2a >=, 


the general equation of a tangent to a conic. 
Now, in the equation 


y—sinx cosy=—0 


suppose that sinx and cosy are replaced by their expansions in series and 
that the product is taken. The resulting equation with infinite number of 
terms, may evidently be dealt with by the same method as that which we 
have used with reference to [1]. And so of the locus of any such equation. 
Instead of formula [4] it is evident that we should in these cases have the 
tangent at [¢, 7] determined by the following equation: 


NCO Sn 
> > Aun ~3, 8 [n —s| gn—s—1 [3s 


[5] yY-B_ ns s=0 
~— a N==0 s=N ? 
> > An—s, s s gn —s fs-1 
n==1 s=0 


provided both infinite series are convergent. 
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If the equation of the given locus is y—/f(x) =0 where f denotes an al- 
gebraic function of x or an infinite convergent series of terms containing x 
only in positive integral powers and if the coefficients are represented by the 
same quantities as before; then equations [4] and [5] become 


6 y—6 "=" , 
=—- 2 An one 
[ ] ~—a. nal 7, 0 


where the range of 7 is finite or infinite according as f(x) is or is not an al- 
gebraic function of « In the latter case, of course, the series of [6] must 
be convergent for the given value of « in order that the formula may be 
employed. 

It may be pointed out that formulae [4], [5], [6] can be obtained by 
differentiation and the substitution of «, 2 in the results. Thusif u=0 is 
the equation of the curve, these become, respectively, 


where x and y are replaced by ¢ and / in every Du and D,w. Hence, the 
interest which attaches to the discussion in this note is not in the results 
themselves but in the method of obtaining them without the aid of the 
Caleulus. 

EXAMPLE 3. What is the tangent to the curve y=sinx at the point 
[4, 2]? 

We suppose that this problem is assigned to a pupil who is yet unac- 
quainted with the Calculus, but one who knows from Trigonometry the series 


ee of? 


SIND HH “apt Ey ees 
2 4 ' 
cost=1— “Spt nee 


The given equation becomes 


| rn 
Yop Blo 


and therefore by [6] the equation to the tangent is 


y~P oy Ew 
ga BL TAY 


But the series of the second member is equal to cose. Hence for the re- 
quired tangent we have finally the equation 
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y=+[ae—-«]cos ¢, 
EXAMPLE 4. Similarly, the tangent to y=cos« at the point [¢, 7] is 
y= —[x—e]sin ¢, 
EXAMPLE 5. What is the tangent to y=tanz at the point [4, 7]? 


EXAMPLE 6, What is the tangent to y=log.[1+2] at the point [¢, £]? 
We have 


_ yp ey eet 
y=log.[1tal=a— ste ote || <1; 
and therefore [6] yields 
a _! «, a 
, ~s=l—-a+ +... Tha? Since la} <1. 


Thus, for the required equation we have 
y=[1+e4]at+8—2?, 


EXAMPLE 7. Similarly, the tangent to y=log.[1—a] at the point 
[¢, F] is 


y=[1—4]a+f+e?’, 


[Remark. The chief difficulty in using the foregoing method with pupils 
beginning the study of Analytics will be in the discussion following equation 
[84] above. A reference to Salmon (or Salmon-Fiedler, J. c.) will suffice to 
show that the difficulty is by no means insurmountable. If the tangent is 
defined as a straight line which passes through two consecutive points, the 
method by which Salmon shows that our u“=0 is the tangent to our w+ 
wu —-,,,+u™=0 will be easily within the grasp of the earnest student. 
Nothing else in the paper presents any intrinsic difficulty whatever. And 
the bright student will undoubtedly take interest in a simple general method 
and formula for solving numerous special problems which are continually 
arising. | 
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DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 


46. Proposed by T. W. PALMER, Professor of Mathematies, University of Alabama. 

A borrows $500 from a building and loan association and agrees to pay 
$9.50 per month for 72 months, the first payment to be made at the end of 
the first month. What rate of interest does he pay? The association claims 
to charge only 8% (the legal rate in Alabama). How can the per cent. be 
figured out? 


Solution of unsolved problem in Vol. II, p. 74, by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


Let r=rate per month, 12r—rate per annum, p—sum borrowed, n= 
number of payments, g=cash payment. Then, from Algebra, we get 


ee 5, ¢=98, p= $500, n=72. 


“. (q—pr) (1+7r)”=¢q, and (19—10007) (1+7r)7?=19. 
.7=.00911, and 12r=.10932=—10.932% per annum. 


ALGEBRA. 


293. Proposed by C. E. WHITE, Vanderbilt University, Nashville, Tenn. 


Prove by mathematical induction that —o ft" (a) + 


(w—a)”"~? 
(m—2)! 


et (2 aus sf" (a) +(a—a)f (a) +f(a) will be the remainder when f(x) is 
divided by “in a)™, 
Solution by the PROPOSER. 


If $(x) be the quotient found by dividing f(a) by («--a) we can write 
the identity 


Differentiating both members and solving for f(x) /(a—a) ?, 


F(a) _. F(#) f(a) ~$' (x). (1) 


(c—a)* «w-—a (c—a)? 
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Since ¢(x) is integral, 


F| f(x) :|= Pe | fet | (2) 


(w—a)? v—- a (w—a)? 


where F'[ ] represents the fractional part of the quotient found by perform- 
ing the division indicated within the brackets. 

When the two fractions in the second member of (2) are added, the 
numerator of the resulting fraction equals the numerator of the fraction in 
the first member. 

Hence, 

Rr £0.|--wr[£ ] +2] £5] 


(x—a)” (x—a)? 


where R[ | represents the fractional part of the remainder found by per- 
forming the division indicated within the brackets. 


”. R| fe) 7 =(a—a)f (a) +f(a). (a) 
Differentiating (1) and solving for ie x 
_ S(«) f'(e) , fe) , f@ , ¢’(@) 
(a — a)? — 2N(a—a) + (e—a)? (2—a)** ar (3) 


-F| £0.|-— F[ yf +f £25] 47[ £0] 


(x--a) 2!(a%—a) (x—a) (~—a)* 


and Rl ys [=~ a BE +@-or| C9), | +R | AO] 


since R|E) |—rr(a), | (AS; |=r@), and kL EO] 


=(%—a)f" (a)f’ (a), 


ROX |= @ SP to) + @—oF (a) +4 (0). (b) 


Equations (a) and (b) prove the theorem true when m=2 or 3. We 
will now assume it true for m <r and prove it true for m=r-+1, or that 


rf. J-2 1 (y—a)pr(a)4 rl fle) ] 


¢—aq)rt (72—a) 
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By mathematical induction, 


f(z) — (—1 ype) (—1)™1 f”-* (a) 


(c—a)” (m—1)!(@—a) (m—2)!(«—a)? Pees 


4 fe), f@)_ (=) 


(a—a)"™—_-* (a—-a)™ (m—1)! 


If we let m=r and m=r-+1 in (4), we derive 


pe] LO |=r[ £0. |+-@-ae| £@|- 50" gf LO] 


(x—a) (c—a) (w—a)"1 2! (e—a)*— 
(e—a)" 1, [ £71 (a) 
(pe a [| (5) 


and R| Gs |=R| pe F(a) |+@- oR | Ce | 


(e—a)*+t (c—aq)7t (x— a)? 


- Go" p| EO | +... (yr [FO], & 


2! (v—a)* t—a 


The second member of (6) can be derived from the second member of 
(5) by dividing the fraction in the bracket of each term by (x—a) and add- 
(—1)""' @=a)" p | 

x! 


ing the term . 
r— a 


Corresponding to the term (1 =o" R = | in (5), we 


have the term (— 1 eo" =o. R eos | in (6). 

Since the value of m in each bracket of the second member of (6) is 
less than r-+1, and since for any value of m <7 the remainder can be found 
from the remainder for the preceding value of m by adding a term of degree 
one less than the value of m, therefore, 


(pe 2| __ Fee) |e 1)*- _1 (ea e~ay" = aise fr-st1(q) 


+R a|)= Sa Gag )4( rye" t Pl gages 


(x—a)"- gt (rs)! (w—a)r—* |" 
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In (6), the term (—)"(@—)" p E |= (-1)r 3-9" pr(a), 


va 


Henee, R | £8 |= (-1y 9 29a $3 “(ay 9 pr) 


(e—a)r"1 s! (r—s)! 


ee | ea] De SSP @ 


s! («—a)*—s 


473° (-1) (a—a)” Pa+ RI, tT (a) | 


s! (r—s)! (a—a)” |° 


It remains to be proved that 


(—1) oP peg) 3 EO” pr(q) = B=" prea) 


s! (r—s)! 
(—1)"-1 s= 1 {- ye a 
s=r-1 (—1)s7 1 1 1 


The factorial series i slir—s)! (r=1yt ar —8) 1 BIG BI 


(-1)"?, (—1)" 
G9) tt (r—1) 0" (8) 


Multiplying (8) by v!/r! and adding and subtracting 1/r!, the series 


ti +410 1)- rr, rea re) . (rv—1) terms]. 


Z 
The sum of the terms in the bracket =(—1)” (at —=-+1 if r be even and 
--1 if 7 be odd. 


Hence, (7) is true for all integral values of 7. 

Since we have proved the theorem true for m=2 and 3, it must be 
true for m=—4, 5, 6, and for any integral value of m. 

It will be observed that the limiting value of the remainder is Taylor’s 
expansion of the function. 


Also solved by H. V. Spunar and G. B. M. Zerr. 
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294. Proposed by O. L. CALLECOT, Gettysburg, S. Dak. 


; wo =P O(n? +3n+3) 
Find the limit of 2 nln+l) n+2) (n-+3 ED (n-+2) (n-3)" 


Solution by H. V. SPUNAR, C. E., East Pittsburg, Pa., and J. SCHEFFER, A. M., Kee Mar College, Hagers- 
town, Md. 
mr 2(n? +8043) 5 's'[4- 1 i 1 | 
n=in(n-+1) (n+2)(n+8) nalnw ntl n+2 n+8 


—yi yl yl sy 1 
=27 = 1t ye = 8 
—y7ii,1,1 it, 1, 1, 1 
Sltat gt pte tre itneo’ nae 
ee ne ee Se Oe ee 
2 3 4 mn ntl nt+2 n+88 
1 1 1 1 1 1 
Pegt gate tat ati ate nt3e 
—~t 1 1 11 
4 n ntl nt+2 n+3 
=]+4=14 


Also solved by C. E. White and G. B. M. Zerr. 
In order for the solution of this problem to be rigorous, the matter of convergency must be investigated. The 


equality 


n=n[ J 1 1 1 |[uvgel il me 1 mee 1 
2 |s-—seitaee tal oan ni nt hee nin+3 


assumed to hold in the above solution is not always true. 


n=1 


GEOMETRY. 


328. Proposed by CHARLES GILPIN, JR., Philadelphia, Pa. 


A sphere with the radius Ff is divided into two segments by a plane 
passed through it half way between the center and circumference. The 
smaller segment is divided into two parts by a plane passed through it at 
right angles to the base and cutting it half way between its center and cir- 
cumference. Required the contents of the two parts of the segment. 


Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa., and BENJAMIN F. FINKEL, Ph. D., Drury 
College, Springfield, Mo. 


The equation of thesphere is x? +y?+z?=R?. The volume of C—HIK is 
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329. Proposed by JOHN JAMES QUINN; Ph. D., Scottdale, Pa. 


1. Determine the equation of the locus of a fixed point in a circle of 
radius 7, rolling along the axis of an upright cylinder of the same radius, 
while the axis revolves (carrying the circle with it) through an angle equal 
to the central angle of the rolling circle formed by the radii to the fixed point 
and the point of contact. 

2. Suppose the point projected into the surface of the cylinder. 

3. What is the surface generated by the radius of the rolling circle? 

4. What is the surface generated by a radius of the cylinder through 
the moving point? 


Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


Let a=the distance between the axis of the cylinder and the line about 
which it revolves. Also suppose the plane of the circle is determined by the 
line a and the axis of the cylinder. Let the circle, in its initial position, be 
in the xz plane with the point of contact in the same plane. 

The position of the moving point at any time, using the axis of the 
cylinder as initial line and initial point of contact as origin, is r ?—rsin 0, and 
r(1—cos 9). We use the double sign, plus when the circle is not between 
the z-axis and the axis of the cylinder, and the minus when it is. 

1. The locus is determined by x=[a+r(1—cos “)]eos 9, y=[atr(1-- 
cos 9) |sin 6, z=r 9—rsin 9, 6=central angle of circle. 

2. If point is projected in surface of cylinder in plane of circle, the 
locus is determined by «=(a+r)cos ?, y=(a+r)sin 0, z=r(9-sin °). 

3. Coordinates of the center of gravity of the moving radius of the 
circle are, x=[at7r(1—3cos 4)]cos%, y=[a+tr(1—eos %)]sin 6, z=r(e— 
dsin 4), 

-. Surface=rS where S is given as follows: 


6 
g=f [4a? + 8ar+8r? F 4arcos 9(4sin? 9-1) +r? (1—16cos 9) (1-+c0829) ]? ]d 4. 
0 


4. Coordinates of center of gravity of radius of cylinder through mov- 
ing point are x=(a+sr)cos 9, y=(a+tésr)sin %, z=r(6—sin 4). 
.. surface=rS where 


6 
s=f_ [(atsr)*-+r? (1—cos 9)? ]E d 9, 


Also solved by H. V. Spunar. 


CALCULUS. 


257. Proposed by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


a oe dx _{* y"dy 
If Af Vx (2a+a)” ’ B JS, Vy (a? +y?)®’ find A/B. 
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Solution by J. SCHEFFER, A. M., Hagerstown, Md., and the PROPOSER. 


Let «=2atan?, y=atan¢, m=4(2n-—1). 


J.  oogem— 10 dj pV (=m) __ 


2  ¢h 
ee A=—7\nn eog2(n—D 0 d, == 
Bay , (on yor (2mT 


_ 1 
2(2a)” 


dr 


p=, tan" dcos?’"—) 6d¢o= 1 {sins cos” 16 d 
a a” 0 


n 


Exhaustive solutions, though differing in results from the one given here, were received from M. V. Spunar, 
Francis Rust, and T. G. Wodo. 


258. Proposed by A. H. HOLMES, Brunswick, Maine. 


ad dx 
Evaluate S (Bana 1 (a? —2*)]" 


Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


Let x=asin ’. Then 


; _"" de f cos 6d 9 
Jo V Rax—a’*V (a? —2*)] 0 V [2sin 6—asin’? cos 4] 


3 
w1=4 f° E + sin ¢ cos 0-20 sint0 cos?6 +O sino cos? 


128 
35a* 4 50 ened) 2oLa® 69 paar 
+ O0AR sin*? cos p48 ae "sin COS°! + ean 65536 sin®°? cos®d+... 1 (sin 8) 
_ 31 a? , 85015 a* 2350494 a® _, 1 a. 
=] +5-9a t+ T9g9 *513 + 38675 Db Tee oJ, E sin 7 cos 6 
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5a? cos 9 d 4 
+ V (sin @) * 


198 ———-§in?0 Gos a9, 080° 


oe ° sin 50 cos 0-+... 


(1—cos’9)—4, 


1 _ 
Y (sin 9) | 


pap Bl a? | 85015 a+ , 2350494 a 
ASE 15 29 1989" 21° ' 38675 228 


/ 3 
+4 a (341 _ 20611 4 3 a (4 2616 1/3 .) 


35. 25\ 3 29 21.28\3 ~~ gio 


-. 


5a (1 _ 8181 eee) [tee 


11. ri 2'4 


a cannot be greater than 87/8. 


This solution, to be complete, should have investigated the matter of convergency and, since the function 
vanishes at the lower limit, also the condition of determinateness. 
The proposer of 259 (256) suggests that the equation be changed to (1+y+2aay)dx+«(1+x)dy=0. 


MECHANICS. 


211. Proposed by W. J. GREENSTREET, M. A., Marling School, Stroud, England. 


A smooth elliptic wire, axis vertical, has a small ring sliding on it, 
connected by elastic strings with each focus. Either string is just 
unstretched when the ring is nearest the corresponding focus. Themodulus 
of elasticity is W/n, where W oz. isthe weight of the ring. Find the distance 
of the ring from the upper focus in the different positions of equilibrium, 
and in each case discuss the nature of the equilibrium. 


Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


Let F' be the upper focus of the elliptic wire, semi-major axis a, ec- 
centricity e. Let r, 2r—a be the lengths of the strings from the upper and 
lower foci to the ring at the point P on the curve; G the intersection of the 
normal from P with the axis major; ? the angles the strings make with the 
tangent at P; ¢ the angle the tangent at P makes with the major axis; T 
the tension of string 7; Q the tension of string 2a--r; m the weight of the 
ring and strings that cause a downward force due to gravity; a(1—e) =un- 
stretched length of each string. 

Then PF'=1, GF'=er, sinGPF'=cos 9, sinPGF=cos¢, sinPGF:sinGPF 
=r:er. +. cos¢/cos =1/e. 

Also r=a(1—e) (1+Tn/W), 2a—r=a(1—e) (1+-Qn/W). 
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W (r—a+ae) 


W(a+ae-7) 
an(1—e) 


(Es an(1—e) 


? Q= 


I. For equilibrium, Tcos 9=Qcos 6+mcos 9. 


T—Q cos? 1 .2W(r—a)_ 1 


m cos? e° amn(1l—e) e° 
_ ,amn(1—e) __—, an (1—e) _ 
2 rat Wf To , when m= W. 


When the ring is displaced it will tend to regain this same position of 
equilibrium. 

II. For equilibrium, T’cos 9=Qcos 6 =0. 

.r=a(1—e) and r=a(1+e), or the upper and lower vertices. When 
the ring is displaced from either of these positions it will tend to equilibrium 
in I. 

212. Proposed by W. g. GREENSTREET, M. A., Marling School, Stroud, Eng. 


A peg A is vertically d feet above a peg B. A string AD, a feet 
long, with two equal, jointed rods DC, CB form the whole figure. Discuss 
the position of equilibrium. 


Solution by G. B. M. ZERR, A. M., Ph. D., 4243. Girard Avenue, Philadelphia, Pa. 


Let ?=-the angle the string makes with the vertical; ¢=the angle DC 
makes with the vertical; ¢=the angle CB makes with the vertical; b=the 
length of each rod; W its weight. Also regard the string as weightless, and 
let «=the depth of the center of gravity of the system below A. 


-.¢=[w(acos 9+4bcos ) +w(d+sbeos ¢) ] /2w... (1). 
Projecting vertically, we get acos 9-+-bcos¢F beos ¢=d... (2). 
Also, a?-+d? —2adcos 9=2b? —2b? cos(¢—¢)... (8). 
acos 6 from (2) in (1) and (8) gives «=[w(2d--4bceos ¢+2bceos ¢)]/2w... (4), 
a’ —d? +2dbeos ¢+ 2dbcos ¢==2b? —2b’ cos(¢— ¢)... (5). 
Differentiating (4) and (5), we get 3sin¢ d ¢=+sin ¢d ¢... (6). 
[bsin (¢—¢) tdsin ¢]d ¢=[bsin(¥— ¢) —dsin ¢]d ¢... (7). 
Eliminating dx and d ¢ between (6) and (7), 
bsin (¢— ¢) (8sin ¢+sin ¢)—2dsin ¢ sin ¢... (8). 


(5) and (8) determine the equilibrium. The + sign is used as fol- 
lows: if a is long enough to permit C to fall below B use the upper sign; if 
not, use the lower. 
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NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


148. Proposed by R. D. CARMICHAEL, Anniston, Ala. 


Find all the multiply perfect numbers of » different prime factors and 
of multiplicity n—1. 


No solution received. 


149. Proposed by REV. R. D. CARMICHAEL, Anniston, Ala. 


Prove that every prime of the form 4n+1 may be expressed as the 
sum of two parts 7 and s such that +?-+7s+s*-+1 is divisible by the prime. 


I. Solution by E. B. ESCOTT, Ann Arbor, Mich. 


Let p=r+s—=a prime of the form 4n+1. Substitute s=p—r in 
vr? +rs+s?-+1=0 (mod. p) and we have r*+r(p—r) +(p—1r)? +1=0 (mod. p) 
or r?+1=0 (mod. p), which is always possible when » is a prime of the form 
4n+1, and in many other cases. 

Example. If p=5, r?-+1=0 (mod. 5) has the solution r=2 (mod. 5). 

r=2, 3=8. 


II. Solution by E. T. BELL, University of Washington. 


When p=1 (mod. 4) (=) =1 (Legendre’s symbol). 


Hence, for 7 a root of «7=—1 (mod. p), rp—(r?+1)=0 (mod. p);: 
whence, putting s=p—r, rs—1=0 (mod. p). 

Therefore, p? — (rs—1) =0 (mod. ); or, r?+7s+s?+1 is a multiple of 
; which establishes the stated theorem. 


III. Solution by W. F. KING, Ottawa, Canada. 


Since r-+s is a prime of form 4n-+1, it may be resolved in one way 
into the sum of two squares. Suppose it to be so resolved, and to be equal 
to h? +k’. 

By the usual process, express h/k as a continued fraction in the form 


h 1 1 1 
U,+ vet U,+ °° 


Form the successive convergents, and let the convergent next before 
the last (h/k), be (a/b). 

Then ak—bh= +1. 
And (ah-+-bk)*? + (ak—bh)*=a* h? -+-b?k? +a? k? +b*h? =(a?-++b°) (h? +k?). 

Therefore, (ah+-bk)*+(ak—bh)*, or (ah+bk)?+1, is divisible by 
h? +k’, or r+s. 
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Now a<h, 6<k. *-ah+bk<h? +k’. 

Calling ah+bk, r, we have r?+1, and therefore r?+1-+s(r-+s), 
or r?+rs+s?-+1, divisible by r+s. 

It is evident that the number ah-++bk which is less than h? +k? and is 
such that (ah+6k)?+1 is divisible by h? +k’, can always be found. 


Also solved by G. B. M. Zerr. 


PROBLEMS FOR SOLUTION. 


ALGEBRA. 


303. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 
Evaluate the determinant 


Di, €1%_5 UX, 10. Uhr 
C102, Dy Uo%, 1... Lehn 
Uiks Hot, Dz 1... Ughn 
LX itn Latn L3Xn eee Dn 


304. Proposed by C. N. SCHMALL, New York City. 


A policeman on a motor-cycle starts in pursuit of an automobile when 
the latter has a headway of 4a mile. A pedestrian who isz of a mile ahead 
of the auto and who is walking at the rate of 5 miles an hour, notices that 
when the auto overtakes him the policeman is only 75 of a mile behind the 
auto, and 24 miles from where the officer started; he overtakes the auto. 
How long did the chase last? 


305. Proposed by S. A. COREY, Hiteman, Iowa. 


1 7 z /eosh= 
Prove or disprove, that = (n-1)? 44 T 5 (32 ‘). 


GEOMETRY. 


336. Proposed by F. H. HODGE, The University of Chicago. 


A man owning a rectangular field 6300 feet by a=600 feet, wishes 
to lay out driveways of equal width having the diagonals of the field as cen- 
ter lines and such that the area of the driveways shall be n/m=one-half, of 
the area of the field. Determine the width of the driveways. 


337. Proposed by T. N. HILDEBRANT, The University of Chicago. 
Required the locus of the vertices of the parabolae having a given 
focus and passing through a given point. 
338. Proposed by C. N. SCHMALL, 239 East 7th Street, New York. 


Given the base and vertical angle of a triangle, find the locus of the 
center of its ‘‘nine-point”’ circle. [Ex. 28, p. 65, Casey’s Sequel to Huclid. | 
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CALCULUS. 


eT 


263. Proposed by V. M. SPUNAR, M. S., C. E., East Pittsburg, Pa. 


Find a point such that the sum of the squares of its distances from n 
given points shall be a minimum, and prove that the value so found is 1/nth 
part of the sum of the squares of the mutual distances between the n points, 
taken two and two. 


264. Proposed by W. J. GREENSTREET, M. A., Stroud, England. 


The join of the center of curvature of a curve to the origin is at « to 
the Initial line. Prove that with the usual notation: 


al (as) +a) |~aeae 
d¢?\\d¢ ay} | d¢vdy 


MECHANICS. 


219. Proposed by W. J. GREENSTREET, M. A., Stroud, England. 


A rod length aj3, weight W, has at each end a smooth ring which 
can slide on a vertical circle radius vr. Each ring is attached by an elastic 
string (natural lengths a, b; moduli va, v bd) to the highest point of the circle. 
Find the inclination of the rod to the horizon i in a position of equilibrium. 


220. Proposed by W. J. GREENSTREET, M. A., Stroud, England. 


Four particles A, B, C, D lie on a smooth table at the corners of a 
rhombus. AB, BC, CD, DA are light inextensible strings connecting the 
particles. The angie at A is acute. A blow is given to A along the diagon- 
al, away from C. Find the ratio of the initial velocity of C to that of A. 


NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


155. Proposed by PROF. R. D. CARMICHAEL, Anniston, Alabama. 


If » and q are primes and m and 7 are any integers, find the cases in 
which the equation p”—q”=1 may be satisfied. 


156. Proposed by A. H. HOLMES, Brunswick, Maine. 
Find integral values for a, 6, c, d, and e in the equation, a?+6°?+c? 
+d? =e’. 


AVERAGE AND PROBABILITY. 


199. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 


A circle is inscribed in a given square. Two points are taken at ran- 
dom within the square but without the circle. What is the chance the dis- 
tance between the points does not exceed the side of the square? 
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ON DeMOIVRE’S QUINTIC. 


By DR. R. L. BORGER, University of Illinois. 


§1. For the domain of rational numbers, DeMoivre’s quintic 
(1) o> +per+tp?a+r=0, 


for values of » and r making the discriminant 


_ r \? p\? 
a=(5)+(4) v0 


will be shown to have as its Galois group either the metacyclic growp Goo or 
a cyclic group C,. We may then readily deduce the following properties: 

DeMoivre’s quintic rs solvable by radicals. 

Either all the roots are real or only one root is real. 

Not more than one root is rational; if the equation is reducible in R(1), 
its left member is the product of a linear and an irreducible quartic factor. 

If the equation is irreducible in R(1), any root is a rational function 
of an arbitrary pair of roots. 

To determine the Galois group of (1), we make use on the one hand 
of Cayley’s resolvent sextic for any quintic, and on the other hand of the 
following lemma:* 

If we know a rational function of the roots of an algebraic equation 
F(x) =0 having the properties: 

(i) That it is formally invariant under the substitutions of a group G' 
and under no others. . 

(71) That it has a value in the domain of rationality. 

(1) That it is distinct from its conjugates under the substitutions of 
the symmetric group G,!, then the Galois group G of f(x) =0 is a subgroup 
of G. 


Dickson, Algebraic Equations, p. 59, §65. 
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$2. We exclude those values of » and vr for which the discriminant 
A=0. They give rise to equal roots and these may be removed by the 
process of highest common divisor. The function 


b= (0 1X _ taretg baggy FU gU 5 +0501) — (UL g Hey +095 $0401 $V5%2) 
belongs to the group G;, consisting of the substitutions 


1; (12345); (18524); (14253); (15482); 
(12) (35); (25) (84); (15) (24); (14) (82); (18) (45). 


Under the substitutions of Geo, ¢ takes six values, which are the roots of a 
resolvent sextic. For the general quintic Cayley has computed” this resolv- 
ent sextic, which becomes for equation (1): 


32 (5°r? +2? p*) 


(2) $°>—Tp?4-+11p*¢? — 3 5 


= ph -+4000pr? +p ° =(). 


One root of (2) is ¢=p7)/5._ By differentiating (2) with respect to @ we see 
that this root is simple unless 


(3) 121p° +557?=0. 


We now divide the discussion into the two cases 
I) p and ¢ not satisfying (8). 
II) p and ¢ satisfying (8). 


I) In this case, ¢ is distinct from its conjugates under Gey. Hence 
¢?—5p2 belongs to G2,f and is distinct from its conjugates. Hence (§1), 
Gs,» contains the Galois group of (1). The Galois group G for the domain 
R(1) may then be 


Geo, Gio; Cs, C1, G2, or G,=1. 


The groups Gio, Gs, Gs, G; may be at once excluded. By the definition of 
the Galois group of an equation, every rational function of the roots which 
remains invariant under the substitutions of G is rationally known. If Gis 
G.o or a subgroup of it, then ¢, belonging to G,,, would be rationally 
known. Since ¢=p/5 this is impossible unless »=0. Hence when p0, 
G is not contained in Gio. 


*Cayley, Collected Mathematical Papers, Vol. IV, p. 319. 


=1234 


+The substitutions of Geo are given by (C, ip) (= 1234): 
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If p=0 we know that (1) reduces to a binomial equation p and its 
group is metacyclic when 7 is not the fifth power of a rational number. If 
r=k® (k rational) the group G is then C,: Hence when p andr do not sat- 

isfy (8), G=C, or Goo. 
§3. Next, we consider the case in which » and 7 satisfy (3). By 
solving (8) we find 


(4) | pa 


Since 7 must be a rational number, | P=a (a rational), 


(5) p=5a?, r=t1la°. 
Substituting these values in (1), we get 
(6) ¢>-+-5a?a3 +5atxe+1la>=0. 
This equation has the root x=--a, and the depressed equation is 
(7) v*—ax?+6a’?x? —6a?x+1la‘t=0. 
Calling the roots of (7) %,, “2, ¥3, #3, and setting 
Y1 =U Lo tU3Ks5, 
Yo= 010g tos, 
Y3=U1L5x tHe, 
we obtain the cubic resolvent of (7), 
(8) y*> —6a’?y? —38a*y+217a' = 
The roots of (8) are: 
(9) y= Ta?; yo (145°); wy =F (—1-5*V/5): 


Y {== 1%.+2,%5, belongs to the group 
Gs=[1, (12); (85); (1825); (1523); (12) (35); (18) (25); (15) (23)]. 


And since y, is distinct from its conjugates under G,, the Galois group of 
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(7) is Gs or a subgroup of Gs. AS y. and y, are irrational the group for the 
domain R(1) cannot be contained | in 


G,=[1; (12) 65); (13) (25) ; (15) (23) ]. 


The function ¥=(a,+%.)—(a%,+«;)=a)5 belongs to the group 
H,=[1; (12); (35); (12) (85)]. Since the value of ¢ is irrational* G is not 
contained in A,. 

The function z= (%,—«-) (w; —”5) [w, +”.--(43;+a,;)]=a°5>° belongs 
to the group C,=[1; (1325), (1523); (12) (85) ], since z is rational and takes 
two values under the substitutions of Gs. 

Therefore, G=C, or one of its subgroups. G cannot be a subgroup 
of C, as the subgroups of C, are contained in H,. Therefore, G=C,. 

Hence when » and r satisfy (3), the group of (1) is C,. 

$4, We have now proved that the Galois group of DeMowre’s quintic 
for the domain R(1) is either the cyclic group C', or the metacyclic group Go. 
We therefore get the following results: 

I. DeMoivre’s quintic is solvable by radicals. The solution can be ef- 
fected by the well known substitution x=y—/p/dy. 

Since the group may be C, the equation may be reducible. Hence 

II. If the equation is reducible it must reduce to the product of a linear 
factor and an irreducible quartic factor. 

As an equivalent form of II, we have, 

III. DeMoivre’s quintic can never have more than one rational root. 

By means of a property of metacyclic equationst we may also conclude 
that 

IV. All the roots of DeMowre’s quintic are real or only one of them 1s 
real. 

If the group of the equation is Gz) the equation is metacyclict and, 

V. Each root is a rational function of an arbitrary parr of them. 

This problem was suggested to me by Prof. L. E. Dickson and I wish 
to thank him for criticisms and suggestions in connection with its solution. 


= = cod = =y = ae Sa ss RA rd Te a ho ea 


*a is not equal to 0 because of (3) and not both p and r=0. 
+Weber, Algebra, I, p. 620, VIII. 
tWeber, Algebra, I, p. 618, VI. 
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ON PLANE ALGEBRAIC CURVES SYMMETRICAL WITH RESPECT 
TO EACH OF TWO RECTANGULAR AXES.* 


By PROFESSOR R. D. CARMICHAEL, Anniston, Alabama. 


The object of this paper is to point out the form of the Cartesian 
equation of plane algebraic curves symmetrical with respect to each of two 
rectangular axes, and to classify such curves of the fourth degree— 
the grouping in classes being determined by certain geometric properties 
common to those of each class. 

The axes of symmetry will be taken as the axes of coordinates. Then 
if one point is (2, £), three other points are evidently (—<, &), (—4, —A), 
{a, —f%). Since to each value « of x there correspond two values +4 and —/ 
of y, it follows that y enters into the equation only in even powers. In the 
same manner it may be shown that « enters only in even powers. Therefore, 

If a plane algebraic curve symmetrical with respect to each of two rec- 
tangular axes is referred to these axes as axes of coordinates, its equation has 
only terms of even degree in both x and y. The curve is, therefore, of even 
order. These conditions are evidently sufficient, as well as necessary, for 
the existence of the defined symmetry; for if « and y enter to only even de- 
grees, to each point (4, 2) of the locus will correspond three others (—4, 4), 
(—«4, —f), (4, —f%) —a condition which is clearly sufficient for the existence 
of the symmetry in consideration. 

This result indicates, as it should, that the circle, ellipse, and hyper- 
bola all possess such symmetry while the parabola does not. 

The classification of quartic curves possessing such symmetry is not 
so simple a matter. For the resolution of this question will be required cer- 
tain of Pliicker’s equations. By n, m. 4, 7, e, 4, we shall as usual represent 
respectively, the order, class, number of double points, number of double 
tangents, number of cusps, number of points of inflection of the curve. The 
Pliicker equations which we shall require are then the following: 


(1) m=n(n—1)—(256+8 p), 
(2) n=m(m-—1) -- (27+8 2), 
(3) 2=3n(n—2)—(65+8 P), 
(4) p=8m(m—2) — (6 T+8 2). 


We have now to find the cases in which these equations can be satisfied sub- 
ject to the condition that the defined symmetry exists. 

Evidently, the singularities which are not on the axes can enter only 
by fours; and to each singularity on one axis and not at the origin must cor- 
respond another on the same axis and on the opposite side of the origin. 


*Read before the Chicago Section of the American Mathematical Society, April 18, 1908. 
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Hence, singularities on an axis and not at the origin must enter by pairs. 
Moreover, it is easy to see that cusps and points of inflection can enter even . 
at the origin only in pairs. Again, if a point of inflection occurs anywhere 
on an axis there will be two coincident points of inflection, as may be seen 
by a consideration of the geometric nature of a point of inflection and of the 
curves having the defined symmetry. To each of these two will correspond 
another on the opposite side of the origin. Hence, points of inflection not 
at the origin can enter only by fours. Again: if a double point occurs on an 
axis, there will be two coincident double points unless the two branches 
meeting in the point osculate and have the axis as a common tangent. If 
such an osculating point exists on one side of the origin it exists also on the 
axis on the other side. Therefore, since each point of tangency counts 
as two points of intersection, the axis will intersect the curve in eight points 
—g condition which is impossible for quartic and sextic curves. Therefore, 
in quartic and sextic curves double points not at the origin enter only by 
fours. In the same way it may be shown that in these quartic and sextic 
curves cusps not at the origin can enter only by fours. 

Let us now apply the results of the foregoing paragraph to quartic 
curves having the defined symmetry. We have seen that ¢ and ¢ are even. 
But by (3), e>8 and 7+24. Hence p=0 or 2. How, if e=2, both cusps 
must be at the origin; for we have seen that cusps not at the origin can en- 
ter only by fours. If two cusps exist at the same point there will bea double 
point. But with p=2 and 6 not zero, equations (1) to (4) can exist at the 
same time only when p=2, 5=1, tT=1, 7=2. In the present case the two 
points of inflection can exist only at the origin; for such points not at the 
origin can enter only by fours. This introduces a second double point at the 
origin contrary to the equation 6=1. Hence e~2. Then e=0. With »-—0, 
only the following sets of values will satisfy equations (1) to (4): 


I. II. III. IV. 
e=0, OO, OO, 90. 
6=38, 2, 1, 0. 
tT=4, 8 16, 28. 
=6, 12, 18, 24. 

m=6, 8, 10, 12. 


These are the only four possible cases for quartic curves. Moreover, 
since double points not at the origin can enter only by fours, it follows that 
in each of the first three cases, the curves must pass through the origin; 
and therefore for these cases the independent term in the equation is always 
lacking. 

It will be observed that in order to determine to which class any given 
curve belongs we have only to inquire how many double points it has at the 
origin. The first case, “8, can exist only when the origin alone is the locus 
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of the equation; for otherwise some line through the origin would cut the 
curve in five points, which is impossible. 

We may also apply certain of the foregoing results to sextic curves 
whose equation is of the form 


aoe ® +a, ety? +a.u?yt*+a,y% +a4utt+asx2y 
+A¢y* +a,“* +asy? +a,=—0, a0. 


Since this curve does not pass through the origin, its double points, points 
of inflection, and cusps can enter only by fours. Then from (1) it follows 
that e=—0, 4, or 8; and 6=0, 4, 8, or 12. Also, from (2) m<3. Therefore, 
equations (1) to (4) yield only the following sets of values: 


oI. Wr IV. Vv. VI. VIL 


8 
s= 0, 4, 8, 12, 0, A, 0. 
w= 72, 48, 24, 0, 40, 16, 8. 
T=824, 156, 52, 12, 40, 386, 0 

m= 80, 22, 14, 6, 18, 10, 6 


ON THE DETERMINATION OF CONICS THROUGH TWO POINTS, 
THE MAJOR AXIS AND ONE FOCUS BEING GIVEN. 


By T. H. HILDEBRANDT, The University of Chicago. 


In the consideration of the question of the determination of constants 
in the application of the Principle of Least Action to Planetary Motion, we 
need to solve the following problem: 

‘Given two points, a focus, and a major axis, of a conic, besides its 
nature (4. e., ellipse, hyperbola, or parabola). Required the number of con- 
ics that will satisfy the given conditions.’’ This problem has been solved 
for the ‘case of the ellipse by Jacobi.* The regions in which the second 
point must lie in order that we obtain a real solution, have also been deter- 
mined.+ So far as I know, however, the problem has not been considered 
for the cases in which the conic is an hyperbola .or a parabola. 

I. The Hyperbola. We need to use the following property of the hy- 
perbola: The difference of the lengths of the focal radii of an hyperbola is 
equal in length to the major axis. 

Let S be one focus and Ff’ another, and let P be a point on the hyper- 


*Jacobi, Vorlesungen ueber die Dynamik. Werke, Suppl., p. 48. 
*Todhunter, Researches in Calculus of Variations, p. 162. 
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bola with distance SP=r. Let 2a be the length of the major axis. Thenif 
P lies on the branch of the hyperbola adjacent S, we have 


PF=r-+ 2a. 
If P lies on the branch adjacent F’, then 
PF=r—2a. 


Suppose S is the given focus, P and @ the given points. Let PS=Y), 
QS=r,, and let 2a be the length of the major axis. Denote by F the sec- 
ond focus of the hyperbola. Then we must distinguish between the follow- 
ing four possibilities: 

I. P and Q both on the branch of the hyperbola adjacent S. 

Il. P. and Q both on the branch of the hyperbola adjacent F’. 

Ill. P on the branch adjacent S and Q on the branch adjacent F’. 

IV. P on the branch adjacent F' and Q on the branch adjacent S. 

Case I. (See Fig. I) P and Q on the Branch Adjacent S. 

From the above it is evident that the second foci of the hyperbolae 

: pee through P will lie on the circle of radius 

2a+r, with P as center. The second foci of 
the hyperbolae through Q will lie on the cir- 
cle of radius 2a+7, with Q as center. Hence 
the second foci of the hyperbolae through P 
and Q will be the intersections of these two 
circles. There will always be two real inter- 
sections, but they may be identical. Let us 
consider when they coincide, that is, when 
, a the circles are tangent to each other. Evi- 
Fig. I. dently the circles will be tangent internally. 
Hence the distance PQ will be the difference of their radii: 


To—’, OY 71-7, according as 7,<>7p. 


The locus of the points Q for which this happens is then the half ray SP. 
Evidently when Q lies on this line the hyperbolae degenerate into the straight 
line SPQ. Since 7,—7; is the smallest distance possible between two points 
P and Q we see that there. will be no points Q for which the two circles will 
not intersect. We have then: through any two points P and Q it is possible 
to pass two hyperbolae P and Q lying on the branch adjacent S, provided 
P, Q, and S do not lie on the same straight line, with P and Q on the same 
side of S. 
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Case If. (See Fig. II) Pand Q on the Branch Adjacent F’. 
In this case the second foci are the intersections of the circle of radius 
—2a and center P with the cirele of radius 
—2a and center Q. Evidently we must 
have 7) >2a and 7; >2a, 7. e., Pand Q lying 
outside the circle of radius 2a with S as cen- 
ter. Moreover, with P fixed it is easily evi- 
dent that there are points Q for which the 
circles do not intersect or are tangent Let 7am 
us find the locus of the points Q for which ™™* a 
they are tangent. The circles will be tangent Fig. IT. 
externally, and so we have 


PQ= (1) —2a) + (1, —2a) =1ry +7, - 


Moreover, QS=r;. Hence, PQ—QS=r,—4a or QS—PQ=4a—7,, accord- 
ing as r, > <4a. 

Therefore these points Q satisfying the condition PQ—QS=r,—4a=a 
constant, trace a branch of an hyperbola with foci S and P. This hyperbola 
passes through O, the point of intersection of SP with the circle around P. 
If r,<4a, the branch will be adjacent to P, and if 7, >4a it will be adjacent 
S. In either case, if Q lies to the right of this branch, there are no real 
hyperbolae satisfying the given conditions. If Q lies to the left, there are 
two real hyperbolae and when Q lies on the branch of the hyperbola, the two 
required hyperbolae coincide. 

Cases III and IV are really not of interest from the standpoint of the 
Calculus of Variations. We discuss them to make the discussion complete 
and on account of their intrinsic interest. 

Case III. (See Fig. III) P on the 
Branch Adjacent S and Q on the Branch Ad- 
jacent F, 

The second foci are the interseetions of 
the circle of radius 2a+7,, center P, with the 
circle of radius 7, —2a, center Q. We must 
evidently have 7, >2a in order to obtain real 
solutions. Moreover, there exist points Q for 
which the two circles do not intersect or are 
tangent. Let us find the locus of the points | a 
Q for which they are tangent. They will be Fig. III. 
tangent externally. Hence 


PQ=2a+1)— (1, -2a)=4a4+7r,—-7,, QS="7,, 


and therefore PQ+QS=4a+7,; 7. e., these points Q trace an ellipse with foci 
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Pand S and major axis 4a+7r,. For points Q within this ellipse no real 
solutions are possible; for points without, we have two real hyperbolae, and 
for points on the curve, the hyperbolae are coincident. 

Case IV. (See Fig. IV) P on the Branch Adjacent F' and Q on the 
) Branch Adjacent S. 

In this case the second foci of the hy- 
perbolae through P and Q are the intersections 
of the circle of radius 7,—2a, center P, with 
the circle of radius 7,+2a, center Q. It is 
easily seen that there are points Q for which 
the two circles do not intersect or are tangent. 
We find the locus of the latter points. The 
es ee circles will evidently be tangent internally. 

Fig. IV. Hence, 


“PQ=2a+r,— (ro —2a)—4a+7,—7,, QS=n:, 


and therefore PQ—QS=4a—r, or QS—PQ=r, —4a, according as 7) > < 4a. 

Hence the points @ trace a branch of an hyperbola with P and S as 
foci and major axis 4a—7, or 7, —4a. This is the second branch of the hy- 
perbola of Case II. It will be adjacent S if 7,<4a and adjacent P if r) >4a. 
For all points Q lying to the left of this curve there are no real hyperbolae 
satisfying the given conditions; for points to the right there are two; and 
for points on the curve, the hyperbolae become coincident. 

Figs. V and VI show a comparison of the regions within which Q 
must lie in order that it be possible to draw real hyperbolae through P and 
Q satisfying the respective conditions. 

It is easily evident that the ellipse of Case IV is the envelope of the 
hyperbolae through a point P lying on the branch of the hyperbolae adjacent 
the given focus S. The hyperbola of Cases II and IV is the envelope of the 
hyperbolae through a point P lying on the branch of the hyperbolae remote 
from the focus S. 


Fig. V. Fig. VI. 


Case II. Points to the right of - - - - Case II. Points to the right of - - - - 
Case III. Points outside ellipse. Case III. Points outside ellipse. 


CaseIV. Points to the left of — - — - — Case IV. Points to the left of — - — -— 
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Parabolae. (See Fig. VII). In order to find the parabolae through 
two given points P and Q, having a given focus S, we need to find the 
directrices. The directrices of the parabolae through P are evidently the 
tangents to the circle of radius SP and center P, 
and those of the parabolae through Q, the tangents 
to the circle of radius SQ and center @. Hence 
the parabolae through P and Q have the common 
tangents of these two circles as directrices. These 
tangents will always be real, and distinct, unless 
P, Q, and S lie on the same straight line and P and 
Q lie on the same side of S. Then there is only 
one common tangent, one that passes through S, 
and hence in this case the parabolae become coin- 
cident and-degenerate into the straight line PQS. 
There is only one other exceptional case, when P, ne 
Q, and S lie on the same line and P and Q lie on Fig. VII. 
opposite sides of S. Then there will be three common tangents, and there 
will consequently be three real parabolae through P and Q. One of theseis 
the straight line PQS. 

The parabolae through a point P with focus S have no envelope. 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


295. Proposed by CHARLES GILPIN, JR., Philadelphia, Pa. 


In the equation «* —ax+6=-0, we have the following relation between 
the coefficients and the roots: (1) When a?*/b°=6.75 there are three real 
roots, two of which are equal; (2) when a?/b? <6.75 there are two imaginary 
roots and one real one; and (3) when a*/b?>6.75 there are three real, un- 
equal roots. 


Remarks and Solution by G. B. M. ZERB, A. M., Ph. D., Philadelphia, Pa., and H. V. SPUNAR, East Pitts- 
burg, Pa. 


The proposer has interchanged cases (2) and (3). When a*/b’ <6.7%, 
there are three real unequal roots; when a*/b? >6.75 there are two imaginary 
and one real root. 


3 Re 38 
Let m= sap [Ow or ne=aap— JO and » and »?=the 
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cube roots of unity. Then the roots are m+n, »m+e%n, »?m+ten. When 
b? /4=a?/27, or a? /b?=22=6.75, m=n= +4 (40). 
~mtn=+P (4b), »m+o*m=F4syY (46), o?m+eo n= FSV (4b. ) 
When b?/4<a'/27, or a? /b? <22,=6.75,  (b?/4—a'/27) is imaginary. 
Let m=ut+y (—1)v, n=u-—/ (--1)v. 
~mtn=uty, »em+on=—u—vy3, o'm+oe n=—utvys3, all real 
and unequal. 


b? 
3 2 2a, — 
When a’®/b? >22,=—6.75, Jee 1 3 is real, 
“m+n is real, and »m+?n, m+ n are imaginary. 


J. W. Clawson, of Collegeville, Pa., referred to Burnside and Panton’s Theory of Equations, Vol. I, §§42, 43. 
Discussions of this problem are to be found in nearly all texts on the Theory of Equations. 


296. Proposed by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philahelphia, Pa. 


Sum the series, l+é+soteotdististaget.. 


Solution by A. R. MAXSON, A. M., Columbia University, New York. 


In the series 1, 6, 20, 50, 105, 196, 386, ..., the successive orders of 
differences are, 


5, 14, 30, 55, 91, 140, 
9, 16, 25, 36, 49, 
7, 9 UU, 18, 


The nth term is then 


145(n— nie, {(n— 1) (n—- Q)+a5 (n- 1) (n—2) (n—8) 


+ GMD (m2) (m—8) (nA) =F (42) (M41)? 


The nth term of the given series is then n(n) (n¥1)" which ean be writ- 


ten (8485) (8-6) 
Vn n+l nt+1 n+2/ (n+1)* 
Taking now u, as the rth term of the original series, we have 
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nN n n+l "n? 
wie r=n—l1 6 6 1 
By addition, we have = u,=9——— —-—;+12- 12375 . For the 
r=1 N+ 1 
sum to infinity we have oS U,==21—-12. = =21— —27?, on remembering that 
for) 1 _ 7 
ai n® 6° 


Also solved by G. B. M. Zerr, J. W. Clawson, and H. V. Spunar. 


297. Proposed by W. J. GREENSTREET, Marling School, Stroud, England. 


If a, 6, c, d, f, g, h are all real, and a, ab—h’, abc+-2fgh—af’ —bg’* — 
ch? are all positive, show that b, c, be—f’?, and ca—g’ are also positive. 


I. Solution by C. R. MacINNIS, Princeton, N. J. 


Since both a and ab—h? are positive, b must be positive. 


—p?2 —f2)— —_ 2 
abe-+-2,fgh —af?—bg?—ch? = WO) (oe - h*) (be Fa (hf—69) . 


Since the whole expression is positive and both 6 and ab—h’ are also posi- 
tive, bec—f*>0. Hencec>0. Similarly, 


abc-+2 fgoh — af? —bg?—ch? = (ab—h") (ca— g)— Akg af) and ca—g’ >0. 


II. Solution by A. F. CARPENTER, Hastings, Nebr. 

Since ab—h? is positive ab>h’, and since hf is real, h® is positive. 
Then ab, which is greater than h’, is positive. But a is positive; hence 0 is 
positive. 

Now 6(abe+2fgoh—af’? —bg? —ch?)=(ab—h’*) (be—f?) — (bg—fh)*; that 
is, (bc —f*) (ab—h*) =b (a positive quantity) + (bg—fh)* =a positive quanti- 
ty, and since ab—h’ is positive, (be —f?) is positive. 

Again, a(abce+2fgh—af? —bg?—ch?) =(ab—h’) (ca—g’) — (af—hg)’, 
and it follows as before that (ca—g’) is positive. 
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From bc—f?=a positive quantity, or ca—g’? =a positive quantity, it is 
readily seen that c is positive. 
Also solved by H. V. Spunar and G. B. M. Zerr. 


GEOMETRY. 


330. Proposed by J. J. QUINN, Ph. D., New Castle, Pa. 


A line pivoted at the origin revolving with a constant angular veloc- 
ity, intersects another moving parallel to the Y-axis with a constant linear 
velocity. (1) Find the locus of their intersection when the ratio of their 
velocities is as m:n referred to a quadrant and a radius, respectively. (2) 
Assume m=8 and n=2, and apply to the trisection of an angle. (3) Under 
what conditions will this curve become a quadratrix? (4) Name the curve. 


Solution by H. V. SPUNAR, M. and E. E., East Pittsburg, Pa. 


The angular velocity of the intersection point P, due to the rotation 
of the radius vector p, is constant, say v,—d °/dt, and that linear due to the 
constant velocity of the moving line in the direction of X-axis is v2=dx/dt. 

(1) Assuming the ratio of the velocities v,/v.—m/n, the locus of the 
point P is 


m __ dv xX 


11) 
nm dx? © Ay 


Letting the starting point be the origin, we have in polar coordinates, 
nN 
6 =——0, 
p COS 


The curve may be applied without any difficulty to the multisection as 
well as to the trisection of an angle. 

(2) To apply the curve ‘‘p cos 9=2(0/3)’’ to the trisection of the given 
angle 9. Draw OP at an angle 9 (2. e., the angle to be trisected) and PP, 
perpendicular to X-axis; then OP,=p cos §=2(4/3) =x,; since putting (=3¢, 
p cos8¢=3[2(6/3) |=8x,. Trisecting the linear abscissae OP,—x, and 
erecting at Q,(x,/3), the perpendicular to the X-axis, cutting the curve at 
Q, then drawing QO, we obtain QOX=¢=(4/3). 

(8) Let in rsiné=n¢ (Dinostrates’ Quadratrix), ¢==(4 7—4)—the 
complement of the angle ?. Then pcos o=B( = 6). 

(4) Hence the name of the curve may be Complementary Quadratrix. 


Also solved very neatly by G. B. M. Zerr. 


331. Proposed by C. N. SCHMALL, New York City. 


The center of two spheres radii r:, rz, are at the extremities of a 
straight line 2a on which as a diameter a circle is described. Find a point 
on the circumference from which the greatest portion of spherical surface is 
visible. 
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Solution by G. B. M. ZERR, A. M., Ph.D., Philadelphia, Pa.; A. H. HOLMES, Brunswick, Me.; and J. SCHEF- 
FER, A. M., Hagerstown, Md. 


Let [w, 1/(a®—x?)] be the coordinates of the point referred to the 
mid-point of 2a as origin. Then 1 [2a(a—«)] and 1/ [2a(a+a)] are the dis- 
tances of the centers of the spheres from this point, where 7 [2a(a—x)] is 
the distance to the center of sphere radius 7, <7p. 


Any e(y ——_li rr?(1—— 52. 
2ere(1 —psatamay) md 2°74 (1 —pateeay) 


are the portions of the respective spherical surfaces visible from the point. 


-onrlpe Th ~ <5. ea = . 
“2 @ Y [2ala—x)]" Te V [eala-ba) |)? maximum. 


Sy. 3 
ard —rt) V (a? —#?)= 20r Pr 3 


=r P/V (a-%). ri trs ro4p i 


5 rs 
V (a+) 


a 
Also solved by J. E. Sanders, C. N. Schmall, and H. V. Spunar. 


6 
Visible surface =2 “(r/ +r," een), 


CALCULUS. 


— ee 


256. Proposed by PROFESSOR R. D. CARMICHAEL, Anniston, Ala. 


Solve the differential equation, (1-++y+2axy) dx+x(1+4) dy=0. 


Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


(1+2 aa) 1 


y 
ny at TS Ate) (1a) 


ou av (1-+x) 


Yy ot Pat C0 +SfQ ot PH gy 


*1+2ax 
xv (1+2) 


cy (L+0)2#7A=C— Sf (1+) 24-2da. 


1 


—_——~—_ dx =log[x#(1+a)24, Q=— 


1 a1. 
. (cy +54) (1+) 2¢-1:=C, 


Also solved by G. W. Hartwell, J. Scheffer, H. V. Spunar, Francis Rust, and T. I. Wodo. 
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NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


150. Proposed by H.S. VANDIVER, Bala, Pa. 


‘ Show that. for all positive integral values of m except unity, (2n)! is 
less than [n(n+1)]”. Direct proof preferred. [Unsolved problem in Hdu- 
cational Times. | 


I. Solution by JACOB WESTLUND, Purdue University, Lafayette, Ind., and the PROPOSER. 


If 0<k<n, we have (n—k) (n+k-+1) <n(n-+1), since n? +n— (k?-+k) 
<n? +n. 

Hence, letting & run through the values 0, 1, 2, .... n—1, we get 
(2n)!<[n(n+1)]”. 


II. Solution by W. F. KING, Ottawa, Canada. 


(2n) != (1.2.8...) [ (7 +1) (n+2)... (2n) ] 
=[n(n—1) (n—-2)... (n--n —1) ] 
x [n+1(n+1+1) (n41+2)... a +1+n—1) J. 


* ae [(E a) (te) 
* (2 +a) (1 tea) (1 2) 


Taking any factor 1-- — in the first bracket with the corresponding 


Yr. . . r r 
factor arn | in the second bracket, their product is (1 7 (1 Ta 7 


=] which is <1. 


a 
n(n+1) n(n+1)’ 
The product of each pair of terms being <1, the whole product is <1. 


(2n)! ' 2 
Ta (WtDT intDyi <b and (2n)'!<[n(n+1)]” Q. E. D. 
Ill. Solution by F. H. SAFFORD, Ph. D., University of Pennsylvania. 
Stating the problem in the form eae >1, it is evidently true 


for n=2, i. e., $>1. The factor which will change the first member of the 
first inequality into the form in which n becomes n+1 is 


=2 on Hin (ey en (1 +2)" (1+ 2/n) 


n )*° 2(2n+1)_ " (4+ 2/n)° 
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2 \2 1+2/n 
Since (1 ++ 2. >2, and A49/n 
successive values of n the original inequality becomes stronger. 

It is of interest to notice that the limiting value of F, for n=~, is 
e°/4, but this is not essential to the proof. 


Excellent solutions of this problem were received from G. B. M. Zerr, Frank L. Griffin, C. E. White, and O. 
L. Callicot. 


>+#, it follows that F'>1, hence for 


151. Proposed by E. B. ESCOTT, Ann Arbor, Mich. 


In the recurring series, n= 0, 1, 2, 3, 4, 5, 6, 7, 
—=3, 0, 2. 3, 2. 5, 5, 7, 
where the scale of relation is rn 2—=Un 1 + Un, prove that Up 18 always divisi- 
ble by » when p is prime. Is the converse true? 


Solution by the PROPOSER. 


The general term of the series is u,=2"+/"+7" where 4, f, 7 areroots 
of the equation «*?—x2—1=0. 

When pis prime, (4+8-+7)?=0?-+/"-+y? (mod. p), and since «+’-+7=0, 
we have u»=0 (mod. p). 

I believe the converse is not true, although I have not found an exam- 
ple which disproves it. 


MECHANICS. 


213. Proposed by W. J. GREENSTREET, M. A., Marling School, Stroud, England. 


Two unequal, uniform, smoothly hinged rods are placed over a smooth 
vertical circle. Apply the principle of virtual work to find the condition of 
equilibrium in terms of the length of each rod, the diameter of the circle 
and the angle of either rod with the vertical. 


Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


Let O be the center of the vertical circle; PD, PA, the rods jointed 
at P; C, B, the points of tangency of PD, PA with the circle; @, Hi the in- 
tersection of the horizontal diameter with : es 
PD, PA. Let r=radius of circle, PD=l, 
PA-=-m. Draw PI, CF, BE perpendicular to 
AQ. Let ZBOE=/ZHBE=4¢, /COF= 
ZL FCQ = Z IPQ=9% #£zThen PC = PB = 
reots($+9), CQ=rtan?, BH=rtan?¢, OJ= 
rsing (¢—?) : 
sing(¢ + 4)’ 

Let z=the height of the center of 
gravity of the system above O. Also for [ii ee es 
equilibrium the resultant.of the weights of the rods must pass through O. 


188 


The weights of the rods are proportional to their lengths. .«. W: W'=I:m. 


. __1(PQeos §—$lcos 4) +m(PHeos ¢—4mecos¢) 
en > 


=[Irsin $+Ircos 8 coté (+0) —4l? cos 9-+-mrsind 
+mrcos ¢ cots(¢+9) —4m? cos ]/(m+l)... (1). 


Also, (glsin 0+-O1)l=(4msin ¢—OI)m, or 
2r (l-+-m) sing (6—°) =(m?sin d—L?sin 9) sing (6+)... (2). 


Differentiating (1) and (2), we get 


[l? sin ? sin’?$(¢+86) —r(I+m) cos ¢]d 4 
+[m?sin ¢ sin?$(¢+°) —r(l+m) cos 4]d 6=0... (3). 


21? cos 6 tank (+6) +1?sin 9—m? sin ¢—2r(l-+m) cosh (¢—9) 16 
- cos4(¢-+9) 


__ 2m* cos ¢ tans ($+6) —l’sin 9+m?sin ¢—2r(1+m) cosa ($—9) | $... (4) 
<<) (C2) mu 


Kliminating d 4%, d ¢ between (3) and (4) we get, after reducing, 


(m?sin ¢—l’ sin 4) ?sin?4(¢+0) —4l? m? sin+3 (+0) 
+r (i+) (? sin 9—m?sin $) (cos 9—cos ¢) + [2r(1-+m) (I? eos? 4 
+m* cos’ ¢) +r (l-+m) (m?sin ¢+1?sin 4) (sin ¢-+sin 0) ] 
x tang ($+ 9) —4r? (I-+m) * cos?4 (¢—?) =0... (5). 


(2) and (5) determine the equilibrium. If /=m, ¢=6, and we get 


l? sin*é cos 9—2risin 9+-4r?cos 6=0. 
(lsin*@— 2rcos 6) (isin 6 cos 9—2r) =0. 


lsin®9=2rcos 4 is the condition for equilibrium when the rods are equal. 


214, Proposed by W. J. GREENSTREET, M. A., Marling School, Stroud, England. 


An inelastic particle is projected in a direction BD from B in a straight 
line AB. It strikes a rigid line AD in D and returns to AB at C. Find 
AC/AB, and show on a priori ground that this ratio is independent of the 
velocity of projection. 
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Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


Let e be the elasticity of the rigid line AD, DRa prolongation of AD. 
Let. AB=a, ZDAB=8, ZDBC=6, ZRDC=6. Then ZADB=0— ®, tan @ 
=etan(o--f).  ..0=tan~![etan(d—)], and is known. 
Since 6 is independent of the velocity of projection, AC/AB is inde- 
pendent of this velocity. 


in 6 
: —— e 6: e o— . — asin __ 
AD: a=sind: sinfo—-f), “AD sin(0—)" 
ADsin 9 asin ° sin @ 


AC : AD=sin 6: sin(9—8). “ AC=—(0—A) ~ sinG@—8)sin(@—5)’ 


_AC_AC _ sin > sin 6 


a AB sin(—/)sin(@—f)’ 


— 


AVERAGE AND PROBABILITY. 


193. Proposed by J. EDWARD SANDERS, Reinersville, Ohio. 


What is the average area of all squares that may be inscribed in a 
given sector of a circle, a diagonal of the square being parallel to a random 
line across the sector? 


Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


The following solution is for a sector less than a quadrant. Larger 
sectors would require a separate solution. , 

Let ROH be the given sector, ABCD 
the inscribed square, C' in the are, A and B 
each in a radius; A in OR, B in OH; AC the 
diagonal representing the random direction 
of the line; CS, perpendicular from C on OR. 
All directions will be included between AC in 
OR and AC parallel to the bisector of sector. ‘ EE a 

Let AB=x, OC=OR=r, ZHOR=8, ZCAR=9% Then AC=« 2, 
AS=2a/ (2)cos 9, CS=ay (2)sin 9, OA=wasin (4 7 +4—F) /sin &. 

”. (wsin (4 7-+6—8)/(sin &+27/ (2) cos 9) ?-+-2x? sin? =r’, 


2 r® sin? 
~ gin? ($z7-+0—/) +2// (2)sin 2 cos 9 sin (47+4— #) +2sin? 2 


_ 2r* sin? 8 
~ 9+sin28—cos2 &-+ (1+sin2 2) sin2 9+ (cos2 &—1)cos2 ” 
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The limits of 9 are +z and ¢7+4 f=0,, 


. 2% 
-A=— | «w’d 6=average area. 
B Yr 


2a1n2 — —_— 


where c=2-++sin2 —cos2 %, 1+sin2 =1/ (2c—1)sin ¢, 
cos2 §—1=// (2c -1) cos 4. 


If P=h=, A=—"-{tan14[1/ 10-3] [3—1/5] + tan14[8— 1/5] [/5—21 }. 


2 A=.19388r?. 


If we accept the usual definition of inscription of geometric figures, viz., the vertices of the inscribed figure 
shall lie on the boundary of the other figure, the above problem is impossible; for a square cannot be inscribed 
in a sector so that its diagonal shall be parallel to a random direction. For a sector less than a quadrant three 
squares can be inscribed, and only three. The average area would be one-third of the sum of the areas of these 
three squares. The above solution satisfies the case when three vertices of the square lie on the boundary of the 
sector. The author of the problem may have wished the solution to cover the case when the vertices lie wholly 
within the sector, the limiting case being when three vertices lie on the boundary. In this case he should not 
have used the term “inseribed.”? Ep. F. 


MISCELLANEOUS. 


172. Proposed by W. J. GREENSTREET, M. A., Stroud, England. 
If ¢ and ¥ are small angles, show that an approximate value of ¢/¢ is 


t 
ge + Apa — ho (O02) (68 0"), 


II. Solution by the PROPOSER. 


Neither Prof. Zerr nor Mr. Greenwood seems to have carried the ex- 
pansion quite far enough. When this is done the approximation stated will 
be found to be perfectly correct. The following relations will show this to 
be the case. 


gsin?__ a[,__ all _# im be . 
3. 3 ¢ 6 + 120 y 6 + 120 | approximately, 


#8 [1-(E-da)] 4-45) 
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@ Po ot Oo bY? 
c(L+4 6° 36 120° 120 | 


tang, 6 e264 a 
So, gan’ — 44 1 +($ 42 ne +($+ e )] ‘ 


ye Qt gry 
+4 5-24 |... 


“3 — 37 45 


Their sum=—|1 + v* _ log’ 23 | ves 


180 =. 180 180 


= a fe —¢*?|[9¢?—¢? ], 
yp a 
In Mr. Greenwood’s solution it will be noticed that tan’ is not AB as 


stated. 
The relation tand=¢+3¢' +7;¢5 +5467... is readily obtained from 


lg @. 0 _# oe 7 
tand—| ¢ 6 120 sant || a + og ate | 


fy (Gy OY (Hoe) (88)2 
Thesecond factor—| 1 +( 9 oat oa) + ( 9 sa) +( 9 Je | 


and on multiplying out the expansion is obtained to any power we require. 


PROBLEMS FOR SOLUTION. 


NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


———— 


157. Proposed by A. H. HOLMES, Brunswick, Maine. 


Find integral values for m and 7 in 64m?n? (m? —n?)*? +(m?-+n?)*=O, 


158. Proposed by J. EDWARD SANDERS, Reinersville, Ohio. 


Find positive rational values of a and b in the equation «* —2ax?-+a+ 
a® —b=0, that will make each of the roots (all different) rational numbers. 


MISCELLANEOUS. 


179. Proposed by FRANCIS RUST, C. E., Allegheny, Pa. 


Let S represent the area swept over by the radius vector, counted 
from the perihelion; m represent the mean anomaly, and e represent the ec- 
centricity of the orbit. Prove: 2S=my (1—e?). 


NOTES AND NEWS. 


Doctor J. W. Young, formerly preceptor at Princeton University, is 
now assistant professor of Mathematics at the University of Illinois. 


Doctor R. L. Moore, formerly instructor at Princeton University, is 
now instructor in Mathematics at Northwestern University, Evanston, II. 


Doctor Max Mason, formerly assistant professor at Yale University, 
is now associate professor of Mathematics at the University of Wisconsin. 


Doctor N. J. Lennes, formerly instructor at the Massachusetts Insti- 
tute of Technology, is now instructor in Mathematics at Brown University. 


Doctor Gilbert A. Bliss, formerly assistant professor at Princeton 
University, has been appointed associate professor of Mathematics at Chica- 
go University. 


Mr. E. J. Moulton, formerly a graduate student at the University of 
Chicago, is now in charge of the Department of Astronomy at Pritchett Col- 
lege, Glasgow, Mo. 

The Summer Meeting of the American Mathematical Society was held 
at the University of Illinois, September 10th and 11th, 1908. The attend- 
ance was good and the meeting highly successful. 


Doctor T. E. McKinney, formerly in charge of the Department of 
Mathematics at Wesleyan University at Middleton, Connecticut, is now pro- 
fessor of Mathematics in the State University of South Dakota at Vermil- 
lion, S. D. 


Mr. F. H. Hodge, formerly instructor in the Undergraduate Depart- 
ment of Clark University and more recently a graduate student at the Uni- 
versity of Chicago, is now professor of Mathematics at Parsons College, 
Fairfield, Iowa. 


The annual conference of the University of Chicago with cooperating 
high schools of the Middle West takes place in Chicago, November 13th and 
14th, 1908. In-connection with the general program, departmental confer- 
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ences are held and among these is a conference in Mathematics which 
always proves of great interest to those who are teaching in this line. The 
subject this year is “Improvement in the Teaching of Geometry.’’ The 
chief speaker is Principal H. W. Hurt of Oskaloosa, Iowa. 


The annual meeting of the Kansas Association of Science and Mathe- 
matics Teachers will be held at Lawrence, Kansas, on November 27th and 
28th. An address will be given before this association on the ‘‘Preparation 
of the Teacher of Mathematics,’’ by Professor H. E. Slaught, of the Univer- 
sity of Chicago. The Southwestern Section of the American Mathematical 
Society will meet in Lawrence at the same time, but the sessions will be ar- 
ranged so as not to conflict with those of the State society. 


The annual meeting of the Central Association of Science and Mathe- 
matics Teachers will be held at the Englewood High School, Chicago, IIl., 
November 27th and 28th, 1908. The program of the Mathematics section 
promises to be of special interest. It will include a revised report of the 
Committee on Algebra of last year together with a report of a new commit- 
tee on “‘Correlated Mathematics for Secondary Schools.’’ This association 
ought to include every secondary teacher of Mathematics in the Middle 
West. 


The annual meeting of the University of Illinois with the high schools 
of the State will take place at Urbana on November 20th and 21st, 1908. 
Of especial interest to teachers of Mathematics is the report of the commis- 
sion which was appointed last year to draft a syllabus of algebra for the 
high schools. The committee consists of Professor H. L. Rietz, University 
of Illinois, chairman; Professor H. E. Slaught, University of Chicago, Mr. 
Manners, of East St. Louis, Illinois, Louis Omer, Oak Park, Illinois, and 
Jacob Meyer, formerly of Dixon, Illinois, 


BOOKS. 


General Physics. An Elementary Text-Book for Colleges. By Henry 
Crew, Ph. D., Fayerweather Professor of Physics in Northwestern Univer- 
sity. 8vo. Cloth sides and leather back, xi+522 pages. Price, $2.75. 
New York: The Macmillan Co. 

The author in his preface states that his purpose in writing this book was three-fold, 
viz., (1) To prepare a text-book adapted to the needs of first year students in Physics at 
Northwestern University, (2) To keep the treatment elementary, and yet include all the 
fundamental principles of Physics and, (8) To set before the student a large and compact 
body of truth obtained by a method which shall remain for him, throughout life, a pattern 
and norm of clear and correct thinking. 

The book is well written, the subject matter is well arranged, and important facts 
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stated in clearest language. The illustrations are good and the mechanical make-up of the 
book is all that could be desired. 

The book will be found very valuable for all college teachers of Physics who wish a 
good book for first year Physics students. B. F. F. 


A Short University Course in Electricity, Sound, and Light. By Rob- 
ert Andrews Millikan, Ph. D., Associate Professor of Physics in the Univers- 
ity of Chicago, and John Mills, A. M., Instructor in Physics in the Western 
Reserve University. 8vo. Cloth, v+3888 pages. Price, $2.00. Boston and 
Chicago: Ginn & Co. 

This book is intended to be something more than a laboratory manual. It presents a 
logical development, from the standpoint of theory as well as experiment, of the subjects 
of Electricity, Sound, and Light. The course here outlined and treated is analytical rather 
than descriptive, although no mathematics beyond Trigonometry is presupposed. The book 
will be found very valuable to those teachers who prefer text-books treating on different 
subjects in Physics rather than a single text. It is well gotten up and the publishers have 
added to the attractiveness of the work by presenting it to the public in good clear type 
and substantial binding. B. F. F. 


Practical Elementary Algebra. By Joseph V. Collins, Ph. D., Profes- 
sor of Mathematics, State Normal School, Stevens Point, Wisconsin. 8vo. 
Cloth sides and leather back, 420 pages. Price, $1.00. New York and 


Chicago: American Book Co. 

The author of this work being touched by the wave of interest in the teaching of 
Mathematics which has swept over the United States during the past four or five years, 
has attempted to write a book which will meet the demands made by the various organiza- 
tions of teachers, which organizations propogated the wave which is now carrying the teach- 
ing of Mathematics on its crest. The literature of the various organizations of Mathemat- 
ics teachers has been carefully studied by the author and he has endeavored to utilize as 
far as possible all practical suggestions. He has searched the whole field of exercises for 
practical problems and has introduced a considerable number of new ones. This book may 
be classed among the best of those written during the last few years. B. F. F. 


An Algebra for Secondary Schools. By E. R. Hedrick, Professor of 
Mathematics, The University of Missouri. S8vo. Cloth and leather back, 
x+421 pages. Price, $1.00. New York and Chicago: American Book Co. 


This book meets the entrance requirements of American colleges and universities, 
though it was written with a view to meet the demands of those students for whom the 
high school course is the last. The author has embodied the best views, both radical and 
conservative, expressed in recent reports of committees on the teaching of Algebra. The 
language of the book is simple and conversational. The problems are numerous and repre- 
sent a wide range of subjects. Frequent use'is made of the graph. B. F. F. 


Differential and Integral Calculus. By Daniel A. Murray, Ph. D., 
Professor of Applied Mathematics in McGill University. S8vo. Red cloth, 
Xvili+491 pages. Price, $2.00. New York: Longmans, Green, & Co. 


This book is mainly made up of the material from Dr. Murray’s Infinitesimal Calcu- 
lus, though much additional matter especially beneficial to engineering students has been 
incorporated. The notion of anti-differentiation is presented and exercises in this operation 
appear early. Later the operation of integration is taken up and treated as a process of 
summation. The book is well written and is worthy of wide adoption as a text. B.F. F. 
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Paul Jean Joseph Barbarin, one of the greatest of living geometers, 
was born October 20, 1855, in Tarbes (High Pyrinees). He had the almost 
indispensable advantage for mathematical achievement of avery early start, 
which came about as follows: Though his father was a professor of mathe- 
matics, and tried early to awaken in him a taste for the sciences, yet our 
Professor Barbarin slighted these lessons until after he had taken, when 
scarcely 16 years old, his degree of Bachelor of Letters. The following year, 
to please his father, he consented to take a course in elementary mathemat- 
ics, when the love of science quickly developed, and he expressed a wish to 
attend the Polytechnic School and the Normal School. He entered the 
Polytechnic for a short time, but changed to the more congenial Normal, 
where at 194 years of age he settled down to prepare for his life work. He 
studied under Briot, Bouquet, Tannery, and Darboux. 

His course finished, he became professor of mathematics at Niza, then 
at the School of St.-Cyr of the Lyceiim of Toulon. Since 1891 he has been 
professor at the Lyceum of Bordeaux. He married a highly intellectual 
lady, born at Reichshofen in Alsace, and her mastery of German, English, 
Spanish, and Portugese has given essential help in his writings. Our Pro- 
fessor is noted for his devotion to the river and sea and all aquatic sports, 
but above all to music. Both he and his wife play brilliantly upon the vio- 
loncello, and their charming home is a center for the musical cult. 

Notwithstanding the heavy draft of his teaching upon his energies, 
he has been extraordinarily productive and original as a geometer, his dis- 
coveries in non-Euclidean geometry being particularly brilliant. The report 
on his works by Professor Mansion on the occasion of the third award of 
the Lobachevski prize, where he was second only to Hilbert, I have given 
in full in English in Science, Vol. XX, pp. 3538-867. From this a single sen- 
tence may be here reproduced: ‘‘Non-Kuclidean geometry owes to M. Bar- 
barin (1) fundamental properties of the plane trirectangular quadrilateral; 
(2) the discovery of Riemannean equidistant straights; (3) the complete 
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classification of non-Euclidean conics and quadrics; (4) the most intuitive 
formula that we know for the determination of volumes, with a remark- 
able application to the tetrahedron; (5) finally and above all, the beautiful 
general theorem cited above on the geodesics of tubes and pseudospheres, 
in the three geometries. ’’ 

Professor Barbarin is like Poincaré in adding to his creative power 
the gift of brilliant exposition. An example is his beautiful little book, ‘‘La 
Géométrie non-Euclidienne.’’ The first edition of this I reviewed in Science, 
Vol. XV, pp. 984-988. A second edition has now been issued by Gauthier- 
Villars, 8vo, 91 pages, greatly improved; for example, by introducing the 
single elliptic geometry so strangely unmentioned in the first edition. This 
delightful little treatise is a perfect gem. 

Of late Professor Barbarin, already noted as worthy successor of 
Hoiiel, who made Bordeaux sacred ground for non-Euclidean geometry, has 
exhibited, like his beloved predecessor, a genius for translating. His trans- 
lation, La Spherique non-euclidienne, in L’ Enseignement mathématique, No. 
2, 10° année, Mars 1908, pp. 97-111, is a marvel of elegance, clearness, and 
accuracy. 

The celebrated Société des Sciences de Bordeaux honored itself in 1905 
when it elected Professor Barbarin as its president. 


A Inst of the Principal Memoirs and Works of P. Barbarin. 


. Note sur les coordonnées bipolaires. (Nouvelles Annales). 1882. 

. Note sur la droite de Simpson. (Mathesis). 1882. 

Sur |’ Herpolhodie: N. A. 1885. 

. Sur un Systeme d’ Equations. Revue de Speciales. 1894, 

. Normales généralisées. Revue de Speciales. 1894. 

. Systemes isogonaux du triangle. A. F. A. S. 1896. 

. Triangles dont les bissectrices ont des longueurs données. M. 1896. 

. Constructions Spheriques. M. 1899. 

. Etudes de géométrie Analytique non-Euclidienne. Bruxelles. 1900. 

10. Géométrie Infinitesimal non-Euclidienne. Lisbonne. 1901. 

11. Ve Livre de Metagéométrie. M. 1901. 

12. Polygones réguliers Spheriques. Le Matematiche. 1902. 

13. Cosegments et Volumes. (Memoires de Bordeaux). 1902. 

14. La Geometrie non-Euclidienne. (Scientia). Paris. 1902. 

15. Calculs abrégés de Sinus et Cosinus. (Memoires de Bordeaux). 1904. 

16. Bilatéres et Trilatéres. M. 1902. 

17. Considerations sur la forme del’ Espace. (Enseignement Math.). 1902. 

16. Spherique non-Euclidienne de G. B. Halsted. (Enseignement Mathémat- 
ique). 1908. 

19. Recueil de Caleuls Logarithmiques. Paris, Nony. 1893. 

20. Complements sur les Courbes usuelles. Paris, Nony. 1898. 
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DEFINITIONS OF THE TERM “MATHEMATICS.” 


By DR. G. A. MILLER, University of Illinois. 


As science advances many laws are found to be less simple than they 
were at first supposed to be and many terms acquire a breadth of meaning 
far beyond that assigned to them when they were first employed. In an 
age of such great scientific activity as the present, it might appear especially 
futile to try to define terms covering great fields of scientific inquiry, in 
view of the fact that each important new development tends to throw new 
light on the term under which it is classed. Moreover, as these develop- 
ments proceed, the sciences tend more and more to grow into each other, 
and this complicates very seriously the formulating of satisfactory defini- 
tions. Broad definitions are not apt to meet with much opposition unless 
they encroach on the territory claimed by other terms by right of first ex- 
ploration. As illustrative of this thought we need only point to the vague 
notions as regards the boundaries between arithmetic, algebra, and 
geometry. 

Notwithstanding these serious difficulties, definitions of general terms 
frequently furnish most inspiring view-points of broad domains. Such a 
term as ‘‘Mathematics,’’ for instance, is continually becoming more replete 
with meaning for the growing mathematician, and, if he meets a definition 
which is just suited to his advancement, it tends not only to give him new 
pleasure but also to emphasize elements which had not been distinguished 
with sufficient clearness. Even if such a definition should not involve any 
element of novelty, it may give us pleasure by supporting a view which has 
been entertained by us for a long time. Probably few young mathemati- 
cians have read or re-read the remarks by Professor Boécher on ‘‘Old and 
New Definitions of Mathematics,’’* without arriving at a clearer conception 
of some broad principle relating to mathematical thought. 

The main object of the present note is a brief consideration of the 
statement: Mathematics is the science of saving thought:* In the first place, 
we may compare the scope of this statement with the well known definition 
which Benjamin Peirce gave in his Linear Associative Algebra (1870), viz.: 
Mathematics is the science which draws necessary conclusions. If, by saving 
thought, we mean the most economical use of thought these two definitions 
appear to have practically the same scope. For if we can draw a necessary 
conclusion in regard to a subject this conclusion may be drawn once for all 
by the same individual, and thereafter when circumstances arise which ful- 
fil the conditions leading to the first conclusion the same result may be as- 
sumed without going through the various steps of reasoning. On the other 
hand, if we arrive at a definite conclusion without expending thought on all 


* Bulletin of the American Mathematical Society, Vol. 11 (1904), p. 115. 
+Popular Science Monthly, Vol. 78 (1908), p. 321. 
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its details, it is essential that some of the intermediate steps were omitted 
in view of the fact that they could be reached by drawing necessary 
conclusions. 

Having observed that the definitions of the preceding paragraph have 
practically the same scope, the question arises whether this scope is not too 
comprehensive. It is easily seen that it includes developments which are 
not generally classed with Mathematics. It has been claimed that such de- 
velopments are the result of the tendency of sciences to grow into each 
other and to encroach on domains which are not strictly their own. As is 
well known, some of the sciences which started out as non-mathematical, in 
their later developments availed themselves of mathematical results with 
great profit. A very striking instance is furnished by the “‘Phase Rule’’ of 
Professor Gibbs, which now occupies such a fundamental position in Physi- 
cal Chemistry. Fairness, however, demands that the mathematician should 
not lay claim to territory first explored by other sciences even if it joins do- 
mains universally acceded to him and could have been properly claimed if 
the mathematician had been first to occupy it, or if the exploration had been 
accomplished by mathematical means. 

In view of these facts it might be best to regard the so-called defini- 
tions under consideration as incomplete definitions, expressing concepts 
which dominate mathematical thought more completely than that of the 
other sciences. In his address before the recent International Mathematical 
Congress held at Rome, Poincaré developed the thought that the role of sci- 
ence is to produce economy of thought, which he attributed to Mach. He said 
that the savage calculates with his fingers or with little pebbles. In teach- 
ing children the multiplication table we save them innumerable manipula- 
tions with pebbles. In olden times someone recognized, with pebbles or 
otherwise, that 6 times 7 is 42 and he had the idea to note the result, and on 
this account we do not have to begin over again. This one did not lose his 
time even if he calculated only for pleasure; his operation took him only two 
minutes, while it would have required two billion minutes if a billion men 
would have been compelled to begin where he began. The importance of a 
fact is therefore measured by the quantity of thought which it enables us to 
economize. * 

We desire to consider briefly another expression, viz., Mathematics 1s 
a tool. There is evidently some truth in this. A tool enables us to use 
physical energy more effectively just as Mathematics enables us to use 
thought with greater efficiency. On the other hand a tool is a simple instru- 
ment while Mathematics is very complex. Jt would be better to say that 
Mathematics consists of ten thousand tools, but this would not convey a 
complete idea, for Mathematics does not only develop a large number of 
simple tools but it especially emphasizes the putting together of these tools 
into powerful thought machines. The training in the construction of such 


‘Bulletin des Sciences Mathematiques, Vol. 32 (1908), p. 171. 
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machines is one of the greatest importance to those who expect to employ 
Mathematics intelligently in Physics or Engineering. If we are not mis- 
taken Professor Slichter had practically the same thought in mind when he 
said: ‘‘It grates on me to hear Mathematics spoken of as a tool. Mathe- 
matics is to the engineer a basal science and not a tool. The spirit of that 
science is of more value to the engineer than the particular things that can 
be accomplished. The engineer need not be a mathematician, but he needs 
to think mathematically, and, to my mind, he needs the power of mathe- 
matical thought more than skill in manipulating a few mathematical tools 
in a mechanical fashion.’’* 
* Science, Vol. 28 (1908), p. 2638. 


ON THE REPRESENTATION OF THE TRIGONOMETRIC FUNCTIONS 
BY LINES. 


By R. D. CARMICHAEL, Alabama Presbyterian College. 


The representation of the trigonometric functions dealt with in this 
note is in some respects different from that usually employed; it has certain 
advantages which appear to make it superior to other methods of effecting 
this representation. 

Let the circle whose center is O (see figure) 
have the radius unity; and let O be the origin of the 
rectangular axes XX’ and YY’. Lettheangle MOT 
=a be formed by the radius revolving counter-clock- 
wise from OX to any position OT. Draw TP and 
TQ perpendicular, respectively, toOX and OY. At 
T draw a tangent to the circle cutting the X-axis in 
M and the Y-axis in N. Then in whatever quadrant 
OT may lie we have 


sinvx—OQ, secv=OM, tanx=—TM, 
cosx=OP, cscx=ON, cotx=TN. 


The tangent and the cotangent are measured from the point of tan- 
gency; the other functions from the center of the circle. Thus, all functions 
are measured from an extremity of the revolving radius. 

It should be noticed that in any quadrant the tangent is that portion 
of the tangent line intercepted between the point of tangency and the 
X-axis, while the cotangent is intercepted between the point of tangency 
and the Y-axis. This is the conception of Analytics. The secant and the 
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cosine are measured along the X-axis, while the sine and the cosecant are 
measured along the Y-axis. The following facts are evident from an inspec- 
tion of the figure for an angle in each quadrant: 

The algebraic signs of the sine, cosine, secant, and cosecant are deter- 
mined by the direction in which each is measured from O in accordance with 
the usual convention of Analytics. The algebraic sign of the tangent is plus 
when the tangent is measured to the right of OT (as one looks from O) ; minus, 
when measured to the left. The tangent and cotangent have always the same 
sign. 

Any two functions of an angle measured along the same line have unity 
for their product. 

It seems to me that this representation of the functions will make it 
easier for the student to fix the algebraic sign of any function in any quad- 
rant, and also to remember the group of products each equal to unity. 

The method also lends itself very readily to approximate measure- 
ments of the functions for rough work. For this purpose the pupil will re- 
quire a circular protractor and a “‘square’’ graduated to tenths of the unit 
on the inner edges of the angle. This square should have for unit the radius 
of the protractor. Tangents and cotangents may be read (accurately to 
tenths, estimated to hundredths) by laying one inner edge of the square 
along the radius OT which cuts off on the protractor the required angle, and 
then reading TM or TN according as tangent or cotangent is desired. The 
sine and the cosine may be read by putting the vertex of the square as at P 
and reading PO and PT. (It is in measuring tangents and cotangents, of 
course, that this method has the advantage over the ordinary methods. ) 


NOTE ON AN APPROXIMATION IN TRIGONOMETRY. 


By G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


The question as to whether it is possible to find the angles of a tri- 
angle in terms of the sides approximately correct, without the use of tables, 
is one which is often asked by persons who do not know how to use tables 
and yet find it necessary to use the approximate values of the angles. They 
understand mensuration and naturally wonder why there is not a formula 
for this purpose given. 

The following simple deductions lead readily to such a formula. 

Let A be the smallest angle of a triangle. Let the sides be denoted 
by a, 6, c, and the area by A. Also let 2s=a-+b-+<. 
2A b?-+¢c?—a? 4bc+b?+c? —a? 

C 


Then, snA=y, cosA=— oho? 2-+cosA= De ; 
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2s (s—a) +be 


2+ cosA =~. Hence, 
C 
IN sind _A-—j;A?® 
2s (s—a) +be 2+ceosA B--4A?? 
omitting higher powers, or a A; in linear measure, = tA 
>“ 23 (s—a)+be 38’ =35 180 12 


circular measure. 


. _ 1080 A _ 344 A 
That is, A=, [2s(s—a)+be] 2s (s—a) tbe’ 

As a special case, let a=20, 6=51, c—65. Then A—408, s=68, s—a 
=48, be=8315. Hence, A=1$2332—14,259°=14 15’ 3”. 

oe 344A 14035 0 ” 

Similarly, B =35, 3s (s—b) bac 3 tt —=88. 857° =88" 51° 25”. 

The values by the tables are: A=14° 15’, B=88° 52’ 48”. 

If we have a right triangle, then a?+6?=c?, and 


A= 172ab __ 172ab _ 172a 
4 (0b? +2be+c?—a*?)+be 6?+2be 0+2c 


This value for the lesser angle of a right triangle, I am informed, is 
found in some work, but I cannot learn where or how it is deduced. I will 
greatly appreciate this information from some reader of the MONTHLY. 

As an application of this formula, let a—4476, 6—7332.8, c—8590. 
Then A=!" —31.407°=81° 24" 25", The value by the tables is A=81° 
24’. The smaller the angle the less the error. Hence it is always best to 
find the small angle by this formula. 
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SOLUTIONS OF PROBLEMS. 


ot 


ALGEBRA. 


——— 


298. Proposed by W. J. GREENSTREET, Marling School, Stroud, England. 


Find an approximation to the difference between the sums of 1 har- 
monic and 7” arithmetic means between a and 6, when ais very nearly equal 
to 0. 


Solution by A. H. HOLMES, Brunswick, Me., and J. SCHEFFER, A. M., Hagerstown, Md. 


n arithmetic means between a and 6 would be: 


an+b a(n—1)+2b a(n—2)+38b a + nb 
n+l ’ nmt+1 ’ mt1 ’"" n+1° 


Putting S, for the sum of these terms, we find S ete 


n harmonic means between a and 6 would be: 


ab(n-+1) ab(n-+1) ab(n+1) 
a (n+1)+(b—-a)’ a (n+1)+2(b-a)’ ° a (vw +1)4+7(6-a)’ 


Putting S, for the sum of these » terms we find, disregarding powers of 
(b—a) above the third since a nearly equals 8, 


S.=nb E Pay (2n+1) (b-a)*?  _n(b--a)? |. 
a 


6a? (n+1) Aa? (n-+1) 


___ fat+b b—a , (2n+1) (6-a)*® = n(b—a)® 
8, —-Si=n| 5 (1 Ba + 6a? (nH1) 4a? aD) 


=n] "4 2-759) - 6(2n +1) Oa)" _ nb Ga) 
= 5-(a—b)*, nearly. 


Also solved by G. B. M. Zerr, T. I. Wodo, and H. V. Spunar. 
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299. Proposed by C. N. SCHMALL, 89 Columbia Street, New York City. 


The sides of a triangle and the area are in arithmetical progression. 
Find their values, and show there is only one solution in rational integers. 


Solution by THEODORE L. DeLAND, Treasury Department, Washington, D. C. 


To avoid fractions, take the sides and area to be, in order, 2x, 2~-+-2y, 
2x-+4y, and 27+6y; then 3(a+y) =the half sum of the sides, from which we 
have 


[3(a+y) (x + By) (x+y) (a—y) |? =20 +6y... (1). 


Throw off the radical and divide each side of equation (1) by 
(x+8y) (a-+-y)? and we have after reduction 


3(a—y) / (a +8y)=4/ (a+y)*? =m’... (2). 


The least value of m for positive integral results=1. Therefore 
“=2—y, and the sides and area in order are, 4—2y, 4, 4-++2y, and 4-+4y. 

The least value of y for positive integral results=%. Therefore, the 
sides and area are in order 8, 4, 5, and 6. 

The triangle is a right triangle; and there are an indefinite number of 
similar triangles; integral or fractional multiples; but there is but ove solution. 


Also solved by George W. Hartwell, T. I. Wodo, G. B. M. Zerr, M. V. Spunar, A. H. Holmes, J. Scheffer, and 
J. M. Arnold. 


172. Proposed by DR. L. E. DICKSON, The University of Chicago. 
Without solving the algebraically solvable quintic, y°+py*+ip’yt+r 
=0, prove that it is irreducible in the domain of rationality (y, 1). 
Solution by H. S. VANDIVER, Bala, Pa. 


Put the function in the form 
5y® +5py? +p? y+5r. 


If the original function is reducible in domain (yp, 7) this function is also. 
The assumption that it is reducible in domain (y, 7) is equivalent to the as- 
sumption that it can be expressed as the product of two factors: 


"a0", On, 
on" +2 et" +... +P 5—n, 


where the 2’s and #’s are rational functions in » and r._ By Theorem VI, 
page 79, Vol. I, of Weber’s Algebra, French edition, they may also be con- 
sidered integral. The form of the factors shows that the function remains 
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reducible for all finite values of p andr. Let p=5, r=5. Then, ignoring 
constant factor 5, y°>+5y*?-+5y+5 is reducible. But this is irreducible by the 
well known theorem of Eisenstein (Weber, 1. ¢., p. 702). 

The irreducibility may also be proved by setting p=-0, r=-2, whence 
the function y®-+2, which is irreducible by the theorem in Dickson’s Theory 
of Algebraic Equations, p. T7, §90. 


ee 


GEOMETRY. 


—_ 


332. Proposed by DAVID F. KELLEY, New York, N. Y. 


To find the area of a parabolic sector, by a hitherto unpublished 
method. 


Solution by the PROPOSER. 


Let a secant meet a parabola in the points Pand Q. Join the points 
P and Q to F which is the focus of the parabola. Let fall perpendiculars 
from P and Q on the directrix, BC, meeting it in the points P’ and Q’, re- 
spectively. Let R be any other point on the 
curve between PandQ. Join Pand R, and let 
fall RR’ perpendicular to directrix BC, and meet- [Pa 
ing it in the point FR’. Bisect P’'R'in M, andjoin | 
M and R, and M and P. By a well known 
geometrical theorem, area of A PMR=4 quadri- 
lateral PP'R'R. Let R’ move indefinitely near 
to P’, then, in the limit, MR=R'R=FR, and 
NP=P'P=FP. Therefore, in the limit, APRF=A PMR=3 quadrilateral 
PP'R'R. Hence, it readily follows that space FPRAQ=4 space PRAQQ'P’. 
Hence, if O=space PRAQQ'P, and I=space PRAQ, and A'=area A F'PQ, 
and k=area of quadrilateral PQQ’'P’, we have the following two equations 
connecting O and /: 


A'+I=s0, O+]=k. 


In particular, when PQ is perpendicular to AB, if x and y be coordinates of 
P, we have (a—x)yt+J=40. I+0O=2(a+z~)y, and solving for J we get [= 
Axy/8. 

Again, since, in the limit, AF-PR=A MPR, it follows that if perpen- 
diculars be let fall from P’‘and F' on the tangent to the parabola at P, then 
these perpendiculars are equal, and hence it is readily seen since F'P=PP'’ 
that the line joining F' and FP’ is bisected by the tangent at P, and is at right 
angles to it. 


Also solved by G. B. M. Zerr, and H. V. Spunar, 
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333. Proposed by J. B. MORRELL, Boulder, Colorado. 


Exhibit the fallacious argument to prove that a right-angle is equal to 
an angle which is less than a right-angle. 


Solution by the PROPOSER. 


Let ABCD bea rectangle. From A draw a line AE inside the rec- 
tangle equal to AB or DC and making an acute angle with AB as indicated 
in the diagram. 

Bisect AD in H and through H draw HO at 
right angles to DA. Bisect CE in K and through 
K draw KO at right angles to CE. Since CB and 
CE are not parallel the lines HO and KO will meet 
(say) at O. Join OA, OE, OC, and OD. 

Now OA=OD and therefore angle ODA 
equals angle OAD. OC equals OF, and by con- 
struction AF equals CD, therefore triangle COD 
equals triangle HOA and the homologous angles 
ODC and OAE are equal. 

Now we have ODC equal to OAH, ODA equal to OAD, therefore 
ODC+ODA equals OAEH-+OAD, or CDA is equal to HAD. But CDA isa 
right angle and HAD is less than a right angle, therefore the result is 
impossible. 

334. Proposed by J. O. MAHONEY, B. E., M. Sc., Central High School, Dallas, Texas. 


Through any point P in the plane of the triangle ABC, draw a line 
that shall divide the perimeter of the triangle into two equal parts. 


Solution by J. SCHEFFER, A. M., Hagerstown, Md. 


This problem reduces to the following: Through a given point in the 
plane of a given angle to draw a straight line which cuts off from the sides 
of the angle two intercepts the sum of which is equal to a given line, viz., 
the half-sum of the three sides of the triangle. 

Let AX and AY be the sides of the angle; P be the given point. Draw 
PD=n, parallel to AY, and put AD=m. Denote the semi-perimeter of the 
triangle by s. Let MPN be the required line, Ma point in AY and N ina 
point AX. Then AM: n=AN: AN-m, and AM+AN=s. From these 
two relations we find the quadratic 


AN? —(s—n+m)AN=~ms, 


which admits of an easy geometric construction. Since this equation fur- 
nishes two values, and the three angles of a triangle admit of three combin- 
ations of two at a time, there are really six solutions of the problem. 

Also solved by G. B. M. Zerr, H. V. Spunar, and C. N. Schmall. 
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CALCULUS. 


261. Proposed by S. A. COREY, Hiteman, Iowa. 


Prove that ‘3 - 


eo 
A a+ 2be® +en* 7 [8acl\/actb)] 2a’ where ac>b’. 


Solution by V. M. SPUNAR, M. and E. E., East Pittsburg, Pa. 
_ 1 _ f ° dx _ 

ae Sere ———=. 

2—10-+ 2be* +-ex* 1 a+2bu? +cx4 


As ac>b’, ore +eut=(/at2ke+nx’ 1c) (Ya--2ka+a* ec), where 


p= [rio V (ac) — 
A= 1 ” (at+2k)de sl ° (7 —2k) dx 
Aka 1 Vat2khaetetyVe 4kVa 1 /a-2kat+e?ve 


=| 1 Vat2 katz? Ve 


ay OE) 
 18kyYa 08 7a—2 kxte® yet 


fee VV a—ay/e |, 


1 
Ay [a(b+k? 


1 


_3/_” - 4] _ _ _ 1 
~~ a| , a ) where h=2y (ac) +5, yy [Sac(V’ac +5) ] oa e 


V ah 


Also solved by G. B. M. Zerr. 


262. Proposed by H. SCHAFFER, Fayetteville, Ark. 


Prove that the circle is the only plane curve of constant curvature. 


Solution by C. N. SCHMALL, New York City. 


The expression for the curvature of a plane curve, F(x, y)=0, is 


d?y 
1 dx? 
B= a a =e, Say... (1). 
© [1 +e) | 
mY 
dys, .d’y _ dz. dz/de _ 
Put den dx? da’ and (1) becomes (ite)P =c, whence 
de de 1 z 


ye and, therefore, <= 


=sSr (1+2?)3 ee VY (A +2?)’ 
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og? = z” Lym c* y . LY . Cx 
_ 1—c? x’ 


ae, dy 
—yY (1—e?a?)’ aa an VY 1—c2x?)’ 


7 ext = ada _ (1 ~ctn*) 
WF 63): and y=c V G—c'n®) =e. ( mV (1 cx") 


=- ty (l-ee*). Squaring, y= (1-c8e*), or c*(%*+y")=1, the 


equation of a circle. 
Also solved by G. B. M, Zerr, and V. M. Spunar. 


ERRATUM. In problem 264, Calculus, the proposer evidently meant 


d? gp \2 ad? p \? 
(Ts instead of (a5) 


eed 


MECHANICS. 


215. Proposed by R. D. CARMICHAEL, Anniston, Ala. 


Determine the curve in a vertical plane along a chord of which a par- 
ticle will slide under the force of gravity and the retardation of friction so 
that it will traverse the whole length of the chord in a time t which is inde- 
pendent of its direction as long as the upper end of the chord remains fixed. 
Discuss the result. 


Solution by J. SCHEFFER, A. M., Kee Mar College, Hagerstown, Md. 


Take the fixed end of the chord for the origin of the axes, that of x 
being horizontal, and that of y vertical. Let s denote the length of any 
chord drawn from the fixed point, and denote by ? the angle it makes with 
the horizon. Then, denoting the coefficient of friction by v, we have 


2 
sg (sin 6—» cos 9) - t being the time. If now, tis to be independent of @, 


must be a constant, say=a. 


V (a? +y?) 
ee 2 ek 
V(r +y*?) vv (@?+y’) 
coordinates of the center of which are —sav and 4a, and radius 
= SV (1+). 


Also solved by G. B. M. Zerr. 


8 
sin 9—+» eos 8 


=qa, or, «?-+y?=a(y—v«x), a circle, the 


215. Proposed by HENRY WRITT, Genoa Junction, Wisconsin. 


Suppose two centers of attractive forces A and B having a ratio 
1 : 330,000, and influence reducing as the second power of the distance, 7. e., 
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R-*. Then there is a point, P, on the line joining A and B, where 

1 330,000 
AP? BP? ’ 
but opposite in direction along AB. It is proposed to find the surface 
through the point P which is the locus of the direction of the resultant of 
the two forces directed towards A and B, 7. e., the locus of the diagonals of 
the minimum parallelogram of forces. 


orl: 575, nearly. At this point the attractions are equal 


Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


We are to find a surface such that every point on this surface is 
equally attracted by both centers of force. 
Let A be the origin; (x, y, z) the coordinates of any point on the sur- 
face sought; AB=a. 
Then 1 _ 330000 
> 2 +y? +2 (a—x)?+y? +22" 
.. 8329999 (a~? +y? +27) =a? —2aw is the required surface. 


. . 1000 1/38 _. . 
This is a sphere radius “399999 ” with center distant 359900 from A. 
a — a(1 1001/83) 


When y=2=0, ®=777400,7387 329999 


.. P divides a in the ratio 1 : 575, nearly. 


217. Proposed by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


Given, the mean distance from earth to sun, 1.491015 centimeters; 
radius of the earth, 6.87108 centimeters; velocity ‘of the earth in its orbit, 
2.96 x 10° centimeters per second; velocity of rotation of a point on the equa- 
tor, 4.68 x10* centimeters per second: mass of the earth, 6.14x10’" grams; 
find (1) the total energy of the earth in ergs; (2) the angular velocity of 
the earth on its axis; and (3) the angular velocity of the earth around the sun. 


Solution by the PROPOSER. 


Let m=earth’s mass, v=its velocity of rotation, V=its velocity of 
translation. 
(1) Energy of translation=smV’. Energy of rotation=3I w= mv’. 


2 
Total energy=m (5 + =) =6§.14X10?7 (4.3808 x 10'? + 4.2874 108) 
==269 X10? ® dynes. 


463X108 
(2) ro=v, or o=v/1T= 6.37108 = .0000727. 
(3) RU=V, or U=V/ Rae” | 2. pn oo00002. 


1.49107 10° 
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NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


151. Proposed by E. B. ESCOTT, Ann Arbor, Mich. 


In the recurring series u)=3, u,=0, u.=2, ..., where the scale of re- 
lation 18 Un+3="n+1+Un, prove that u, is always divisible by » when » is 
prime. Is the converse true? 


Solution by DR. L. E. DICKSON, The University of Chicago. 


In this problem, we have wz==S: for every k, where S:; denotes the sum 
of the kth powers of the roots of «*—x—1=—0. By the formula of Girard 
(often attributed to Waring), 

_. 5 (m+I—1)! /summed for all integers = 0 
(1) Sn= & m! 1! (For which 2m+3l=—n. 


ry 


Hence, for n a prime number, w,=S, is divisible by n. 
The problem admits of a wide generalization. Given any integers m, 
01, +++) Pm, With m positive, the recursion formula 


(2) Zatmt DP 12e+m—1t D2 2x tm—2 eee + Dm%x=0 


has the solution* z,= = Cia,”, in which the C’s are arbitrary, while a,, . 
4=1 


eey 


Gm are the roots of 
(3) a" +p, a"1+-),a"-2-+,.. + pm=0. 


The C; may be expressed in terms of Zo, 21, ..., 2m—1, and conversely. For 
suitably chosen (integral) values of the latter, we may make C,=1, ..., 
Cm=1. Hence when relation (2) is arbitrarily assigned, we may construct 
an infinite series of integers z,, 2,, ..., for which the recursion formula is 
(2) and such that 


(4) 2:—S,-=sum of kth powers of roots of (3). 
Then 2, is given by Girard’s formula 


—_—— (—1)* t+ (A) 0. -+An—-1)! m 
Sp=p %- - A,! Ay! . Lin! 1°1...Dm ’ 


summed for all integers 4;2 0 for which 4,+24,+...+msn=p. Hence, for 
,—0, and p a prime, 2p is divisible by p. 


The only solution of the a’s are distinct (E’incyclopaedie Mathematik, Vol. 1, p. 984). 
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AVERAGE AND PROBABILITY. 


195. Proposed by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue Philadelphia, Pa. 


A random diameter is drawn in a given circle. Find the chance that 
it intersects, (1) a random chord; (2) a random chord through a random point; 
and (3) a chord through two random points. 


Solution by the PROPOSER. 


Let O be the center of the given circle, AB the random chord, M the 
one random point, and N the second random point. 

Let OA=r, AM=a2, 72 AOH=6. For the second point, let MN=y 
and let v-—angle AB makes with some fixed line 

Then AH=rsin 6; an element of the circle at M is rsin@d ? dx; at n, 
duydy. The limits of ¢ are 0 and 47; of x, 0 and 2rsin 9=~2’; of y, 0 and @ 
and doubled. Then the required chance is 


400 ef 
(1) p= ~~ if 0do=3 
P9xzd?l 
“ 0 
J" [F 4rosin 6.46 de 17 | 
0” 0 a i 
2) po LF isn oanas 


ay . 2 
==] dgin?¢ d 0=4+—— 
wy), “sin d I$ +—y. 


CF S J 4rosin od 6 de dv ydy 


(8) Dea 
("fof (7 2ersin odode dn ydy 
0 0’ 0 0 
4 “( f {6 . odod d d 
Taps , , , , ysin Xv QaY O -- 
=e oS. x sin 0d 0 da "0 int 0d 03 +8 
ye) J, = srr J, 7sin =2 te: 


If a random chord is drawn instead of a random diameter, we let 
£COK=¢, ZAOC=¥¢. The limits of ¢ are 0 and ? and doubled; of ¢, 0 and 
2% and doubled. 
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am (70 2 
dod¢de . 
:. (1) pa aes fo avasag 
0 0 0 


16 f dodo" 02d 6=% (same as 191). 


SoS J. Se rsinOd?d¢d¢ dx 
(2) 9 
7 Ss s S* resin? d0dodd¢ dx 


ly 


SeGEey “Ss. se sin*6d0ddod¥’ =a 7 acer ~ , Psin’é d 4 


ik f i S yrsin 6d¢d¢d¢ dx dy 


=e, “fs Sos J ysin’d6d¢d¥¢ du dy 


— a" 4 a im 2a4n 4 
=sernaJ, i, Sf sint0ddd¢d¢= = (Bx?-£16) » 0?sin*d dq 6 


_ m+9 4 4—_il 
877+16 °  3(87?+16) ° 


This exhibits the reason for the 4 given by some contributors to 191 instead 
of the correct value 4. 
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MISCELLANEOUS. 


173. Proposed by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


If n is odd, prove the following: +1=[(-1)’”+(-1)—-?”][(-1)2 
+ (—1)7-@/)] [(—1)8’ 4+ (-1) 78/7]... [(- 1) 2 (— 1) Te) 2n] 
+ /n(—1)@-Y4= [(-1)/"— (—-1)- 87] [- (—1)?’"— (-1) -@7] [(- 138" 
(—1)—@/O]... [ (1) @-D2n— (— 1) -@ Dn], 


Solution by the PROPOSER. 


Delete the factor (—1)“—” from the first member of the second ex- 
pression. To resolve into factors the expression 7”—1=0. When 7 is odd, 


¢"=1=cos2m = +isin2m t= (—1)=, 
since cos2m 7=3[(—1)?+(—1)-"], sin2m age [(—1)™—(—1)]. 


Giving m the values 0, 1, 2, 3, etc., 
e=(-—1)*9, (—1)#@/™, (—1)*¢™, heey (—1)*@-D/™, 


.. The roots arel, (—1)*2@™, (—1)*4™, ..., (—1)*@-)”™, and the fac- 
tors are (v—1), [w—(—1)?][a—(-1)-@™], [w—(—-1)*”] la— (—1)-@”], 
, [a— (-1) 7] [a— (—1) -@ Dn], 
0% —1=(e%—1) (2? —2(—-1)?”"—a2(—-1)-@) +1] [w*? —a(—-1) 
—x¢(—1)-4) +1], bess [a® —a(—-1) @-D/n—4(-1)-@-D~+4], 
If «=—1, (w"—1)/(#—1)=1. 
1=[2+ (—1)2/"+ (-1)-?] [2+ (—1)4"+(-1)-¢”], 
heey [2+ (—1) @-D/n4 (—1)- er] | 
=[(—1)’/"4+ (-1)-0]? [(-1)?+ (-1) -&7]?, 
sess [(—-1) @-D2n-+ (—])— Dan]? , 
2 k1=[(—1) Ym (=1)-)] [(— 1) 24 (1) 2+] [(=) 
+(- 1)-8*],,, [(—1) (n—1) +20 |. (—1)—@—-D=2n], 
If w=1, (@”—1)/(a@—-1) =a" +0"? -+...+0+1=n. 
2n=[(=D "= (—1)-O)]2[ (== (1-2, 
bee [ (—1) @-D +22 — (— 1) — Den]? 
eV [ (=D (1) 8] [= 1) (1) - 2] [ (=) 
_ (—1)-8+”] _ [(—1) (n—-1)+2n _ ( —1)- (n—1) + 2m] ; 


175. Proposed by PROFESSOR R. D. CARMICHAEL, Anniston, Ala. 


If ~ and z are connected by the relation z=2f(x) +x¢(z), find the value 
of f(z) in the form of a power series in x with constant coefficients. In par- 
ticular, give such a value of 2 when z=zsin «+2 cos2z. 
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Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


Write the expression in the form [1—f(«#) Ja73=¢(z)z74, 
1—sinv _ cosz 


Expand both sides and find z by reversion of series ar 
en ee 
nae+S— 24 2-1, where a= 14+5-— S 4... 
By reversion of series, 
z =+- 3+ 57 ee oe where a= tase 
a ee 2 en 


2 . : + : ; 
(l—sinv) 2(1—sinw)* § 24(1—sinz)> 2(1--sinx)? 
=g-+-o? +4a? —By4—1 595 —3 895 — 
II. Solution by V. M. SPUNAR, East Pittsburg, Pa. 


2—=2f(x) +a $(z) transformed gives f(z) = ¢(z) /z=a[1 —f(ax)]. 
Expanding f(x) by means of McLaurin’s Theorem, 


f(a) =f0) + BF +35 FO) +50) +... + £0). 


f@) = 2 KO) — Ff OF" OFF" OF 0), 


In particular, z=zsinv +xcosz; f(z) =cose/z=x1(1—sinxv). Since 


. 1 pe md mt md 1) 
f(x) =sinx =Ti7 atta 71 oO.” Wt —ao <“x<to. 
. _ COS% wu at ee 8 1 0 7 ae 
fe) =a Tay gitar ett ap TO 
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PROBLEMS FOR SOLUTION. 


ALGEBRA. 


306. Proposed by J. C. CORBIN, Pine Bluff, Ark. 
Muir gives the following problem: 


1 h 5 a 1 ab a-+o 
Prove: lee! =(a--b) | 1 cd’ cra’ 
15S i 1 c'dc'+d 


which, of course, can be solved by finding the terms of both determinants. 
Is there any method of changing from one form to the other which is direct? 


307. Proposed by J. SCHEFFER, Hagerstown, Md. 


If y°=2 and «’==8, find x and y. 


GEOMETRY. 


339. Proposed by G. E. BROCKWAY, Boston, Mass. 
Of all triangles that can be inscribed in a given triangle, that formed 
by joining the feet of the altitudes has the minimum perimeter. Prove by 
means of the straight line and circle. 


340. Proposed by J. H. MEYERS, S. J., Sacred Heart College, Augusta, Ga. 

Given trapezoid ABCD. Prolong AB and CD, the non-parallel sides, 
to meetin FE. On AF as diameter construct semi-circle ALGEH. With BE 
as radius construct arc BG. Draw GH perpendicular to AH’. Bisect AH at 
k. Erect KL perpendicular to AZ. Construct arc LM with LE as radius. 
Draw MN perpendicular to DC. Prove that MN bisects the trapezoid 
ABCD, angles ADC and BCD being right angles. 


CALCULUS. 


265. Proposed by V. M. SPUNAR, M. ‘and E. E., East Pittsburg, Pa. 
Find two curves which possess the property that the tangents TP and 
TQ to the inner one always make equal angles with the tangent TT’ to the 
outer. 
266. Proposed by C. N. SCHMALL, New York City. 


Show that the nth derivative of the fraction u/v can be expressed in 
the form of a determinant, u and v being functions of «. 


MECHANICS. 


221. Proposed by W. J. GREENSTREET, Stroud, England. 
Two smooth intersecting planes are each at 45° to the horizon. Be- 
tween them lies a cylinder of elliptic cross section. Find the position of 
equilibrium. 
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222. Proposed by W. J. GREENSTREET, Stroud, England. 


_ Find the maximum angle of inclination to the line of greatest slope of 
a uniform rod resting on a rough inclined plane and capable of turning free- 
ly round a point on it. 


BOOKS. 


Analytical Geometry for Colleges, Universities, and Technical Schools. 
By E. W. Nichols, Professor of Mathematics in the Virginia Military Insti- 
tute. Revised edition. 8vo. Cloth sides and leather back. xi+282 pp. 
Price, $1.25. Boston and Chicago: D.C. Heath & Co. 


Professor Nichols’ Analytical Geometry has enjoyed an extended popularity for some 
years. In the revision of the work, no important changes have been made but several 
minor changes have been made in order to bring the work in close relation with modern 
views. This edition is put in pocket form for greater convenience. B. F. F. 


Elements of Physics. By George A. Hoadley, C. E., Sc. D., Professor 
of Physics in Swarthmore College. 8vo. Cloth, 464 pages. Price, $1.20. 
New York and Chicago: American Book Co. 


In this book, the fundamental facts of the subject are presented in logical order and 
in clear and simple language. Much attention is given to the application of the principles 
of Physics to every day experiences. The illustrations are good and the book, from the 
mechanical point of view, is neatly gotten up. B. F. F. 


An Elementary Treatise on the Differential Calculus Founded on the 
Method of Rates. By William Woolsey Johnson, Professor of Mathematics 
at the U.S. Naval Academy, Annapolis, Md. Abridged edition. Small 8vo. 
Cloth, x +191 pages; 52 figures. Price, $1.50. New York: John Wiley & 
Sons. 

This book is in great part an abridgment of the author’s larger treatise on the same 
subject. However, the earlier part is entirely revised and the simpler method than the 
functional method is used, in establishing the principal formulae of differentiation. Through- 
out the book graphical methods, notably in the case of trigonometric functions, are given 
preference. Illustrative examples occur in large numbers, and an extensive list of exam- 
ples with answers follow the several sections. The subject of the Differential Calculus is 
presented in the work in a very teachable form. B. F. F. 


Traité de Mathématiques Générales a Usage des Chemistes, Phys- 
iciens, Ingénieurs, et des Facultés des Sciences, avec Préface de G. Darboux, 
Secretaire perpetuel de L’Académie des Sciences. 8vo. Paper cover, x-+440 
pages. Price, paper cover, 9 fr.; cloth cover 10.50 fr. Paris: A. Hermann 
& Fils. : 

As its name indicates, the work is an elementary exposition of general mathematics. 
It is divided into four parts. The first part treats of Algebra; the second, Analytical Ge- 
ometry; the third, Analysis; and the fourth, Mechanics. The book is written in clear style 
and is free from the severer analysis of higher mathematics. It will prove to be of much 
value to the general student of mathematics as well as toe the student of engineering. F. 
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Plane and Solid Geometry. By Elmer A. Lyman, Professor of Math- 
ematics in the Michigan State Normal College; Ypsilanti, Mich. 8vo. 
Cloth sides and leather back, 340 pages. Price, $1.75. New York and 
Chicago: American Book Co. 


This book adds human interest to the study of Geometry by introducing now and 
then a brief historical note. A portrait of Euclid is the frontispiece. B. F. F. 


The Foundations of Mathematics. A contribution to the philosophy 
of Geometry. By Paul Carus. 8vo. Red cloth, gilt top, iv+141 pages. 


Price, 75 cents net. Chicago: The Open Court Publishing Co. 

This work is a very notable and valuable addition to the list of the Open Court Math- 
ematical publications. The author, who is not a mathematician, but a philosopher, has 
given a very clear exposition of a subject about which there is general misunderstanding 
and contention. Dr. Carus is a lucid writer, and his discussion of the ‘‘Parallel Theorem,’’ 
the ‘‘Fourth Dimension’’ and other equally interesting subjects is put in such a non-techni- 
cal form as to be easily understood by the non-mathematical reader. In his Epilogue, Dr. 
Carus brings out strongly the analogy between mathematics and religion, the ultimate and 
unchangeable form of being and God. <A very interesting and readable book for all classes 
of readers. B. F. F. 


Graded Exercises in Phonography. By William Lincoln Anderson. 

187 pages. Price 50 cents. Boston and Chicago: Ginn & Co. 
This is an exercise book containing the writing exercises of ‘‘American Phonogra- 
phy,’’ by William L. Anderson. B. F. F. 


Algebra for Secondary Schools. By Charles Davison, Se. D., Mathe- 
matical Master at King Edward’s High School, Birmingham, England. 8vo. 
Cloth, viii+623 pages. Cambridge: The University Press. New York: 


G. P. Putnam’s Sons. 

This book is well adapted for use in all secondary schools. Three chapters are de- 
voted to graphs. The problems are numerous and well seleeted. While the subjects dis- 
cussed are those commonly included in most text-books on this subject, a few, such as the 
remainder theorem and simpler partial fractions, are introduced at an earlier stage than 
usual. The book is well written and material well arranged. B. F. F. 


Elementary Algebra. By C. H. French, M.8., and G. Osborn, M. S., 
Mathematical Masters at the Leys School, Cambridge, formerly Scholars of 
Emanuel College, Cambridge. 8vo. Cloth, xii+506 pages. Cambridge: 
The University Press. New York: G. P. Putnam’s Sons. 

This is a revised and enlarged form of a text which the authors say has met with 
gratifying success. While some changes have been made in accordance with modern 
methods, the authors have carefully retained the main distinctive feature of the original 
work, viz., simplicity of style. The examples are largely original but anumber have been 
taken from examination papers set at Cambridge and elsewhere. In this work as in the 
previous one, the answers are put at the end of the volume. B.F. F. 
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297 ____._.._-__------- eo ee eee ee eee eee 183-184 
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Cubic Equation, certain relation between coefficients and the roots. 295 _________ 181-182 
Determinant, evaluation of certain, arising in finding inverse of certain transfor- 
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Water Tank, having two inflow pipes, A, B, beginning to flow at same moment, 


ete. 291 ___-___-L ee eee eee eee eee 131-182 
AVERAGE AND PROBABILITY. 
Circle, two random lines cut a given, to find chance they intersect within circle. 

191 _-__-_-_ eee eee eee eee eee 19-20 
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Circle, a random diameter is given. Find chance that it intersects (1) random 

chord; (2) random chord through random point, ete. 195_...______-___.___- 210-211 
Square, a point taken at random in a, is center of a circle whose radius is half side 

of square. Find area of part of circle within square. 192.__._____________- 111 -112 
Triangle, find mean area of, formed by joining three points taken at random 

on circumference of acircle. 194_______.__... 22 eee eee 141 

CALCULUS. 
Circle, prove that, is only plane curve of constant curvature. 262______-_-_____-- 206-207 
Circle, arc of semi, stretched out straight and perpendiculars erected, each equal 

to versine, etc. 252 _______._____ ee eee eee ee ee 89 
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Differential Equation, solve certain, ete. 259 ________________.__ 2. eee 185 
Differentiate log. log. log... logw. 250 __________- ee eee 41-42 
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Angle, to trisect by means of tractrix. 300_____-___-________.--_ eee wee 11 
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if PP; *PP2=k. 319 _____-.___ ee eee eee ee 12 
Circle described around origin. At end of a uniformly revolving radius, a line 

equal to diameter is pivoted, etc, 290-__.__._..______.-__ eee 11 
Circle, encloses two tangent circles, find nth tangent circle. 326.__._._...-______- 1383-134 


Circle, to find locus of fixed point of, rolling along axis of upright cylinder, etc. 329, 164 
Curves, find all, such that normal lengths intercepted by coordinate axes are in 


constant ratio. 324___.________._--____- ee eee eee eee 108-109 
Line, pivoted at origin, revolving with constant angular velocity, intersects another 
ete. 830____.._-_--- ---- eee eee eee eee eee 184 


Lines, determine analytically when three in plane, appear of same length. 335___ 230-230 
Parabolas, co-vertical, axes at right angle. Circle is drawn and cut by straight 
line, ete. 328.__.____-_ 2 eee eee ee eee wee 88-89, 232-233 


Parabolic Sector, to find area of. 282_____.___.--_--___ ee eee eee 204 
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Sphere, to find volume of certain part of hemisphere. 328 
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cle is described. Find point in circumference from which maximum spherical 

surface is visible. 381_________________.-- 2-22 eee eee 184-185 
Surfaces, find all, such that normal lengths intercepted by coordinate planes are in 

constant ratio. 322_._._..__.._.-_-------_-._--__-- eee ee-eeee eee 87-88 
Tangents, spherical, from any point in produced spherical chord to two intersecting 

circles of spheres, to prove equal. 20_._______________ ee eee 10 
Triangle, bisectors of base angles equal, to prove triangle isosceles. 128 ________- 37 
Triangle, from point in plane of, perpendiculars are demitted upon sides, etc. 320 37-40 
Triangle, isosceles, through any given point P in plane a line is drawn cutting sides 


in S, R, T, eect. 3821__-____ 2 ee eee eee eee eee eee 40-41 
Triangle in triangle is formed by joining feet of medians, ete. 327 _..__-_________ 135-136 
Triangle, through point in plane of, to draw line so as to divide perimeter into two 

equal parts. 334.___..______.-__.---- 2 eee eee eee eee eee 205 

MECHANICS. 
Circle, two uniform hinged rods are placed over smooth vertical, ete. 218 ________ 187-188 
Curve, determine, along chord of which a particle will slide under force of gravity, 
ete. 215_______.- eee Lee eee eee ee eee eee eee 207 


Circles, give axomatic principle of physics which is equivalent to theorem of com- 
pound of two circles. 191 _____-_________-____- eee eee ee eee 14, 43 
Elliptic wire, axis verticle, has small ring sliding on it connected by elastic string’ 


with each focus, etc. 211__-.-_-_-_--_- ee eee ee eee eee 166-167 
Earth, given distance from sun, radius, mass, etc., find total energy in ergs (2), 

ete. 217___-__--------------- +e ee eee eee ween 208 
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ond power of the distance, etc. 216_._.__-______-__----_- e+e -e-ee ee 207-208 
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dation must be sunk that D=, ete. 181 ________- i eee eee 42 
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Rod, length a3%, weight aW, has at each end a smooth ring which can slide on 

verticle circle. 219_.__.__--_--_--_--___ +--+ ---- 234-235 
Seale Pans, hanging at rest over pulley, two particles are let fall into each, ect. 208 15 
Triangle, formed of three weightless rods, mid point of which are smooth rings, 

ete, 210_.____._-___-._--- + eee eee eee eee ee eee 140-141 
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Angles, given two small, to show an approximate value of their ratio, 172__..142, 190-191 
Series, sum cosec. 155____--.--_--------------.---------------~ ------------------ 112-114 
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Find multiply perfect numbers of 7 prime factors, etc. 148 __--_------------------ 168-169 
Find prime numbers p for which «2—pxz—px—z-+-p 2—3=0, has more than two sets 
of positive integral solutions, 120_..._..----------------------------- 67-68, 138-140 
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Find two nuinbers whose difference is equal to difference of their cubes. 146__-_-_- 44 
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ON THE FACTORIZATION OF LARGE NUMBERS. 


By PROFESSOR L. E. DICKSON, Ph. D., The University of Chicago. 


1. In the study of a difficult problem, it 1s a decided handicap to be 
denied the useful information that accompanies a knowledge of the origin of 
the proposed problem. There is little interest and much labor in the factor- 
ization of numbers taken at random. The real desideratum is a method 
which is capable of making effective use of the information which can be 
derived from the origin of the proposed number, and of auxiliary tables at 
command. For example, we may be concerned with numbers of a given 
form such as m” +1, or with the eliminant* of a system of congruences un- 
der investigation. We shall here illustrate such a method by determining 
the composition, hitherto unknown, of two numbers each of eleven digits. 
The first of these is a, where 


A 9); (2613 +1) =987.6449.a, a=15207498827. 


The first two prime factors were obtained by Lt. Col. Cunningham by means 
of his tables of solutions of y*+1=0(mod. gq), for n<16, q prime and <10+. 
2. Let » bea prime factor of a. Applying Fermat’s theorem, we have 


26°-1=1, 26°°=1(mod. p), 

so that »—1 is an even multiple of 18. Thus p=—1+26n. Now 
a=1+26N, N=584903801. 

Let a=pq. Then 1=q(mod. 26), g=1+26n,. Then a—pgq gives 


(1) N=n+n,+26nn,. 


*Instances of rapid factorizations of numbers known to be true eliminants oceur in the writer’s paper, “‘On 
the last theorem of Fermat,’’ Quarterly Journal of Mathematics, Vol. 40 (1908), p. 40. 
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But N=1(mod. 26). Hence n+n,=1+ 261, lan integer. Then 


nn, +l=M = 22496300. 


If 2 were odd, m and 7, would both be odd, whereas n-+n, is odd. Thus 
[=2t. Then (n, —n)?=(n,+n)?—4nn, has the value 


Q=(1+ 52t)* —4(M—2t). 


Thus Q must be a square. But M=2, Q=t?+t—1(mod. 3). If #?+¢=0, Q 
would be a quadratic non-residue of 3. Hence t is not congruent to 0, —1 
(mod. 3). Thus t=3k+1, 


(2) Q = (156k +53)? +24k+8—4M. 


Since 1+26n>10+, n 2 885, n, < 58490. On the hyperbola (1), n-+n, 
is a minimum when n=n,, viz., for n approximately 474a, since )’a just 
exceeds 123300. Thus /2 365, k 2.60. For the above limits the maximum 
value of n+n, is approximately 385+58490; hence lI < 2264, k < 877. 

We form the residues of Q modulo 7, where r is one of the primes 5, 
..., 20, and require that Q be a quadratic residue* of r. Thus 


Q=k?+2, k= +2(mod. 5); 

Q=4[(k-—2)2+1], k=1, 2, 3(mod. 7); 

Q=4[(k+2)?—3], k=0, 3, 4, 7, 8, 10(mod. 11); 

Q=—2k+3, k=0, 1, 2, 3, 6, 8, 10(mod. 18); 
Q=9[(k+2)?+1], k=2, 3, 5, 8, 10, 11, 14, 15, 16(mod. 17); 
Q=16[(k—5)?4+6], k=4, 5, 6, 11, 12, 14, 15, 17, 18(mod. 19); 
Q=25(k?—6), k=+1, +8, +8, +9, +10, +11 (mod. 28). 


From the results for r=5, r=7, and 60 = k < 377, we have 
k =850,+2, 35%2+8, 85¢,+8, 357,417, 357, +22, 357,123 (2<%;210). 


Then, modulo 11, 4k=2-+1, 7, 4, 3, 0,6. But 4k=0, 2, 4,5, 7,9. Thust 


Modulo 18, 83k=x-+6, 9, 11, 12,1, 4. But 3k=0, 3, 4, 5, 6, 9, 11. Hence, 


*These are given by the tables of indices in texts on the theory of numbers. 
+The xi are obtained by addition and suppressing positive residues other than 2, ..., 10. 
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For modulo 17, 35%;=z;. Hence 


%,=3, 6, 8,9; %.=2, 5, 7, 8; w,—2, 3. 6, 7, 8: 
L4=2, 3, 5, 8, 10; U5 =3, 5, 6, 9, 10; Ue=2, 4, 5, 8, 9, 10. 


The values of the 7; common to the three sets are 
%{=3; %,=2, 8; %e=T; v,=10; 2,=5; awe=5, 9. 


Modulus 19 excludes v,==2, K=16; 1,=5, k=7:4,=5, k=8. Modulus 23 ex- 
cludes «,=8, k=7; 4,=7, k=0; x,=9, k=—7. Of the two remaining values, * 
x,=8 gives k=107, l=6k+2—644, whence 


Q= (18799)*, 21 —n=13799, 1,+n=16745, 1,=15272, 
n=1473, 1+26n=38299, 1+26n,=397073, 


the two prime factors of a. 
3. We next determine the composition of 


567-1 _ _ 56-1 
SOc ITSON, Naz. 


b =31401724537—= 
By Fermat’s theorem, a prime factor p of b has the form 14k++-1 and 
hence 56/+1, +15, +29, +43. The second and third forms are excluded by 
Legendre’s table of divisors of quadratic forms, or as follows. If »=561-+ 
15, 2 is a quadratic residue of p, and 7 a non-residue, in view of the reci- 
procity law. Thus 14 is a non-residue of , contrary to 56%=56(mod. 7). 
If b=pq, then q=1(mod. 14), q=1+14k;. Thus 


k+k,+14kk, =4N=4.57 (564 +56? +1). 
Hence k+k, =4(mod. 14), so that 
(3) k+k,=4+14h, kk, +h=16.57(56' +56) +16. 
First let k=4/+3, so that p—561-+48. By (3), ki +3=2h, 3k,+h=0 


(mod. 4), whence k,=h=3(mod. 4). Set h=4t+3, k,=41,+3. Then by 
(3), 


*For «,=10, k=367——10(mod. 29), Q=8, a quadratic non-residue of 29. 
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1+1,=14t+10, 411, + 48t—4.57 (56° +56) —29. 
By the latter, t=1(mod. 4), t=4ce+1. Hence 
4(1, —l) ?=S=16(7ce +8) ? +48¢e+18—57 (56° +56). 


Thus S=8c+2(mod. 8). If cis odd, S=1, c=5(mod. 8). Ifciseven, S 
must be a multiple of 4, whence c=2(mod. 4), c=4m+2, 4S=43m(mod. 32). 
If m is odd, then m=3(mod. 8). If m is even, then m=4r, and 7;S=38r 
(mod. 8), so that either r is a multiple of 4 or r=3(mod. 8). Hence we 
have the cases 


(4) c=5(mod. 8), c=32w+14, 64w+2, 128w+50. 


Modulo 81, S is the product of 16 by S’'=49c?+70c+15. In particu- 
lar, S’'=c?-+c(mod. 3). Thus c=0 or-2(mod. 3). If cis a multiple of 3, S’ 
must be a multiple of 9, so that c=3+9d, S’=9(4d+2), mod. 81. Thus, 4d 
+2=0, 1, 4, 7(mod. 9), d=4, 2, 5, 8. Next, if c=2+3e, S’'=6e(mod. 9), 
e=8f. Thus S’'=9(5f+3), mod. 81, f=2, 3, 5, 8(mod. 9). Hence 


(5) c=20, 21, 29, 39, 47, 48, 74, 75(mod. 81). 


S=4e? +8, c= +2(mod. 5); S=c+1, c=0, 1, 3, 6(mod. 7); 
S=16(5c?+3), c=0, +2, +8(mod. 11); 

S=4(c2+1), c=0, +3, +4, +5(mod. 13); 
S=2[(c—4)?—2], c=2; 3, 4, 5, 6, 10, 11, 14, 15(mod. 17). 


By the tables cited, 6 has no factor <10*. Thus, 1+14k 2 9999, 1+ 
14k, < 3140172. Hence k= 714, k, <224298 12178, 1,<56074. The sum of 
the latter gives the maximum /+1,. Thus t<4018, c< 1004. Since 1/0 just 
exceeds 177205, the approximate value for equal k’s just exceeds 12657. 
Thus the equal /’s just exceed 3164. Hence ¢ 2. 451, c>112. 

For the first case under (4), we set c=81v+20, ..., 75, by (5). Thus 


5=xrt+4, 5, 5, 7, 7,0, 2,3; x=1, 0, 0, 6, 6, 5, 3. 2(mod. 8). 
The resulting values of c between 112 and 1005 are 
525, 669, 749, 885, 965; 538, 287, 677; 453, 317. 


The first five are excluded by mod. 5, the next three by mod. 11, the last 
two by mod. 7. 
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For c=32w+14, 4< w < 30 by the limits one. By (5), 


w=66, 238, 3, 59, 39, 77, 12, 50(mod. 81), 


respectively. Hence w=23, 12. But 23 is excluded mod. 5, and 12 mod. 17. 
For c=64w+2, 2<5w<15. But w=0, 4(mod. 5), w=0, 1, 2, 5, 8 
(mod. 11). Hence w=5, c=322=79(mod. 81), and is excluded by (5). 
For c=128w+50, l1sw<7. By (5), w=8, c=484, excluded mod. 5. 
4, It remains to determine whether or not 6 has a factor1+56n. The 
complementary factor is of the form 1+56n,. Hence 


n+n,+56nn,=N. 
By inspection, N=1(mod. 56). Hence there is an integer | for which 


5 
n+n,=d6l-+1, nn, +1=C=2—# 
(n, —n)*=S=(561+1)?+41—4C. 


=10013305, 


Modulo 56, S=4/—3. Thus S=1(mod. 8), J=1(mod. 2), /=24-+1. 
Also S=4+1(mod. 7), 4=0, 1, 8, 6(mod. 7). We have 


S=112°2? +8.1597 4 — 40049967. 


Modulo 81, S is the product of 112? = —11 by «=224+2414+15. The lat- 
ter must be a quadratic residue of 81. In particular, 2-+1l=+1+4+3¢. Then 
¢=6+6t(mod. 9); thus ==0(mod. 9), t= +1(mod, 8), 4+1=+F2+9f. Then 
6=9(244f), mod. 81. Thus 2+4/ is one of the quadratic residues 0, 1, 4, 
7 of 9, whence + f=5, 7, 4, 1(mod. 9). Hence 


A=6, 19, 38, 37, 42, 46, 60, 73(mod. 81). 

AS = (A+2)?—2, 4=2, 4(mod. 5); 

S=4[(A+2)?+4], 4=2, 5, 8, 9, 10(mod. 11); 
S=25[(4—-5)?—3], 2=0, 1, 3, 5, 7, 9, 10(mod. 18); 
8S = (4+2)?—-9, 4=+1, —2, +3, —5, 6, +7(mod. 17). 


Since 6 has no factor <10*, n>178, n;<56075. The maximum n+n,; 
is approximately 56253, whence [<1005, 4<502. The minimum n+ , 
is given by n=n,—8165—. Hence! 113, 4256. From the above residues 
moduli 81 and 5, 


A=405(+19, 37, 42, 87, 114, 127, 154, 199, 204, 222, 249, 262, 289, 357, 384, 397. 
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For the first three t=1; for the fourth t=0, 1; for the others t=0. Of the 
17 resulting values of 4, 114, 222, 249, 289, 397, 424, 492 are excluded by 
mod. 7; then 127, 154, 199, 204, 447 are excluded by mod. 11; 262 and 357 
by mod. 18; 87 and 442 by mod. 17; for the remaining value 2884, S=21 
(mod. 28), whereas 21 is a quadratic non-residue of 28. 

Hence b=+'5 (567-1) is a prime. 

While it is believed that the above work is accurate, having been care- 
fully checked, it should be added that the sameresult was found by an earlier 
proof different as to details. 

5. By the same method, I obtain the following results: 


56% +1==8.19.15737,. 1925398, 
34'*+-1=5.7.307. 448. 1531. 28051.112648. 4708729, 
521? +158. 4057. 21841. 4328028093018, 


all of the given factors being prime. That the last number of 18 digits is 
prime, I have verified by two proofs differing as to details. The factor 
21841 was found by accident by Lt. Col. Cunningham. I ran across the faec- 
tor 112643 of the second number in the manner explained in the Quarterly 
Journal, 1908, page 45; but the remaining two large factors were found by 
the present method. 

6. In view of the interest in the numbers m”—1 and their importance 
in connection with the last theorem of Fermat, it is desirable that some 
arithmetician should check the statement of E. Lucas (American Journal of 
Mathematics, Vol. 1, 1878, p. 294) that the large factors of 10 and 12 digits 
in 22''+1 are actually primes. For a verification by the present method it 
is of the greatest help to know that there are no factors less than 10,000, in 
view of the tables by Lt. Col. Cunningham. The latter believes that Lucas 
intended to record his factors as primes; but that an uncertainty runs right 
through his factorizations as to the primality of the factors, no clue what- 
ever being given as to how the primality was detected. 


FACTORING IN A DOMAIN OF RATIONALITY. 


By ELIZABETH R. BENNETT, The Universtty of Illinois. 


If a series of symbols R,, R., ... which are supposed to obey the or- 
dinary laws of algebra, but are not necessarily thought of as representing 
numbers, are combined with respect to the four fundamental operations of 
arithmetic—addition, subtraction, multiplication, and division, division by 
zero being excluded, there result a series of expressions which are rational 
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with respect to these symbols. The totality of such expressions is called a 
domain of rationality and it is the smallest possible domain involving the 
symbols R,, Ro, ... 

If only one of these symbols as R, is involved in the combinations and 
if R, is a rational number different from zero, the domain of rational num- 
bers including zero, positive and negative integers, and positive and nega- 
tive rational fractions is obtained. This domain of rational numbers is in- 
cluded in every domain. The complex numbers of form a-+bi, where a and 
6 are rational numbers and 7:=,’—1, also constitute a domain of rationality 
which includes the domain of rational numbers. 

When we add or adjoin to a known domain a number # which does not 
already belong to it, the new set of numbers constitutes a domain, if we al- 
so add to it all numbers obtained from additions, subtractions, multipli- 
cations, and divisions involving ? and all numbers of the original domain. 
The domain of the ordinary complex numbers already mentioned may be 
formed by the adjunction of ¢ to the domain of rational numbers. 

An algebraic integer is a root of the equation 


V+ a," 1+ a,0"-2,,, +a,=—0 


where a1, dz, ..., dn are rational integers. An algebraic quadratic integer 
is a root of the above equation when n=2. All algebraic quadratic integers 
are of the form w+y)/m when m=2 or 8 (mod. 4), and of the form 
ety =m when m=1 (mod. 4). It is assumed that m is not divisible by 
any square greater than 1 and that x and y are integral. 

The term integral domain is understood, as usual, to mean a set of in- 
tegral elements which is invariant with respect to addition, subtraction, and 
multiplication; that is, any combinations of the numbers of the set by the 
operations mentioned yield again a number belonging to the set. An inte- 
gral algebraic domain is then an integral domain formed by the adjunction 
of an algebraic integer to the ordinary integral domain. 

In the ordinary integral domain the theorem that a number can be 
resolved into its positive prime factors in only one way is fundamental. 
That the above theorem is not valid in all domains is well known and may 
be easily shown by anexample. For instance, 6=2 x 38=(1+)/ -5) (1-1 —5), 
the factors of each product being primes in the domain considered. It was 
in order to avoid such possibilities in factoring, as indicated by the above 
example, that the theory of ideals was created. 

It is also generally known that. numbers prime in one domain may be 
composite. in another. For example, in the ordinary integral complex 
domain every rational prime of the form 4 +8 is a complex prime and every 
rational prime of the form 4n+1 is composite. 

In the Nouvelles Annales de Mathematiques for 1908, M. G. Fontené 
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has considered algebraic integers of the form «+y)/—5. In this article it 
is shown that factoring in the domain of the numbers x-+y)/—5 is 
not unique, but if the domain is enlarged so as to contain numbers of the 
etyyY—d 
V2 
The relation which exists between factoring in a quadratic complex 
domain and the number of classes of quadratic forms corresponding to the 
domain has been considered by A. E. Westun in ‘‘Certain Systems of Quad- 
ratic Complex Numbers,’’ Transactions of the Cambridge Philosophical So- 
ciety, Vol. XVII, 1899. In both of the articles mentioned, factoring is not 
restricted to operations in an integral quadratic domain. 

From the previous definitions and illustrations which are quite gener- 
ally known, it is evident that an integral algebraic domain can be found by 
the adjunction of 1/—6 to the ordinary integral domain. This integral alge- 
braic domain will be denoted for brevity by the letter 0, and some of the 
properties of numbers in the domain will be considered with special refer- 
ence to factoring. | 

We now prove the following theorem: | 

THEOREM I. All ordinary primes of the form 24z+1 and 24¢+7 are 
composite in OQ, 

From the theory for binary quadratic forms, it is known that D, the 
determinant of the form, must be a quadratic residue of m, where m is the 
number to be represented by the form. The number —6 is a quadratic res- 
idue of primes of the form 24z+1, 24z-+7, 242+5, and 24¢+11. There are 
only two reduced forms for D=—6, namely, «*?+6y? and 247+3y?. The 
form 2%?+38y? will not give complex factors in 2, and so need not be con- 
sidered. Then all ordinary primes which are composite in © must be repre- 
sented by «? +6y?. 

If m is the prime to be represented, m=a?+6y? and, therefore, 7? = 
m (mod. 6). «*=1 (mod. 6), but x? is not congruent to 5 (mod. 6) and, 
therefore, all ordinary primes represented by «*?+6y? are of form 24¢+1 
and 242+-7 and only primes of these forms can be factored in .Q. 


form factoring becomes a unique process. 


(1-1-6) (1+ )/—-6)=7;  (5-y —6) (5+) -6) =31. 


THEOREM II. Primes of the form 24z+1 and 242+7 can be resolved 
unto their complex prime factors in only one way in O, 

There are four representations of «?-++6y? which give the same prime 
m. There are two solutions of the congruence n?=—6 (mod. m), and two 
substitutions transforming «?+6y? into an equivalent form. Therefore, a 
prime number can be represented by x?+6y? in only one way and 
consequently primes of the form 242++1 and 24¢+7 can be resolved into 
prime complex factors in only one way in 2, 
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THEOREM III. Jn order that a composite rational integer may be re- 
solved into complex factors only in O, it must be of the form, m=a™b®er dP ; 
where a represents primes of the form 242+1 and 242+7, and (z) the number 
of primes in a; b represents primes of the form 242-+5 and 242+11 and (3) 
the number of primes in 6; c=2, d=8, (2)+7+06 ts an even number and y+ 
> (7). 

The determinant of this form, that is, —6, must be a quadratic resi- 
due of any composite number m properly represented by x” +6y* and, there- 
fore, must be a quadratic residue of every prime factor of m. 2? +6y2—=m, 
or m must be a quadratic residue of 6. The number —6 is a quadratic resi- 
due of primes of the form 24z+1, 24¢+7, 24¢+5, and 24¢+11. Primes of 
form 24z+1 and 24z+7 are quadratic residues of 6, while primes of the form 
24z2-++5 and 242-+11 are non-quadratic resides of 6. Then any number m= 
ab is properly representable by x?-++6y?, or may be resolved into complex 
factors only in Q, (7) being even, since an even number of non-quadratic 
residues is a quadratic residue. We have the following equations: 


(I). 20° +3y?=(a#/2+ypV/ —8) (ay/2—yy/ —8). 


(II). Then 2(2x?+3y*?) =)/2(a1/2+y)/ —8). 1/2 (eV 2—y/ —8) 
= (2a+y1/ —6) (2a —-yVY —6) =(z+y1 —6) (e-yr/ —6). 


(III). Also, 8(2x°+3y?) =)/8 (yy 8+aV/ —2).3(yV3—ay/ —2) 
= (By +2)/ —6) (By—a1/ —6) =(2’+a/—6) (2'—a)/ —6). 


The primes 2 and 3 are not represented by «?+6y? and are not prop- 
erly represented by 2v°+38y?. Equations (II) and (III) then show that 
neither 2”, 3°, nor 2” 3° are properly represented, or have complex factors in 
the domain 2, Primes of the form 24¢+5 and 242+11, however, are prop- 
erly represented by 2%°+38y? and an inspection of equations (II) and (III) 
will show that the product of any such prime b by either 2 or 3 will give a 
number having complex factors in. Since neither 2”, 3° nor 2” 3° have 
complex factors in 2, but 26 and 30 have such factors, 7 +8 cannot be greater 
than (3), (%)—v+¢ must be even since all primes of form 242-++5 and 24¢+11 
are non-quadratic residues, (mod. 6). Therefore, (7)+7+8 must be an 
even number. 

THEOREM IV. Any composite rational integer m=a™bc’ d° repre- 
sentable by the form x*+6y* can be resolved into its prime complex factors in 
more than one way provided it contains at least two different prime factors 
of the form 242+ 5 and 242+11, so that (3) —(y+°) ta, 

Let Kx represent the composite rational integer, 2 representing the 
product of prime factors of form 242+5 and 242+11, K the product of all 
other prime factors. K can be resolved into its complex prime factors in 
only one way because primes of form 24z+1 and 247+7 are resolvable into 
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complex factors in only one way and 2’, 3°, or 2’ 3° have no complex factors 
in the domain. It is also evident from the previous theorems that no prime 
of the form 24z-+1 and 24¢+7 combined with either 2 or 3 or with a single 
prime of the form 242+5 or 24¢+11 can be resolved into complex factors on- 
ly in 2, 26 and 3b, where 6 is any prime of form 24z2+5 and 24z+11, can 
be resolved into complex factors in only one way since 2 and 3 have no com- 
plex factors in.Q. From these statements, it is clear that the factoring in 
different distinct ways must depend only on the factors of 2. 

A number x can be represented or resolved into its complex factors 
in O in 2¥-1 ways where w represents the number of different prime factors 
of x. These w—1 representations will be distinct, since primes of form 
242¢+5 and 24z+11 are also primes in the domain 2. 


NOTE ON THE STEINER POINT. 


By W. GALLATLY, Swanage, England. 


Let ABC be the mid-point triangle, and PQR the pedal triangle of a 
given triangle A’B’C’, so that AP is parallel to BC, and AQ=AR=BC=a: 
(a>b>c). And since rq is antiparallel to BC, Z Arq=C, 2 Aqr=B. 

Describe a circle around AAqr. This touches AP since 2 Arq=C = 
Z CAP, and therefore the center O’ lies on the perpendicular from A on BC. 
Join Ap, cutting the circle ABC in S. Then S is the Steiner point of the 
triangle ABC. 

Since qg, C, B, rare cyclic, pq.pr—pC.pB=—pS.pA. Hence S lies on 
the circle Aqr. To find the radius, p, of this circle, we have Aq=2 p.sinArg 


7 _,ps8inA_op-:, SNA 
=2.sinC. Also Aq=Af. sin BR cksinA. sin B” 


where RF is the radius of 


2 
the circle ABC. Therefore p=RG. 


To determine the length of AS. 

In the triangle OAO'’, OA=R, O'A= 
R.a?/bec, ZOAO'= ZB-— ZC, and OO? =OA?+ 
O'A? —2.0A.0'A.cosZOAO’. 


_at— (b? —c?)? 
But cosB cosC= Gabe 
_ 16 A’ 


= Ta be’ where A® is the square of the area 
of the triangle ABC. 


O* 15 9 4 pe. _. a'b’c*.e* 
R? oO e’=at+...-b°eX& —...= IR sin? o’ 
centricity of the Brocard ellipse, and » is the Brocard angle. 


, sinB sinC 


Hence, where e is the ec- 
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Hence OO'=3.ae.cosec’. But An.OO'=AO.AO'.sinOAO’. 


w —p2 
Therefore AS=2. An= _-2isin Se Ce 
To determine the length of BS. Since AS is the radical axis of the 
two circles, we have 2.00’ times the perpendicular from B on AS equals the 


power of B for the circle Aqr, that is, equals BA. Br. 
Hence 2.00'.SBsinC=c. BQ. sme sm-=b.Rsin(A—C). So that SB= 


in w — w 2__ 2 
2Rsin 6 (a? —c? ) Similarly, gp _2ksin ¢ (a? —b ) 
e abe e abe 


Hence the point S is unique, and its trilinear coordinates are 


— 1 — 1 ~_ 1 
a (b?—c?)’ 6 (c?—a’)’ ¢ (a? —b?) 


Therefore the cifcles described with radii R.ac/b* and R.ab/c? to touch 
BQ and CR, respectively in B and C, will also pass through S. 

The feet of the perpendiculars from S on the sides of the triangles 
ABC and PQR are collinear. Let these feet be represented by x, y, z, 2’, 
y, 2. The diagram shows that y, z, and x’ are on the Simson line of S for 
the triangle Agr. Drawing the second circle, touching BQ in B, we see 
that z, x, and y’ are collinear, and likewise for x, y, and z’. 

Hence the six points are collinear. 


The distances SP, SQ, SR may be readily found. Let ZSAP=9. 


An_ Rsin« a (b?—c?) 1 
O'A e * abe 


ec sinew b?—@? 


b 
Then sin 6= cos0 An=r~7 i TS 
a e a 


Ps 


ha a? 
Hence SP=2RFSsin p— Hsin o a 

If » be the perpendicular from S on the Simson line of S for ABC, 
and if SA, SB, SC make angles -, ’, y with the diameter through S, it is 
known that 


0=2 R.cos 4.cos 7. cosy 


—opSA SB. SO_ yp (sine )*(U" 0") (at—et) (a? be) 


And for the triangle PQR, »'=2R. (an ° ); Oe ae) aH) 


Therefore, p=’, as already demonstrated. 
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DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


300. Proposed by J. F. LAWRENCE, A. B., Professor of Mathematics, Stillwater, Okla. 
If «4, 2, y, ..., are the roots of the equation sinmx—nx cosmx=-0, prove 
Ry hy 
that tan + tan“ +e..4 tan~*—-=0. 


Solution by B. F. FINKEL, Ph. D., Drury College, Springfield, Mo. 


This is problem 16, p. 328, Loney’s Trigonometry. The problem is not 
clearly stated. Ina letter December 2, 1908, from the author, he says he 
cannot now recall what he had in mind when he proposed the problem. As 
the problem reads, one would infer that if any ” roots of the given equation 
be taken and arcs formed whose tangents are any number, x, divided by 
these roots, the sum of these arcs is zero. But this is manifestly incorrect. 

There is one way in which the statement is correct, viz: Suppose 
sinmx and cosmx be developed in series. The given equation then becomes 


(m—n)x+m? (zi i 3 e)e— —m* (F- iB mde 5+ ad infinitum —0...(1). 


One root of this equation is 0. Dividing the equation by x, we obtain 


(m—n) +m* (st 3 Bi )e— mt (Fi F me et .=0... (2). 


The roots of this equation, of which there are an infinite number, en-- 
ter in pairs with opposite signs. Thus if 4, 7,7,... are roots, so are —2, —A, 
—y, ..., since the left hand member is an even function of x Then, if the 
root, 0, is excluded, and if no are exceeds, in absolute value, = radians, we 
have 


tan “1+ tan-1 + tan“17-+ tan1+ vee tan + tan-1 = =(), 


v=o 


The statement is also true if we take any ”/2 pairs of roots. 

If v is increased indefinitely so that all roots except 0 are included, 
the statement, that the sum of the arcs=n'z, may be shown to be true, as 
follows: We have 


229 


tan | tan-1 2+ tant ++ tan“ +. .. +tan it 


x zig st igs = jo 
u u 37 as 08 
a a ae =(0...(8); for 
— p2 ; 4 a ee 
1-x Sgt 203 78 vee 


Jr ode ayo aJO€,.. 
sLobp hyd y dy | arte tarde beret 


a” 6 usyoe,,, 


The numerator of this fraction is the sum of the roots taken one less 
than all at a time, and is therefore equal to the coefficient of x which in 
equation (2) is zero, and the denominator is the product of the roots which 


in (2) is the known term, m—n. Hence, 30. Similarly, 24 , isa frac- 
/ 


tion whose numerator is the sum of the products of the roots taken three 
less than all at a time, and is therefore the coefficient of x«* in (2), which is 


0. Hence, = Lo, Similarly, for the other terms of the numerator of 


“a 3 Y 
Lo. , ; 1 1 
(3). From similar considerations, =~, 


4 aay ... £0. 


, a a _ 
Hence, tan 3(tan ) =(. Hence, & tan == 7 where 7 is any 


integral positive or negative number. 
Also solved by G. B. M. Zerr, and V. M. Spunar. 


301. Proposed by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


A is at Philadelphia, B at Chicago. A’s personal equation is e; B’sis 
E. When a star crosses A’s meridian at time t,—8 hours, 33 minutes, 24 
seconds, he presses a button, telegraphing the fact to B, who receives it at 
time t.=7 hours, 48 minutes, 23 seconds. When it crosses B’s meridian at 
time 7',=8 hours, 33 minutes, 10 seconds, he telegraphs A, who receives it 
at time 7,—9 hours, 28 minutes, 11 seconds. They now exchange places, 
and on the second day following, B observes the transit at time t ;=:8 hours, 
33 minutes, 26 seconds, and A gets the information at Chicago at time t'=. = 
7 hours, 483 minutes, 25 seconds. It crosses A’s meridian at time 7",=8 
hours, 383 minutes, 12 seconds, and B gets the information at time 7’, =9 
hours, 23 minutes, 18 seconds. Find the difference of longitude between 
Philadelphia and Chicago. 


Solution by the PROPOSER. 


The true times of the two transits at Philadelphia are t,-++e and T,. 
Hence, difference of time between Philadelphia and Chicago is 
D=T, +... —t, —~€... (1). 
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The true times of the two transits at Chicago are T, + and fz. 

Hence. D==T, + H'—t,... (2). 

(1)+(2) gives 2D=T,+T.,—t,—-t, +E —e... (3). 

Similarly, when A and B have changed places, 2D=T',+T.—t:—t» 
—H-+e...(4). 

1(3)+(4) gives D=3(T,+T7,+T,+T.—-t,--t.—U,—t,). Substitut- 
ing the values of the T’s and t’s, we have 


D=4(8 hours, 19 minutes, 8 seconds) = 49 minutes, 47 seconds, and 
L=15D=12° 26’ 45”, the difference of longitude. 
Also solved by V. M. Spunar. 


GEOMETRY. 


335. Proposed by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


Determine analytically, the point where three lines in a plane appear 
of equal length. 


Solution by the PROPOSER. 


In the most general solution we can take the rectangular axes of co- 
ordinates so that the axis of abscissas agrees, in direction, with one of the 
lines. Let this line be given by (0, 0); (a, 0); the second and third lines 
are then represented by the coordinates (b, c); (d, f), and (h, k); (m, n), 
respectively. Also let (a, y) be the point where they appear equal. The 
tangent of the angle formed by the lines through (x, y); (6, c) and (x, y); 
(d, f) is 


_ cd —bf + (f—c)at+(b—d)y 
1 (o- y) (f-y)  bd-+ef— (b+d)a—(e+f)yta* +y° 


(b—x) (d-«) 


With similar expressions for the other lines. 


a d—bf+ (f—e)et(b—Ay (4) 
ax—x* —y? “bd. tof (b+ de— (c+f )y+a° +y? 


ay em hnt(n-Weth=my gy 
ax—v2—y?  hmtkn—(htm)a—(k+njyta? ty" 


“. (f—c) a + (ed—bf+ac—aft-by—dy+ay)x? 
+ (abf—acd—2aby +fy” —cy® )x+ (abd+acf)y 
+ (cd—bf- ac—af)y? +(a+b—d)y*=0... (3). 
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(n—k)x? + (km —hn+ak—an+hy—my+ay) x? 
+ (ahn—akm —2ahy+ny*® —ky*)«e+ (ahm+akn)y 
+(km—hn—ak—an)y? +(ath—m)y? =0... (4). 


(8) and (4) are the equations to determine 4, y. 

I. Let c=f=—k=—n=0. Then the three lines lie in the same straight 
line. 

(3) becomes (a-+b—d) (x? +y?) -= 2abx —abd... (5). 

(4) becomes (a+h—™m) (x? +y?) =2ahx—ahm... (6). 


_ m(ah+bh-+bd) — d(hm+ ab+bd) - 
2(ah—ab—dh + bm) 


2a (b— h)et+a(hm— -bd) — (b— -d— htm) 
b—-d—-h+m 


Let a=6, h=d. Then the three lines form one consecutive straight 
line. 
_ sadm—d*?m—a’?d—ad’ 


2(ad—a? —d?+am) 


7 2a(a- -d)a +a(dm— ad) —(a— -2d+m)x* 
y= = a—2d+m 


Let d=2a, m=8a. Then the lines are all of equal length. 

-.¢=0/0, and is indeterminate; y= o. 

Hence there is no point at which three equal straight lines forming a 
continuous straight line will appear equal to each other. 

II. b=a and c=0 in (8) gives 


( fa — 2af+2ay— dy) (u?+y’) +a? (fa —2xy+dy) =0... (7). 
h=d, k=f, m=n=0 in (4) gives 
( fe—af—ay—dy) (x? +y?) +2ay (da+fy) =0... (8). 
The three lines now are the sides of a triangle. The solution of these equa- 
tions in general terms would be quite difficult, yet one can determine the 
values of x and y by the following method: Let x, v, w be the distances 


from (x, y) to (0, 0); (a, 0), (d, f), respectively. Then we have 


xi +yi=u*, (a—a)*+y*=v*, (d—x)?+(f-y)?=w"*. 
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a+ur—v?  __ (u®’—ad)(a-—d) +dv? taf? —aw* 


o °F ~~ Qaf 


Also, w?+uv+v? = 
uw? +uw+w?=d? +f°, 
v+eyuwtw?=(a—d)*+f?. 


= ad+saf\ 3 
yy (att+d+f—adtaf; 3)’ 
a*—ad+hafy 3 The plus sign is applicable 
i V (a?-+d? +f? —ad taf) 3) ’ to our solution. 
w= ad? +f? —ad+4afi’3 


V (@t+et+f—adstafy 8) ’ 


Let d==sa, and f=4a;'3. Hence, usa) 3=v=w. Thus the values 
of x and y are determined, and equations (7) and (8) are solved. 


8ad? +8af*? +8a°d+a*fi/et4adfi3_, _ 
Hence += 6 (a2? +d? +f? ~ad-tafy 3) 4a, when d=sa andf=say 8. 


_ 8a’ dy’ 38—8ad*| 38+af vy 3+3a*f 
~ 6(a? +d? +f? —ad+taf\ 3) 


Also solved by C. N. Schmall. 


==ta 1° 8, when d--sa, f=—say 8. 


323. Proposed by W. J. GREENSTREET, Marling School, Stroud, England. 


S, S’ are the foci of two co-vertical parabolas A and B, the axes of 
which are at right angles. Draw the circle K on SS as diameter. K is cut 
in D and E by a straight line parallel to the axis of A such that S’ lies 
midway between it and that axis. Show that the lines S'D, S’‘E are parallel 
to the two tangents to A which are normals to B. 


II. Solution by (1) PROPOSER, and (2) R. F. DAVIS, M. A. 


I’. The axis of B is the tangent at the common 
vertex V to A. Hence if PQ be normal at P to B, 
meeting the axis of B in Q, andif PQ is at the same 
time a tangent to A, it necessarily follows that SQ i8 
perpendicular to PQ and therefore parallel to TP (the 
_ tangent at P to B). Or, 

IP. S’'T=S'P=S'Q (letters as above). Draw YS'D perpendicular to 
the parallels TP, SQ, and DM perpendicular to the axis of B (Y, of course, 
being on the tangent at V to B). Then S'M=—VS’, and D is on the circle, 
SS' diameter, since Z SDS'=-90°. 
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III. Solution by the PROPOSER. 


The foci S, S’ of (A), y?=4az, and (B) x?=4by, are, respectively, 
(a, 0), (0, 6), and the circle in question has as its equation x* +-y* —ax—by=0. 

Since the common vertex V is (0, 0) and S’ is (0, 0), the point M in 
which DE cuts the axis of B is 0, 2b, and the line DE is y=20. 

This cuts the circle where «? —av+20?=0...(1), giving Dand FE. If 
the roots of this be x, and x,, D, EF are (x,, 2b), (x2, 2b), andS’D, SE have 
respectively, for their equations, 


ba—x,ytx,b=0 and br—x,y+x,6=0. 


The tangent at (at?, 2at) to A is «—ty-+at’=0. 
The normal at (2bt', at?) to B is x+t'y—2bt’ —bt'* =0. 

2 
These are the same line if I= Sto hy ore) 
..t=—t, and rejecting the values t=t’=0 we have t?b—at+2b=0... (2). 
The roots of (1) and (2) are the same, and the property is proved. 
Perhaps Prof. Zerr will reconsider the solution he offers. 


CALCULUS. 


263. Proposed by V. M. SPUNAR, M. S., C. E., East Pittsburg, Pa. 


Find a point such that the sum of the squares of its distances from n 
given points shall be a minimum, and prove that the value so found is 1/nth 
part of the sum of the squares of the mutual distances between the n points, 
taken two and two. 


Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


This problem is proposed and solved in Williamson’s Differential Cal- 
culus, 9th edition, page 192, Art. 157. 

Taking one of the points as origin, and the axes rectangular, let (x, 
y) be the coordinates of the required point. Let (a,, 6,); (a2, bz); (a3, bs); 
..., (An—1, bn—1) be the coordinates of the other (n—1) points. Then 


w* +-y? + (a—ai)* + (y—bi)* + (@—ae)* + (y—b2)* +... 
+ ("2—An—-1) > + (y—bn-1)?=u—=minimum, or 


nao? -+ ny? —2(a; +de+...+an—1)U—2(0, +b, +... +0n-1) 
ta?tae+...ta?%n1+62 +02 +...+0?,1=u=minimum. 


(NU - A, — A, —... — An-1) dx + (ny—b, —b, —... —bn—1) dy=0. 


i bee eee Tt On-1 6,+6,+... tbr 
nN , nN 
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The point is, therefore, the center of, mean position of the 1 points as 
stated. 


Also solved by J. Scheffer. 


264. Proposed by W. J. GREENSTREET, M. A., Stroud, England. 


The join of the center of curvature of a curve to the origin is at @ to 
the initial line. Prove that with the usual notation: 


CMC seas 
d¢v\\d¢ dy* hall dS 


No solution of this problem has been received. 


265. Proposed by V. M. SPUNAR, M. and E. E., East Pittsburg, Pa. 
Find two curves which possess the property that the tangents TP and 
TQ to the inner one always make equal angles with the tangent TT’ to the 
outer. 


No solution of this problem has been received. 


MECHANICS. 


219. Proposed by W. J. GREENSTREET, M. A., Stroud, England. 


A rod length a)/3, weight W, has at each end a smooth ring which 
ean slide on a vertical circle radius 7. Each ring is attached by an elastic 
string (natural lengths,a, 6; moduli u a, + b) to the highest point of the circle. 
Find the inclination of the rod to the horizon in a position of equilibrium. 


Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


In what follows we regard the strings as having no weight, and also 
that both strings are in tension from the weight of 
the rod and rings, and the rod is above the center 
of the circle. Let AB=a)/3=—rod; AP=string a; 
BP=string b; O, the center of the circle, radius 
AO=r. Draw AK perpendicular to PO. Let m== 
weight of each ring; 2 AOB=f=—2sin“ (ay 8/27): 
LAPB==7—%$3; 7KAB=@=angle AB makes with 
the horizon; 7PAB=¢; ZPBA=3i/—¢; T=ten- 
sion of string AP; T’=tension of string PB. When in equilibrium, W and 
the components of 7, 7" tangent at A, Bmeetina point. AP=a(1+T/ra) 
=(4atT)/e, BP=(4b+7')/r, T=$W+m)sin(¢—8). Let (W+m)=Q. 

.. T=Qsin(¢—9), T=Qsin(6+4%—¢), AP/PB=(4a+T)/(4b+T') = 
sin(47—¢)/sin ¢...(1). 

8a? =(ratT)?+(4b4+T)?+2(¢a+T) (4 b+ T') cossé... (2). 

The values of 7 and 7” in (1) and (2) give 


[» a+Qsin(¢— 9) ]sin ¢=[v b+Qsin (6+42 — 4) sin (4?—¢)... (8). 
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82a? =[4a+Qsin(¢—2%) ]?+[+ 6+ Qsin(9+457—¢) |? 
+2[+ a+Qsin(¢— 4) ] [v b+ Qsin (4+ — ¢) ] cossF... (4). 


Eliminating ¢ between (3) and (4) gives an equation to determine @. 


eee 


NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


152. Proposed by H. S. VANDIVER, Bala, Pa. 


When » is a prime of the form 5n+1 then there is a positive integer 


a such that a? =5(mod p). Show that (2 ~ 


— 2a . 
> according as 
is of the form 5n+1 or 5n-—1. 


Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


A general expression involving all cases is, apparently, not easily de- 
duced. The following cases hold. 

(1) Letn=2. Then p=—5nt+1=11. a=—4, a=p—4—7, a=2p—T7T=15, 
a=8p—15=18, ete. 

(2) Let n:=4. Then p=5n—1=19, a=—9, a=p—-9=10, a=2p—10=—28, 
a=—3p —28—29, ete. 

(83) Let n=6. Then p=—5n-+1=31, a=6, a=p—6=25, a=2p—25—87, 
a=8p—37=56, ete. 

(4) Let n=8. Then p=5n+1=—41, a=—18, a=—p-13=28, a=2p—28 
=54, a==3p—54—69, etc. 

(5) Let n=12. Then (b) p=5n+1=61; (c) p=5n—1=59. 

(b) a=26, a=p—26=35, a=2p—35=—87, a =3p—87=—96, etc. 

(c) a=8, a=p—8=51, a=2p —51—67, a=—3p—67=—110, ete. 

For every value of n that makes 57-1 a prime, we can find values for 
a satisfying the condition. It is also easy to see that a can have an infini- 
tude of values for each case. 

In (1), (8), (4), (5) (b), (a-+1)?@-P = (--2a)?"-) = —1 (mod. p). 

In (2), (5) (ce), (a—1)2?2-Y)=— (—2a)?"-) =1 (mod. p). 
(A 

Dp 


A general solution is desired. Ep. F. 


) == (=2# ), in the cases examined, according as p—5n +1. 


152. Proposed by H. S. VANDIVER, Bala, Pa. 


Prove geometrically: | 

a(p—1 _ — 4(p—4 

> | =.D—8 p71 > vn |, where »=3(mod. 4) and | 
n=1 Dp 4 2 n=1 


Dp 
represents the greatest integer in k/p. 
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Remarks by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


In the second term of the second member of the equation, +(p—4) 
should be (p—3). The equation is generally but not universally true as is 
shown hy induction in what follows. 

Let p=4m-+38, then $(p—1) =2m+1, 4(p—3) =m, 


e—DEn2] p—-8p—-1 “eo. | 
ion Pp |- 4 "9 ia Ly (np), 
or as follows: = B-C, 
mM =2, = 10-7, 
m=—38, T= 21-14, 
m=4, 11= 36—25, 
m=5, 18=— 55—87, 
m=", 34—105-—71. 


If one of the [n?/p] is an exact quotient, and hence one of the 
[1/ (np)] rational, the equation is A~=1+B—C. 


m=6, p=27, [9?/p]=8, (8X27) =9, 
m=15, p=—63, 21°/p=7, (7X68) =21. 


~A=1+B—C, m=6...25=1-+-78—-54, m=15...158=1+465—3813. 
If two of the [n?/p] are exact quotients, and hence two of the 
[1/(np)] rational, the equation becomes A=2+B—C. 


=18, p=75, 15*/p=3, VV (3Xp)=15, 30?/p=12, / (12 <p) =80. 


. A=2+B—C becomes 219=2-++666—449 for m=18. A=t+B-—C is 
the true universal equation. 


The geometric proof in this solution is wanting. Who can produce it? Ep. F, 


155. Proposed by PROF. R. D. CARMICHAEL, Anniston, Alabama. 


__ If p and q are primes and m and n are any integers, find the cases in 
which the equation p”—q"=1 may be satisfied. 


Remarks by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


Some values, found by inspection, are given in the following table: 
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p q m n 
3 2 1 1 
3 y, 2 3 
2 1 1 1 
2 31 5 1 
2 127 7 1 


ERRATUM. In 156 for e’ read e?. 


AVERAGE AND PROBABILITY. 


196. Proposed by R. D. CARMICHAEL, Anniston, Ala. 


A circle is inscribed in a square. Find the chance that the distance 
between two points within the square and without the circle shall not exceed 
a side of the square. 


Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


Let 2a=side of square; (x, y), (wu, v) the coordinates of the points: 
V (a?—a?) =y,, V (a®—u*) =v,. If both points are in the same corner, the 
distance between them is always less than 2a. If both points are situated 
one each in opposite corners, the distance between them is always greater 
than 2a. If both points are placed one each in adjacent corners, we have 
V [(7—u)*+(y+v)?]=4a’, for the greatest distance between the points and 
V {(a—u)? +L (a? —a*) + (a? —-u?)]*}=y [(a—u)?+(y+v)?], for the 
least distance between the points. 

“v.=V [4a° — (a—u)*] -y, v3=1/ (a? -@”) +1 (a? —u?) -y. 


aff IS ax dy du av 


« (4-7)? +0+.16 f f s. J ae du dy dv 44 16 


Ba*(4—7)? * 3a8 (4a) 


M={ S; s {iV (4a? — (@—u)*] 1 [a? —0?] -1/ [a2 - 02] }der du dy 


=f" Sfa-v (at) Hy [4a°—(a—u)*] -1/ [a? —a?] — 1/ [a? —u?] }da du 
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=f fa—1 (a2-#°)] (5 v [at —2*] - Sey/ [a? —2?] +202sin- 

0 2 2a 
a, x \ am . , ; 

— —~— sin! =) dx =a* f (1—eos 8) [4sin ? py (4—sin? 6) —isin 8 cog 0 
2 a Q 


+2sin~ (sin 0) —8 “cos 0d 6=a (1/3—H+-a5+ 75) 


— at {- [4sin 9 1“ )4—sin?9) +2sin—1 (sin ?) eos? @ d 4 
0 


re 71 am . . : 
=a (2)/3—28 a5 -—~)— a* S. (2sin 6—Zsin? 0+ Dono = sin*0 


12 x gro 


4. fesin¢ — ‘sin’ +P sin70—...)eos*¢ d 8. 


2 


“M=at (3/8-48 +35 + 45-0. 6595495) =0.0412517a". 


16M 0.6600272 
3q4(4 — x)? 2,2108950 2% Heatly, =.299. .p=8twvo=i0, nearly. 


PROBLEMS FOR SOLUTION. 


ALGEBRA. 


208. Proposed by W. J. GREENSTREET, M. A., Stroud, England. 
Find the conditions that the roots of x? +px-+q=0 may not lie between 
—land +1. 
209. Proposed by PROFESSOR E. B. ESCOTT, Ann Arbor, Mich. 


Solve, ba? +cy? +az?=ba?+cb? +ac?, 
ca” +ay® +bz*=ab? +bec? +ca?, 
eyz—abe. 


210. Proposed by B. F. FINKEL, Ph. D., Drury College, Springfield, Mo. 


Simplify, log [ (187) VY (56) +1 (187) 4 (75)]. 
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GEOMETRY. 


— 


341. Proposed by FRANK LOXLEY GRIFFIN, S. M., Ph. D., Instructor in Mathematics, Williams College. 


Given p=cos(m/n)?, where m and n are integers without a common 
factor. Deduce rules for finding by inspection: 

(1) The angle between the beginning and end of any loop of this curve: 
(2) The number of distinct loops. [A loop is a portion of the curve between 
consecutive zero radii vectores. | 


CALCULUS. 


267. Proposed by FRANK LOXLEY GRIFFIN, S. M., Ph. D., Instructor in Mathematics, Williams College. 


A point within an ellipse, upon a normal making an angle 4 with the 
major axis, is arbitrarily chosen. With this point as pole, and the line 
through it parallel to the major axis as polar axis, the equation of the ellipse 
is, Acos*6-+ Bcos*$-++ Ceos*? + Deos 0+EH=0, where the coefficients are func- 
tions of 4, of the radius vector ¢, and of the distance along the normal to the 
pole, ¢,;. Evidently for p=p,, a solution is cos 9=cos’4.. Required the mul- 
tiplicity of this solution for any values of »,, [A4+0, 9,0]. 


268. Proopsed by PROFESSOR R. D. CARMICHAEL, Anniston, Ala. 
Determine $, independent of wu, so that the equation 
“(u—y) 2-26 dy—u" is satisfied, p and m being positive integers and 
m>o. Do you notice properties of special interest for any special cases? 


MECHANICS. 


223. Proposed by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


A sphere, radius r= inches, density §=11.38, falls from a height h= 
500 feet, into a lake depth [40 feet. Find time of falling to surface of lake, 
time of falling from surface of lake to bottom, and total time of falling. 
Also the velocity at the bottom. 


224. Proposed by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


A steel clock spring w—§ inch wide, t=;'; inch thick, is wound around 
an axle d==¢ inch in diameter. Find the greatest available moment for run- 
ning the clock, using a factor of safety f=6. 


NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


159. Proposed by E. B. ESCOTT, Ann Arbor, Mich. 


Show that if the equation y*—2x° —1 be possible in integers, y=24n’ 
—1], or 2n* —1, and find three solutions. 
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AVERAGE AND PROBABILITY. 


200. Proposed by PROFESSOR R. D. CARMICHAEL, Anniston, Ala. 


A line AB=lI is extended to P making BP=»p. If a point Dis taken 
at random in BP, what is the mean value of AD.DP? 


201. Proposed by J. EDWARD SANDERS, Reinersville, Ohio. 


A random straight line is drawn across a circle and another through a 
given point on the circumference. Find the chance that they intersect 
within the circle. 


202. Proposed by F. P. MATZ, Ph. D., Reading, Pa. 


If three chords are drawn at random in a circle, what is the chance 
the center of the circle is enclosed by the three chords, and what is the mean 
area of this enclosing triangle? 


203. Proposed by J. EDWARD SANDERS, Reinersville, Ohio. 


Find the average length of a hole at random through a given cone. - 


MISCELLANEOUS. 


180. Proposed by W. J. GREENSTREET, M. A., Stroud, England. 


1 8.2 
Show that 3 (- 1) Si) (=) > Stan yz? the smallest 


value of each inverse function being taken. 


NOTES AND NEWS. 


Dr. Herbert G. Keppel, of Northwestern University, has been elected 
head of the department of mathematics of the University of Florida. 


The next annual meeting of the American Mathematical Society will 
be held at Baltimore, Md., during the holidays in eonnection with the 
annual conference of the American Society for the Advancement of Science. 


At the meeting of the Central Association of Scienc and Mathematics 
Teachers, held in Chicago, November 27 and 28, 1908, a committee was 
appointed to select material for concrete applications in the teaching of 
geometry. This is a move in the right direction, for without doubt geome- 
try teaching has become too much of an exercise in abstract logic. 


A movement is under way whereby the recently organized Federa- 
tion of Associations of Science and Mathematics Teachers throughout the 
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country may undertake definite work in the matter of educational improve- 
ment in these lines. One important step contemplated is the appointment 
of a representative committee to prepare a national syllabus on geometry. 


In Science, for October 28rd, appears an article by Professor G. A. 
Miller, of the University of Illinois, on the “‘Method of Appointment of 
University Professors in Foreign Countries.’’ This topic will also be dis- 
cussed by Professor Wilczynski, of the University of Illinois, at the meet- 
of the Chicago Section of the American Mathematical Society to be held in 
Chicago, January 1 and 2, 1909. 


At the recent meeting of the New York section of the Association of 
Teachhers of Mathematics in the Middle States and Maryland the general 
topic for discussion was: 

‘‘Modern Tendencies in the Teaching of Algebra, or An Evening with 
the Writers of Some of the Modern Text-books in Algebra.”’ 

The speakers were: 

Fletcher Durell, Ph. D., Mathematical Master in the Lawrenceville 
School, joint author, with Edward R. Robbins, A. B., of the Durell and 
Robbins Series; Isaac J. Schwatt, Ph. D., Assistant Professor of Mathematics 
in the University of Pennsylvania, joint author with Dr. G. E. Fisher, of 
the Fisher and Schwatt Series; N. J. Lennes, Ph. D., Instructor in Mathe- 
matics, Brown University, joint author with Dr. H. E. Slaught, of the 
Slaught and Lennes Series. 

The discussions were led by the following: 

Mr. Wm. E. Breckenridge, Stuyvesant High School, New York City; 
Mr. Merle L. Bishop, Boys’ High School, Brooklyn; Mr. Oscar W. Anthony, 
Dewitt Clinton High School, New York City. 


This issue of the MONTHLY was mailed February 1. 


Dr. T. W. Wright, author of a good text-book on Mechanics, Profes- 
sor of Mathematics in Union College, and a subscriber of the MONTHLY from 
the first, died last September. 


Mr. A. H. Bell, of Litchfield, Illinois, a valued contributor and sub- 
scriber of the MONTHLY from its beginning, is still doing civil engineering 
work though he is past 78 years of age. 


